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EDITORIAL NOTE 


The work will comprise seven volumes. 
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e.g. 1912, 4. A complete list of Hardy’s papers will be found at the end 
of this volume (pp. 729-45) and will be reproduced at the end of each 
volume. This list is based on that compiled by Titchmarsh (Journal of the 
London Mathematical Society, 25 (1950), 89-101). 
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tioned in the reference number,:is given (for the sake of its historical 
interest) in the contents list of the volume containing the paper. 

Where reference is made, in the corrections or comments, to the pages 
of a paper, the numbers used are those of the original pagination and not 
the consecutive page numbers of the volume. The joint papers with 
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volume and not to the first publication in a journal. 
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1. TRIGONOMETRIC SERIES 


INTRODUCTION TO PAPERS ON 
TRIGONOMETRIC SERIES 


The modern theory of Fourier series dates from the years 1904-6, which saw the 
publication of the pioneering work of Lebesgue, Fejér, and Fatou. The theory draws 
on the subjects of integration, inequalities, and the summability of series, all subjects 
of great interest to Hardy, and in 1913, 4 he made a substantial contribution to the 
early theory of the Cesiro summability of Fourier series. 

During the first ten years of Hardy’s collaboration with Littlewood, the major 
effort of the two workers was devoted to diophantine approximation, additive number 
theory, and the summability of series. As their work on the first two subjects came 
to an end, Hardy and Littlewood turned their attention more and more to the 
summability of Fourier series, using as tools much of the summability theory which 
they had already developed. This discussion of the summability of Fourier series 
led to their work on Fourier constants, fractional integrals, and the maximal theorem, 
and all these led in turn to further developments of the theory. 

This section includes all the papers whose main theme is the subject of Fourier 
series (as opposed to inequalities and the classes H?). The papers are divided, some- 
what arbitrarily, into five groups, the papers within each group being ordered 
chronologically. An introduction is given to each group of papers, and further 
comments are given immediately after the individual papers. We refer to the two 
volumes of Zygmund’s Trigonometric Series (2nd edition, Cambridge, 1959) and 
to the Cambridge Tract Fourier Series by Hardy and Rogosinski (Cambridge, 1950) 
by the abbreviated titles Z I, Z I, and H-R. 

For an appreciation of Hardy’s contribution to the theory of trigonometric series 
see A. C. Offord, J. London Math. Soc. 25 (1950), 136-8. | 


‘W. W.R. 
T. M. F. 


EDITORIAL NOTE 


First drafts of the introductions in Section III.1 were prepared by Professor Rogosinski before 
his death. These were revised and completed by Professor Flett, who has also contributed 
the comments on individual papers. 


(a) Convergence of a Fourier Series 
or its Conjugate 


INTRODUCTION TO PAPERS ON THE 
CONVERGENCE OF A FOURIER SERIES OR ITS 
CONJUGATE 


The six papers in this group written by Hardy in collaboration with Littlewood reflect 
their early interest in summability theory, for all six use summability arguments of 
some kind, although the main results are concerned with convergence. 

The four papers 1917, 10, 1926, 8, 1932, 9, and 1934, 3 contain convergence tests 
of a type introduced by Fatou, in which a ‘continuity’ condition is combined with 
an order condition on the nth term of the Fourier series. The idea underlying these 
tests is that the ‘continuity’ condition implies the summability, by some method, 
of the Fourier series, and the order condition is a Tauberian condition for that method. 

Thus, using Cesaro summability, it was proved in 1926, 8 that if (for an integrable f) 
the ‘continuity’ condition 


t 
lim {{9 0) 700---ἢ} dt = ὁ 


is satisfied, and there exists C > 0 such that for all n the nth term of the Fourier 
series of f at θ is greater than — Cn-1, then the series is convergent to the sum 8. 
In 1932, 9 and 1934, 3 the order condition was weakened by replacing n~* by n-§ 
for some ὃ satisfying 0 < ὃ < 1. The ‘continuity’ condition had then to be streng- 
thened, and Valiron’s generalization of Borel summability was used in place of the 
Cesaro method. 

The papers 1928, 6 and 1928, 13, again written in collaboration with Littlewood, 
give sufficient conditions for the convergence and absolute convergence of a Fourier 
series at a point. The convergence test (1928, 6, Theorem 1) involves a ‘continuity’ 
condition combined with the condition that the function concerned belongs to the 
class Lip(1/p, p) for some p > 1; these conditions imply Cesaro summability of some 
negative order, and therefore imply convergence. The paper 1928, 6 contains also 
a discussion of the classes Lip(k, p), which was supplemented in 1932, 4. 

The other five papers in this group are concerned with convergence proper rather 
than summability. The joint paper 1943, 3 with Rogosinski provides a counter- 
example to a natural conjecture concerning the Gibbs phenomenon. Of the remaining 
papers, 1917, 8 deals with the order of the partial sums of the Fourier series of f 
when f satisfies some ‘continuity’ condition, while 1920, 9 was the first systematic 
attempt to determine the relations between the various known convergence tests for 
Fourier series. 
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NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By G. H. Hardy. 


(Extracted from The Messenger of Mathematics, New Series, No. 550, Vol. xlvi., Feb., 1917). 


XLV. 


On a point in the theory of Fourier series. 


1. In this note a,, a,, a,, ..-, ὁ.» 5, ... are the Fourier 
constants of a summable function f(#), and 


21 n 
s,=4A,+ = A,=4a,+ Σ (a, ου5 να - ὦ, sin να) 


is the sum of the first n +1 terms of its Fourier series. [ 
proved in 1913* that 


~ (1.1) s,==0 (log n), 
A 


μι 


and that the seriest mea 
5 


is convergent, for almost all values of αὐ, and in particular 
those which satisfy an important criterion of Lebesgue. ‘This 
criterion is obtained by writing 

(4.2) - g(a)=f(at+a)+f (a —a) —2f (a) 
and by supposing that 


(8) &@)=f φω]ά πος) 


when a->0. It is often expressed by saying that lp (a)| ὦ 
the differential coefficient of its indefinite integral for a=0. 


2. J shall now prove that the condition (1.3) may be re- 
placed by a slightly more general condition, 


‘TuHeorem A, If 0 «α «ὃ and 
| 9 αἱ 1 
(2.1) ¥(a)=| |6(1F - (log =) 


when a->0, then s,=0 (log n). 


* G. H. Hardy, ‘On the summability of Fourier’s Series’, Proc. London Math. 
Soc., ser. 2, vol. xii. (1913), pp. 365-372. 
t The series must obviously be supposed to begin with the term for which n=2. 


1917, 8 Messenger of Mathematics, 46, 146-9. 
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We have to prove that 


sinnt 


. 3 
(2.2) j= | p(t) ; dt =o (log n). 
Now 


sin nt sin nt 


45), με. oO Mal oO ae 
off oolad sof loot 
τ πο τόμ (}} 
ἤν! @(a)=— [εΨ' (αι -- τα ψ(ο) A [ vod 
< [vara fo (ως ἢ) a 


1 
= 0 (a log - 


From (2.1), (2.3), and (2.4) the theorem follows. 


3. That (2.1) is more general than (1.3) may be shown 
as follows. Suppose that (1.3) is satisfied. Then 


=0(1)+0(1)+ [ὁ (5) ae 


1 
= 0 (ἰὸς - | : 
Thus (2.1) is satisfied whenever (1.8) is satisfied. 


On the other hand it is not difficult to choose ¢ (2) so as 
to satisfy (2.1) and not (1.3). Suppose for example that 


1 2 
φί(α) Ξ 1 Geet p=l, 2, 3, =) 


and that ¢ (a) is otherwise zero. If 


2 1 
Gru gt 
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we have . 
4 f2/p! 

¥(a)=={" Ler re 
1 1p! ἔ 


log — > logg! ~ q logg, 


g=0 (τος ~) | (Iog log =) πὸ (1og—) 


1 
Pa@y=ol) =); 
(a) 0 (log — ἢ 
while if 
2 θα, 
(φ- 1)} (g+1)! 
we have 


Ψ (5) <(¢g+1) log2=0 (log —) : 


Thus (2.1) is satisfied in either case. But (1.3) is not 
satistied, for, taking 


1 
ΠΑ(φΈῈ1) 
we have 
Φ (a) Σ : : (1+ : + ) 
αι) τ —_ = pcos Sue 
4:1 p! (4:1)! qt2 


4. The condition (2.1) is thus a genuine generalisation of 
(1.3). The interest of Theorem A lies, however, less in its 
superior generality than in its relations to other theorems 
concerning Fourier series, and in particular to Dini’s classical 
theorem concerning their convergence, These relations are 
put in evidence by the following intermediate theorem. 


THEOREM B. Suppose that x (x) is a function of ἃ which 
tends steadily to infinity with x, and that 


(4.1) χ ()) =0 (logx). 
_, slog A/a) 
(4.2) ¥ (amo je 
Then 


| log n 
(4.3) 850 oes. 
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There is a corresponding result in which o ts replaced by O 
an (4.2) and (4.3). 
As in § 2, we have 


᾿ (44) =O |x (~) +0 ἵῳ (τ) ; 


(4.8) ᾧ (α) «[νωα 


* log (1/t) 1 ῇ ( } 
=o| --ῬἜ- -- dt=0 lo =) dt 

Jaro “= tare ει; 

- jee 
x(1/a) ) 
From (4 2), (4.4), and (4.5) the theorem follows, 

Theorem A and Dini’s theorem correspond to the two 
extreme cases, just excluded by the conditions of Theorem B, 
the cases in which y(#@)=1 and y(x)=logz. In the latter 
case (4.2) and (4.3) must be replaced by 


(4.6) ¥(a)= H+0(1) 
and 
(4.7) s,=s+o(1) 


respectively. The superiority of ‘Theorem A over my original 
result lies in the fact that it is, so to say, a member of a 
continuous chain of theorems connecting’ it with Dini’s theorem. 
We may say, roughly, that the order of s, 1s at most equal to 


that of “ΠΟ Ρ Ola 
τὶ Rae 


n In 
5. Suppose that y (a) satisfies the further condition 
A 2X0") © 9 XY | 
log n logn 
This condition is certainly satistied, for example, if 
x (%) = (loga)* (log loga)*... (O<a<1). 

Then it is easily proved, by the argument which I used in iny 
paper already referred to, that the series 


ς ΧΟ) ἃ 
log n 


n° 


as convergent, 
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ANALYSE MATHEMATIQUE. — Sur la convergence des séries de Fourier et des 
séries de Taylor. Note de MM. G.-H. Harpy et J.-E. LirrLEwoop, pré- 
sentée par M. Hadamard. 


1. M. Fatou a considéré dans sa Thése (1) les séries trigonométriques 
(1) AV + DA, = ξα, -Ἑ Σ (a, cos n0+5, sin η0) 
satisfaisant aux conditions 
(2) lim na, = 0, lim nb, = 0; 
et il a donné une condition nécessaire et suffisante pour qu’une telle série, 
qui est évidemment la série de Fourier d’une fonction sommable f(@), soit 
convergente. Nous allons généraliser le résultat de M. Fatou en remplacgant 
les conditions (2) par les conditions plus générales que |na,,| et |nb,,| soient 
bornées. 

On a, en effet, le théoréme suivant: 


THEOREME I.—Pour que la série 
ay + > (a, cosn6-+b, sin nd) ~ f(8), 


οἱ 
(3) πα,} <1, [πὸ,} <1, 
soit convergente pour une valeur donnée de θ, il faut et il suffit que 
; θτα 
(4) a)=>[ sod 
᾿ θ 
-- α 


tende vers une limite déterminée quand a tend vers zéro. 


a. La condition est suffisante. C’est une conséquence presque immédiate 
des théorémes connus concernant la sommabilité des séries divergentes. 
D’aprés un théoréme de M. Lebesgue (?), l’existence de la limite (4) en- 
traine la sommabilité de la série Σ᾽ A,, par les moyennes de Cesaro d’ordre 2. 


(1) Acta mathematica, t. 30. 
(3. Mathematische Annalen, t. 61. 


1917, 10 (with J. Εἰ. Littlewood) Comptes Rendus, 165, 1047-9. 
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Mais, |nA,| étant borné, la sommabilité de la série entraine sa conver- 
gence (1). On pourrait l’établir autrement en démontrant (au moyen de 
Vintégrale de Poisson, comme le fait M. Fatou) l’existence de la limite 


lim > A,r”, 
r=1 
et en faisant application d’un théoréme de Littlewood (3). 


ὃ. La condition est nécessaire. La démonstration se fonde sur le lemme 
suivant: La série > A,, étant convergente, on a 


lim m-P > ἮΡΑ, = 0, 


m= eo 
UNIFORMEMENT POUR TOUTES LES VALEURS ENTIERES POSITIVES DE Ὁ. Cela 
étant, nous posons 


m = cH (k > 1) 
α 
(α οὰ 
tk << ma < k, 
pour les valeurs suffisamment petites de «), et nous supposons, pour sim- 
plifier l’écriture, que a, = 0. Alors on a 


l ] ] 2 
δ 0 δ, ΣΝ 
t mt+1 
e 
Φ. -- — re = P(na)? = Sa (—1)Pade & a 
i “>. eet eee =i 2 @p+iy >.” wd 
d’ou 
m 
᾿ (ηια)"Ὀ wae ook 
D, Σ δὲ pity ὯΝ γ Ee 


(1) Harpy, Proc. London Math. Soc., t. 8. 
(?) Proc. London Math. Soc., ὃ. 9. 


Il 


12 
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pour m > m,(e). Donc 


\o— > A,| < ἘΣΤΟΝ 
pour m > m,(e). Le nombre positif 5 étant donné, on peut prendre 
ὃ 
k =~, ΖΞΞ -- πι 
δ᾽ “τ 
et l’on en tire 


pour m > m,(9), c’est-a-dire pour 0 < a < a,(5); ce qui achéve la démon- 
stration du théoréme. 


2. Dans le méme ordre d’idées, nous avons démontré un théoréme ana- 
logue concernant les séries de Taylor. 


THtorkME IT.—Soitt |na,| < 1. Alors, pour que la série >a, soit con- 

vergente, rl faut et tl suffit que 

Φ() = > ant) le] <1) 
tende vers une limite déterminée quand x tend vers un suivant un chemin 
simple continu quelconque C. 

C’est une généralisation des théorémes 49 et 50 de notre Mémoire: Con- 
tributions to the arithmetic theory of series (1). La, nous avons supposé 
que na,, tend vers zéro. 

Nous dirons que le chemin C est régulier s’il s’approche du point x = 1 
dans une direction déterminée (qui peut d’ailleurs étre tangente au 
cercle |z| = 1). Cela étant, il suffit, en particulier, pour la convergence de 
la série > a, que f(x) = > a,x” tende vers une limite déterminée quand x 
tend vers un suivant un chemin régulier quelconque C. Mais cette condition 
n’est pas nécessaire. Si 1’on pose 


7.ΠΤ 


, : 
—_ sin — N,. == ef nin son 
nlogn γ ( r aes r+i)s 


nr 


la série > a, est convergente. Mais f(x) ne tend vers aucune limite déter- 
minée quand C a un ordre de contact assez élevé avec le cercle. 


(1) Proc. London Math. Soc., t. 2. 


COMMENTS 


A simpler proof of the theorem of this paper is given in 1920, 7, pp. 228-32. A further ἡ 
simplification of the proof of necessity, which was suggested by M. Riesz, is given in 
1924, 3. The theorem is contained in Theorem 1 of 1926, 8. 


13 


14 


NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By @. H. Hardy. 


[Extracted from the Messenger of Mathematics, No. 586, Vol. xlix., Feb. 1920.] 


LIT. 


On certain criteria for the convergence of the Fourier series 
of a continuous function. 


1. In this note I propose to examine the logical relations 
of certain modern criteria for the truth of the equation 


() fim = [55:55 γὼ de=S (0), 


T 

where f(x) is a function integrable in the sense of Lebesgue 
and continuous for r=0. It is well known that any test for 
the convergence of the Fourier series of a continuous* function 
may be reduced to a set of sufficient conditions for the truth 
of (1). 

I suppose, as we may do without loss of generality, that 
Ff (0)=0. This being so, there are five tests in question, two 
‘classical’ and three modern. ‘The two classical tests are 


* More generally, of a function all of whose discontinuities are regular, t.e. 
such that φΦ (ὦ -- 0) -- 4 (#+0)=29 (2). 


1920, 9 Messenger of Mathematics, 49, 149-55. 
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(D) Dint’s test: the integral 

[iL 
x 


0 
as convergent : 


(J) Jordan’s test: f (a) ts of bounded variation. 


The three modern tests are 


(V) de la Vallée-Poussin’s test*: the mean value 


F(x) = ~ [ ; f (tat 


as of bounded variation : 
(Y) Young’s test t : [ [ἀπ ο(): 


(L) Lebesque’s test} : | ° ere 1) dt =o (1). 


The relations between these tests are of considerable 
interest, and have not all been stated explicitly. 1 proceed 
to consider them more closely. 


ὦ. I. Neither (D) nor (J) includes the other. 
This is well known. Thus 
/(@) = (log) 
satisfies (J), but not (D); and 
(2) f(a)=a? sin— «ρ 1) 
satisfies (D), but not (J). 


II. (Νὴ excludes both (D) and (J). 


This is proved by de la Vallée-Poussin. For the sake of 
completeness, and a slight simplification, I repeat the proofs. 


-1 


* Ch. J. de la Vallée-Poussin, ‘Un nouveau cas de convergence des séries de 
Fourier’, Rendiconti del Circ. Mat. di Palermo, vol. xxxi. (1911), pp. 296-299. See 
also his Cours @’ Analyse, vol. ii., ed. 2, p. 149. 

ΤΥ. H. Young, ‘Sur la convergence des séries de Fourier’, Comptes Rendus, 
21 Aug. 1916. 

1 H. Lebesgue, ‘Recherches sur la convergence des séries de Fourier’, Math. 
Annalen, vol. Ἰχὶ, (1905), pp. 251-280. See also his Lecons sur les séries trige- 
nometriques, pp. 59 and 64, 
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(a) If a function is monotonic, its mean value is also 
monotonic. Hence, if f(x) is of bounded variation, so also 


is F(v). Thus (V) includes (J). 
(Ὁ) Suppose (D) satisfied. We have 
7: } [ ray Alege [ 
ς΄ ᾧ id rea A 
for «> 0, at any rate with the exception of a set of values 


of x of measure zero. ‘The first term on the right-hand side 
is integrable in (0, 6). Also 


ddx [5 ve. 1 [ὃ δ [2] 
i [iifla= ivla—% Jide J oo 
tends to a limit when e=>0. Hence the second term on the 


right-hand side of (3) is also integrable in (0, 5). Therefore 
| #"| is integrable in (0, δ); and F'is of bounded variation. 


III. (ΥἹ encludes (J). 
Fr = ['Jaees)i<[I/lae+ [tlds 


=0(2)+0(z |’ |df|)=0(@) 


(3) [51-Ξ 


if (J) is satisfied. 
IV. (Y) does not include (D). 


This may be shown by means of the function (2). Here 
we have 


d(xf)= 10 +1) xP sina" cos | ax; 
and (Y) demands that 


fu 


This is only true if p> 1, whereas (D) is satisfied when- 
ever p> 0. 
A fortiori it follows that (Y) does not include (V). 


3. V. (Νὴ does not include (Y). 


Write log (1/x) = lx, and consider the function 


1 
COS - 
t 


dt =O (2). 


sin ἔχ 


152 Prof. Hardy, On some points in the integral calculus. 


Here (Y) demands that 
[ 5: cosit  sin/¢| 
o| u ie * (ly? 


which is plainly true. On the other hand it is easily verified 
that 


dt =O (2), 


_1 [sini _ cosle + sin lx {1 
=, |, co οἰχ + Olas. 
ptr _ sinls— cosla 1 ; 

ay 200 lar a (lx)*} ? 
ὃ 
so that [ΠΡ la 


is divergent. Thus (V) is not satisfied. 


4. VI. (L) encludes (V). 


This is stated by de la Vallée-Poussin*, on the ground of 
a communication of Lebesgue; but no proof seems to have 
been printed. 

It is useful to observe first that (L) may be stated also in 
the formt 


é 
() [|v ¢+2)-¥( αι =0(1), 


where P=/f/zx. To see this, we observe that the difference 
of the integrals which occur in (L) an] (L’) does not exceed 


olf (t+ “) -- (4) | : | f(é+)| 
[= at+ | |p (+2) -¥(O|dt+ [ey dt, 
where «<7 «ὃ. Wecan choose 7 so that the last integral 


is less than 
tO eens 
Ase e log 2. 


When 7 is fixed, the first two integrals tend to zero, by 
a fundamental theorem in the theory of Lebesgue.t{ The 
proposition is thus established. 


* Cours d’ Analyse, vol. ii., ed. 2, Ὁ. 150. 
+ This is remarked by Lebesgue, loc. cit. 
t If φ is integrable in (a, ὁ), then 


ὃ 
[1|Φ τ)--φ Ola 


tends to zero with x. See for example Lebesgue, Lecons sur les séries trigono- 
metriques, Ὁ. 15 
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Suppose now that (V) is satisfied. Then f=F+aF" for 


almost all values of #, and (L’) will certainly be satisfied if 
(4) Ι΄ LF" (ἐπ αἡ -- Τ' (δ |dt=0 (1) 


and 


(5) a 


Of these equations, (4) is satisfied in virtue of the integra- 


bility of #"(x), and (5) may (by the same argument that was 
used above”) be replaced by 


(6) | 5 {Εὖ Ξ τ ἡ 


δ (ἐ- 2) τὶ au dt=o (1). 
ἐκ 


=o (1). 


x 


We write 
ὃ 
[285 9:}ἫἊ ue f+ [ς}-πῦτὺ] 
] 


Then 


r= fo Pry dul < ['% fr en| au 
~ [nef δ [du - Ιοσ {2 {6 α)} -- [2 (Ὁ1} de 


=logn [ἢ ΤΩ ἀμ -Ἰορ [ἡ uP αι-- [ log (u-2)| F’|du 


+f log u|#” | du 


-[ log ( =) iF du+ [" log (- og) IF bau 
τ q ͵ 
Ἐ[ log (—-\ | F | du. 


In each of these integrals the logarithmic factor is bounded. 
Hence /, is less than a constant multiple of 
H+x , 
| |B" | du, 
Ζ 
and may therefore be made less than ¢ by choice of n. Finally, 


when ἡ is fixed, J, tends to zero with # Thus (6), and 
therefore (L’), is satisfied. 


* Note that the continuity of 7 for «=0 involves that of F. 
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5. VII. (L) includes (Y). 


Suppose (Y) satisfied, and write xf=g; and denote by 
V(g) the variation of g in (0, α). Then 


g=o0(x), V(g)=O(a) ; 
and we can write. I=9:-In 


where g, and g, are steadily increasing functions of the form 
O(v). And 


ῃ Ar fOl yc (US| 4 


ὃ 
Ἢ 
max mx 
=I +d Ὁ ὦ». 
say. In the first place we have 
8 J<[™ fermi S + [™ FOIE <mlogm, 
where y is the upper bound of |/| in the interval — 
0<t<(m+1)a. 


ΤῊΣ = wv) _ 9s (¢) dt 
t+ t t 


Bier) οἷ a ? 
t+ax 


Next, we have 

} ὃ t+2 t ὃ t 

(9) 15} ΚΕ ΡΒ δ Fo aa ΙΝ ata] ane ae 
The second term is 


(10) 04s "“ neat =0 (ig m=) =O(e,), 


where ε,, is a function of m only which tends to zero when 
m=>oo. ‘The first term, since g, is monotone, is 


: att e)— g,(¢+x)—9,(t) 5, taf" 9, (u) du — [᾿ 4.) 
ma  t(t+a) (m+1)x (u — x) u mu(u+a) Ὁ 


In the first of these integrals we may replace w—@ by Ἐῶ; 
for the error thus introduced is not greater than 


2 | mane een =O fe fn St 
= Olea} 70) 


cual may be absorbed into (10), When we make this 
pumpliication, we are left with 
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d-+e = gu) (x) (im Ν ων g(a) 
ine i u u(ute Ἔ 2) au ( ὃ mx Ὁ (u τ x) as 
é+z du (m+1)z dy 
-Ο( ; to (fe at 


= 0 (log $+") +. 0(1 og) = O (e,) + 0 (ε,), 


where ες is a positive function of # alone which tends to zero 
with « Combining this result with (9) and (10), we obtain 


(11) J, <O(e,) + O (e,). 


Plainly J, Ἢ be treated in the same manner; and so we 
have, from (7), ( 8), and (11), 


[OS ἃ <p logm+ ον O (e,,) 


xv 


The right-hand side may be made as small as we please by 


‘choice first of m and then of 2; which proves the theorem. 


6. Our general conclusion is thus that (L) includes all the 
remaining tests. ‘The peculiar interest of (V) lies in the fact 
that so direct a generalisation of (J) should include (D), a test 
on the face of it of an absolutely different character. 

Some of these tests may be extended in such a manner as 
to apply to functions discontinuous at #=0, the condition 


7 (Ὁ) -- (0) =0 (1) 
[, JO-# | dt=o (2. 
But the logical interdependence of the tests, which is all 


that [ am concerned with at the moment, appears most clearly 
in the simplest case. 


being replaced by 


COMMENTS 


A more extensive discussion of the relations between the known 
convergence tests for Fourier series, which incorporates the work 
of Hardy in this paper, was given by J. J. Gergen, Quart. J. of Math. 
1 (1930), 252-75. 


TWO THEOREMS CONCERNING FOURIER SERIES 


G. H. Harpy and J. E. Litrtewoop.* 


I. The theorems which we prove here are developments of results 
contained in our papers 1-5. 


It was proved by Fatout that, if 


(1. 1) 349+ Σία, cosnt+b, sinnt) = 44,+24,§ 
is the Fourier series of an integrable function f(t), and 
(1. 2) ΓΕ 95} ἘΞ (ἢ), 

n n 


then the necessary and sufficient condition that the series should converge, 
when ¢ = 2, to the sum 8, is that 


l t 
(1. 3) | bu) dy, 
where 
(1. 4) | φ(υ) = H{f(x+u)+f(x—u) —23}, 


* Received 16 November, 1925; read 10 December, 1925. 
Τ See the bibliographical note at the end. 

Ζ Fatou, 1, 345-7, 385-7. 

§ Σ denotes always a sum from 1 to infinity, unless the contrary is expressly stated. 


1926, 8 (with J. E. Littlewood) Journal of the London Mathematical Socrety, 1, 19-25. 
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should tend to zero when ¢-> 0. In our papers 1, 2* we proved that the 
conclusion is valid under the more general conditions 


(1. δ) ΓΞ ο[5) i= 6". 


Our original proof, however, was unnecessarily elaborate, and in our 
note 3 we indicated a considerable simplification of the argument, sug- 
gested to us by Dr. Marcel Riesz. 

Our objects here are (1) to generalise this theorem still further, re- 
placing the conditions (1.5) by the still more general condition 
(1. 6) nA, > —JC, 
where C is a positive constant, and (2) to establish the corresponding theorem 
for the series conjugate to (1.1). In each case a part of the proof is most 
naturally presented as an inference from the general theorems of our 
papers 4, 5; but it is not really necessary to appeal to these theorems in 
their full generality, and we show shortly how what is actually required 
may be proved independently. 


2. We shall require two lemmas. 


Lemma a.—lIf (i) La, is any series which converges to zero and 
(ii) na, > —C, then 


(2. 1) a. Σ v |a,| «-- Cn+o (n) < Bn, 
_gia|  B 


Here, and in the sequel, B is a positive number depending only on the 
sequence (a,,) or the function ¢. In particular it is independent of m and 
of the numbers h and k below. But, subject to this condition, its value 
will in general vary from one occurrence to another. 

Suppose that Σ΄ and =X” indicate summations over those values of v, in 
the range (1,7), for which a, > 0 and a, < 0 respectively. Then 


Σ΄ va, - Σ΄ va, = Σ va, = 0(n), 
Τ 


0 «- -- Σ’να, < Cn, 


* See, in particular, Hardy and Littlewood, 2, 228-232. 
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and so σῃ = X’va,— Xi" va, < Cn+o(n) < Bn. 
Ni σ ---σ N—-1 l o σ 
Also Page ae γε Ee 5A et ee 
| nN 2 νῷ > yy? n? TH 2 


plainly tends to a limit when N- oo, and 


ie. > oA SPS Ὁ 
cae wie, oN = n ss py nv" n 


Lemma £.—If h and k are independent of n, Xa, is convergent, and 
x(t) 1s ecther of the functions 


(2. 3) ane Ϊ smn du, 
oe t F U 
n 
kit 
(2. 4) SP ay x(nt) = o(t-?) 
hit 


when t > 0, for any real value of p. 


The factor x(nt) is bounded, and the range of summation may be 
divided into B ranges in each of which it is monotonic. If M, N is such 
a range, we have 


N v 
| > ρα, x (nd) <B Max | > na, 
M M<p<veNn! p 


< BNP Max ΙΣα, = 0( NP) = o(t-?), 
μ 


M<p<veNn 


which proves the lemma. 


3. THEOREM 1.—If the Fourier series (1.1) satisfies the condition 
(1.6) when t= 2x, then the necessary and sufficient condition that it 
should converge to 8, for t = x, is that 


t 
(3. 1) ao du — 0. 


The series 44,+2.A, cosnt, which reduces to (1.1) when t = 0, is 
the Fourier series of ¢(¢). And we may plainly suppose, without real loss 
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of generality, that A, = 0 and s=0.* It is therefore only necessary 
to prove 


THEOREM 1 a.—If φ() is even, periodic, and integrable, and 


(3. 2) | : p(t) ~ Xa, cos nt, 
where 
(3. 3) na, > —JC, 


then (3.1) is the necessary and sufficient condition that Xa, should con- 
verge to zero. 


(i) The condition is necessary. We have 


| t | i 
(3. 4) ἯΙ d(u) du = La, nae La, x(nt) = ὃ 
t Jo nt 
hit kit 00 
= page ees = §,+8,+8s, 
T Aft kit 
say.{ Also 
0<1—x(t) < Bt, Ιχ(] «5 > 0). 
Hence 
hit hit 
(3. 5) Sa] < [Σ an | +] > all —xlot)} | 


hit 
<o0(1)+Bt> nja,| < Bh+o(1), 
1 
by Lemma a (2.1); and 


(3. 6) ΤΡ 


00 | B 
» 9: 


kit 7% 
by Lemma a (2. 2). From (3. 4), (3. 5), and (3. 6), it follows that 


5 
; 


B 
S| < Bh42 40(1)+|S| = Bh+ F+0(), 


by Lemma β. We choose ἢ and & so that the sum of the first two terms 
is less than de, and then ¢, so that the third is numerically less than ε 


for 0 <t<t,. Then [3] < « for 0 <# < ty, which proves (3. 1). 


* Adding an appropriate γ- ὃ cos ¢ to f(é). 
‘ft We now write a, for Ay. 


t If h/t or k/t is an integer, we suppose the corresponding term of S included in the earlier 
of the two possible sums. 
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(ii) The condition is sufficient. For (3.1) is a sufficient condition for 
the summability of the series,* and therefore, when (3. 3) is satisfied, for 
its convergence. 


4. We consider now the series 
(4. 1) Σ (6, cosnt—a, sinnt) = XB, 


allied or conjugate to (1.1). This series is not necessarily a Fourier 
series. But the series 


(4. 2) x B,, sin nt 
is the Fourier series of the function 
(4. 3) p(t) = 4{f(a+t)—f(x—d}. 
THEOREM 2.—If the allied series (4. 1) satisfies the condition 
(4. 4) nb, > --τ 


when t == x, then the necessary and sufficient condition that iw should 
converge, for t = x, to the sum 8, 18 that the integral 


(4.5) | = [584 


should be convergent, as a Cauchy integral,t and have the value 8. 


The condition (4.4) is certainly satisfied, for every x, if a, and ὁ, 
satisfy (1.5). 
We may suppose s = 0, and it is enough to prove 


THEOREM 2a.—If y(t) is odd, periodic, and integrable, and 
Y(t) ~ Xa, sin nt, 
where na, > —C, then the necessary and sufficient condition that Xa, 
should converge to zero 18 that (4.5) should converge to zero.t 


The proof of the necessity of the condition is much like the corre- 
sponding part of the proof of Theorem la. Taking for y(t) the second 
of the two forms of Lemma β, we have 


* Hardy and Littlewood, 4, 70 (Theorem C). It is not necessary, however, to use this rather 
difficult theorem in its general form. The theorem of Lebesgue (1, 278), that (3.1) is a suffi- 
cient condition for summability (C, 2), is enough for the purpose. 

οο 


Ὑ That is to say as lim 


e>0 JE 
{ We now write a, for B,. 
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B 
0<5—x) < Bt Ix(Q)i<F 


for small and large values of ὁ respectively. We write now 


[a = 2a, [ re du = Σ ας x(nt) = 8,* 
t U 


ι wU 
and divide S into sums S,, S,, Ss as before. Since Lemma 8 is valid for 
both forms of x(é), our former proof is in essentials unchanged. 

The sufficiency of the criterion is a corollary from the main theoremt 
of our paper 5, since the existence of (4.5) ensures the summability, and 
so, by (3.3), the convergence of the series. It is, however, not necessary 
to appeal to this difficult theorem in its general form. It is sufficient to 
know that the existence of (4.5) involves the summability (C, 2) of the 
series. For this, it is sufficient that Σ ὃ,,, where 


οο a, 
ὃ, = Σ ΤῊΝ, 
should be summable (C, 1)t; and for this that the function 
t 
ψι() = boot dt [ (a) du 
0 
should tend to zero when ἐ -- 0, or that 
1 fré 
χι() = i | p(w) du 
0 
should tend to zero.§ If now we write 


aie | . a) du, 


so that w(t) > 0 when ἐ > 0, we have 


t t t 
| u(u) du = -| uw'(u) du = —te(t)-+een(e)+ | w(u) du, 


1 ft 1 ( 
Η [. b(u) du = geo eae [. w(u) du, 


which tends to zero. 


* See 5, 221, f.n. +, for the term-by-term integration. 
ft Theorem 3, 219. 

{ See 4, 75 (Theorem Al). 

§ See 5, 224-225. 
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A convergence criterion for Fourier series. 


Von 
G. H. Hardy in Oxford und J. Εἰ. Littlewood in Cambridge. 


1. Our first object in this note is to establish the criterion for the 
convergence of Fourier series, in the classical sense, which is embodied in 
Theorem 1 below, and which we stated without proof in our memoir 7. 

We suppose throughout that f(0@) is periodic and integrable, that 
0<a<1, and that p>1. We denote by 
(1.1) A=Af=—4,f 
one of the three differences 


f(9)—f(8—h), {(θ-Ὁ ἃ) -- Κ(θ), ζ(θ-Ὲ ἃ) - Κ(θ -- 2), 
where h >0. We say that γ(θ) belongs to the Lipschitz class Lip (α, p) if 
1 


(1.2) (J 41/740)” = 010" 


when h-+0, and to the class Lip*(a, p) if (1.2) still holds when O is 
replaced by o. It is indifferent which form of 4 we select’). A function 
of Lip(«, p) necessarily belongs to the Lebesgue class L”.®) . 

If Af=O(h*), or o(h*), we say that f(9) belongs to Lipa, or 
Lip*«. A function of Lipa belongs to Lip («, p) for every positive p, 
and the properties of such functions may be regarded as limiting cases 
(for p= co) of those of functions of Lip(a, p). 


In particular we call the class Lip (=. p), ἢ. 6. the class of functions 
satisfying 


(1.3) {|4η|"49-- 0(n), 


the class 4, Our main theorem is then as follows. 


1) Hardy and Littlewood, 7, 597. 
*) Hardy and Littlewood, 7, 566. 


1928, 6 (with J. E. Littlewood) Mathematische Zettschrift, 28, 612-34. 


G. H. Hardy und J. E. Littlewood. A convergence criterion for Fourier series. 613 


Theorem 1. The Fourier series of a function of A, 18. convergent, 
and indeed summable (σ, - = Ὁ δ) for any positive ὃ, whenever it ts 


summable by any Cesdro mean. The necessary and sufficient condticon 
for summability to sum 8, for a particular value of 0, is 


(1.4) | Laciunseey 
where j | 
(1.5) v(t) = 3 {f(0-+4) + κ(θ — ἢ — 28}. 


The theorem does not include any of the recognised criteria except 
Jordan’s*), nor is it included by any. Its origin is however to be found 
in the well known criterion of Lebesgue‘). The conditions of Lebesgue are 


t 
(1.6) J le(u)|du = o(t) 
and 
glee fe@to= 9) gy —o(1), 


t 


If now f(8) belongs to Lip* (=, p); so that (1.3) holds with o for O, 
then g(t) belongs to the same class, and 


σ σ 1 σ 1 1 1 
Sate — Ral eee 
f4elaus( 14, |Pau)? (Bi —o(4?*?"') = 9(1), Ὁ) 
U “Ξ᾿ uP 
t 0 [1 


so that Lebesgue’s second criterion is satisfied uniformly; and it was this 
that suggested the investigations leading to Theorem 1°), 


8) See Lemma 9 below. 
4) See Lebesgue, 10; de la Vallée-Poussin, 16; Hobson, 8. 


5) We write p’= =A when p>1, and similarly for other letters. Our argu- 


ment supposes p>1. If p=1 we have 


σ σ 
jf dus} { \Apidu=0(1) 
t 0 


6) Pollard (14) has generalised Lebesgue’s criterion in two directions. He starts 


not with (1.7) but with Lebesgue’s alternative condition 


(1. 7a) {| 2¢t9-2@)| av-or, 
t 


(Fortsetzung der FuBnote 5) ἃ. ἢ nachster Seite. 
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Our main purpose then is to define a class of functions for which 
the convergence problem admits a complete solution; but we also prove 
some other theorems which are suggested by Theorem 1 or help to eluci- 
date its relations to theorems proved by other writers. We prove in 
Theorem 7, for example, generalising a theorem of Zygmund’), that the 
Fourier series of a function of Lip(«,p), where ap>1, is uniformly 
summable (C, —«-+ 6), and in Theorem 8 (after Titchmarsh) that it is 
absolutely convergent when also p< 2. In Theorem 5 we show that a 
function of Lip(«, p) belongs also to 


ἢ 1 1 
Lip (e—— +, 4) 
for a certain range of values οἱ g, and in particular that, whenaep > 1, 


it is equivalent to a function of Lip (a — =|. 


a condition equivalent to (1.7) when (1.6) is satisfied. He shows that (1. 7a) may 
be replaced by 


(1. 78”) im [15 612 20) | au <n (ey, 
kt 


where 1(k)-»+0 when k-»o, and (1.6) by (1.4). 


The situation is different if we state Lebesgue’s criterion as we have stated it 
in the text. In this case (1.7) may be replaced by 


U 


{75 πὸ | OF) ay cae), 
t> , 
kt 


but it does not seem to be possible to replace (1.6) by (1.4). 
The condition (1.7’) is a consequence of (1.3), since 


Ἂς τ ον μέ isd 1 1 1 
[ἢ δ τῶ 551 πρὸ eee 
[25 aus(f iaselau)? (| = < Kt? (kt)” =Kk ?, 
u uP = 
kt 0 


kt 


where K is independent of ¢, @ and k. Hence any function of A, satisfies (1.7’) uni- 
formly in 9. In order to deduce Theorem 1 from this, it would be necessary to show 
that (1. 7’) involves the convergence of the series wherever it is summable, i. 6. (by 
Lemma 6 below) wherever 

(1. 4’) Pr =0(t") 

for some 7, g, being the r-th integral of » over (0,¢). That this should be true 
seems to us very improbable. 

The conditions (1.7) and (1. 7a) are no longer equivalent when (1.6) is replaced 
by (1.4), which is (1.4’) with r=1. It has never been shown even that (1.7) and 
(1.4) are sufficient conditions for convergence. 

7) Zygmund, 25. Zygmund’s theorem is the special case in which p= οὐ, so that 
f(@) belongs to Lipa. 
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We use freely the idea of summability by Cesaro means of negative 
order. Such means may not appear to be of great intrinsic interest, but 
our methods of proof compel us to use them’), and, if they are to be 
used at all, results involving them should be stated with the greatest 
precision attainable. 


Generalities concerning Fourier series and analytic functions. 


2. The complex Fourier series of an arbitrary function f(0) of the 
class LZ is defined by 


(2.1) f(O)~ 2D onemto= Dd, 3 em = aq | {(θ) 6 960. 
If we write τ 
(2. 2) 6, Ξε τα (a, — 1 ,) 


for all n, then a, and b, are respectively even and odd functions of n, 
and the formal relations between Κ(θ), a,, and ὃ, are the classical 
formulae 


(2.3) f(0)~ ay + Σ᾿ (a, cosn6 + ὃ, sinn 8) τος 49 + ΔΙΑ, 
1 1 | 


(2.4) pw | 1) gin 2928. 


In these f(@) is usually supposed to be real, though this is naturally 
unnecessary. 

In what follows we use the ‘complex’ or ‘real’ system of formulae 
as may be most convenient, and call the series the complex and real 
Fourier series of f(@), the use of the word ‘real’ not implying that f(0) 
is real. We shall generally use the suffix m when we are concerned with 
the complex formulae, and » when we use the formulae of the classi- 
cal type. 

If c,, -- Ὁ for all negative or for all positive m, then we call (2.1) 
a Fourier series of power series type®) or a Fourier power series. If 


f(0) ~ Sie, emio 
0 


8) We make repeated use of Lemma 2 (the ‘convexity theorem’ for Cesaro 
means). It is obvious that, if we are to use this lemma to prove the convergence 
of a series in the classical sense, the range of values of r considered must strictly 
include r =0 and therefore negative values. | 

9) This phrase was introduced by F. Riesz, 18. 
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is a Fourier power series, then the analytic function 2c, g™ has f (0) 
for its ‘boundary function’ 7°). 
The series 

(2.5) Σ (6, 6085 — a, sinn8) 

is called the series conjugate or allied to (2.3). It is not necessarily 
a Fourier series. It was however proved by M. Riesz?) that, if f(0) 
belongs to L?, where p> 1, then (2.5) is also a Fourier series, and 
that of a function -- σ(θ) also belonging to Z?. The function g(6) is 
defined, for almost all 9, by 


(2. 6) γίθ) -- ας [Γ(φ) cot, (φ -- θ)άφ, 


where the integral is a ‘principal value’ in Cauchy’s sense. In these 
circumstances ἢ (θ) = (0) — ἐσ (θ) is the boundary function of an analytic 
function H(z); and this function belongs to the complex class L’, 7. 6. 


(2.7) ax | |H( rete) |" 0 


is bounded for r<1. 

Riesz’s theorem may be stated in various forms. The form which 
is most important here is that?*) 2} the series (2.1) is the Fourder series 
of a function of L”, then the series 


οο 
(2.8) Peet, 2 Cente 
0 


are the Fourter (power) series of functions of L®. We call the series (2.8) 
the (positive and negative) power series components of (2.1). 


Preliminary lemmas. 


3.1. In this section we collect a number of propositions, for the 
most part known, which will be required in the proofs of our principal 
theorems. In one or two cases, where the results have an independent 
interest, we have developed them a little further than is really necessary. 


Lemmas concerning Cesaro summability. 
3.2. In these lemmas Σ᾽ τς, or U is a series 
U tu, tut... 


1°) For all this see F. and M. Riesz, 19. 
11) M. Riesz, 20. 
15) See Hardy and Littlewood, 5, and M. Riesz, 21, for fuller explanations. 
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and 5, v,, or V a series : 


eet Ug tT Vig HM + + Mg ee - 


We write 
n n 
(r) n—-v+r (r) a a 
ase e, ἀξ re, 
v=0 v=0 
m τ ita 
(r) y m—|u\|+r (r) YY (M— bir” 
k=—™ Baa 


where r > —1. The series are summable (C,1r), to sums U or J, if 

(r) N-+-T n” 

* ~ U| r )~UrGan 
or 

(r) m-+-7 mr | 

ie VO) ~ Veet 
and bounded (C,r) if 8 =O(n") or tm = O(m’). 

Lemma 1. Jf U ts bounded (C,r+1), then the necessary and 

sufficient condition that tt should be bounded (C,1r) ts that 


(3. 21) of = O(n"). 
The corresponding condition for V ts 
(3.22) τ = O(m"™"). 


In either case we may replace ‘bounded’ every where by ‘summable’ tf 
we replace O by o. 


These results are immediate corollaries of the identities 
6 =(ntrt+1)s? —(rt+ τ 
i =(m+rt+ 1m —(r+1) tm. 

Lemma 228), If Ὁ (or V) is summable (C), 7. 6. summable (Ὁ, r) 
for some r, and bounded (C,r) for r>y2—1, then tt ts summable 
(C,r) forr>y. 

Lemma 3. If UorV is summable (C), and (3.21) or (3.22) holds 
for r>y>—1, then the series is summable (C,r) for r>y. 

This follows at once from Lemmas 1 and 2. 

Lemma 4. If U ts summable (C), and 


S| vu, |? = O(n), 
yol 


where Ὁ >1, then U is summable (σ, --1-Ὲ 5 + δ) for every positive ὃ. 


18) For U see Andersen, 1: the proof applies to V with trivial alterations. 
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We have shown already‘) that the series is convergent. There is an 
obvious analogue for V which we leave to the reader. 
After Lemma 8, we have only to verify that o” — (n"**) for 


r> -- 1+ . But then 


1 1 
me 


n n p 


on =O exc τὰ. +174 = o( Sioa) (Se sega 1") 


v=l y=l 


1 1 
+7 


on?) — O(n), 


since p’r > —1. 


Lemmas concerning Fourier series in general. 


3.3. Lemma 5. Jf ¢,, a,, 6, are the Fourier constants of f(6), 
defined as in ὃ 2, and uy=44Ay, u,=A, (n>0), Um =C,,, then 81} = 1? 
for all n and r, so that the convergence and summability properties of 
the real and complex Fourier series are identical. 

This results immediately from the definitions. It follows that, in the 
succeeding lemmas, we need not distinguish the two forms. 

Lemma 6. The necessary and sufficient condition for the summa- 


bility (C) of the series is that 
(3. 31) φ, = ο( 7) 
for some r, —, being the r-th integral of » over (0, 1). 

We may express the condition by saying that 

g—-0 (6,7) 

for some r. The lemma is the principal theorem of our memoir 3. It is 
most natural to quote the theorem in its general form, but it may be 
worth while (since the proof is not entirely easy) to observe that special 
cases, such as Lebesgue’s theorem*) that φ, = 0/(t) implies summability 
(C, 2), would suffice for our applications. 

Lemma 7.15) J} the series is summable by a mean of negative order, 
then φ, = 0(t). 

Lemma 8. If —1<y<1, and 8, ts the y-th Cesdro mean. of the 
Fourter series, then 


8.) — g = fo 2 (t) dt, 
6 


14) Hardy and Littlewood, 4. 
15) Lebesgue, 10. 
16) Hardy and Littlewood, 6. 
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where 
Q=2,4+2,, |\Q\<Kn, τῶ, 3 


nt 
n ae +5\t- = Ε 
ΔῊΝ ((m g? 9 51 


2Q= C(n+y+1) ΟΥ̓ ΣΌΝ 


and the K’s are independent of n, t, and θ. 


See Zygmund, 25; the results are due to Kogbetliantz, 9. The simp- 
lest and most natural proof is by complex integration, but Szegéd (23) 
has given a very elegant proof by elementary methods. 


Lemmas concerning the classes Lip (α, p). 

3.4. Lemma 9. Any function of bounded variation belongs to 
Lip (1, 1), and any function of Lip (1,1) ts equevalent to a function of 
bounded varvation. 

If f(0) is of bounded variation, then 


6+h 


Fiar\ao= Sao Farce < [49 fia fy sf af(t)| {49 = O10), 


θ 


For the converse, see Theorem od of our memoir 7. 

Lemma 1012. If f(0) ts the a-th integral of a function of L”, then 
Ε(θ) belongs to Lip*(a, p). 

Lemma 11. If f(0) belongs to Lip(«,p), then c,, = O(\m|*), 
and if to Lip*(a, p), then c,,=o0(|m,_). 

For, supposing for example m > 0, we have 


στ 


om = 5 { r(0) emo do -- — [r(0+ 2) em ao 


σ 


--- [ (9: 5) — ΓΘ) e-mio dO 


-οἱ [{{π0-- 2) — f(8)| 4) = O(m-*), 
or o(|m|~*), according to the hypothesis. 


17) Hardy and Littlewood, 7. 


96 


620 G. H. Hardy und J. E. Littlewood. 
Lemma 12. If p>2 and 
Yn = 3|me,,|? = O(n), 
and tn particular if p> 2 and c,,=O(|m|~*), then f(0) belongs to A,. 
We have 
Af=f(0+h)—f(0—h)~ 2t Se, sin mhem. 
Hence, by Hausdorff’s theorem, 


: 1 


ΙΑ farirao)’ <2 (3 (eal |sin ma y?)” 


/ 


(8.41) τ ts A 
τὸ ba 2! Ion”)? + 0/ Σ᾽ δ᾽ 
|m| 5: || >> 
But 
Dy Cm! =D) τ, — Pana) S Σ᾽ γιατ. (WE D®) 
|m | >= ὩΣ» ἜΣ 
Ὁ Εν εὐ ἂς. 
1 
n> > 


Hence (3.41) gives 


(2 fyarras)’ οἱ ἢ). οἱ»). 


-κ 


The result ceases to be true when p <2. Suppose, for example, that 
the series is a (positive) Fourier power series, that Cn = O(m-"), and 
that F(z) is the corresponding analytic function, so that the coefficients 
in F(z) =g(z) are bounded. If the result of the lemma is true it follows, 
if we anticipate for a moment the result of Theorem 3, that 


Jla(re'*) 70 = of 


(1—r)?~2 


for all g(z) with bounded coefficients. This is true when p = 2, since 
1 1 
g=0(;4,), figlat=o( Se, [*rt) -0(1), 
{igi a0 — 0 (Max|g|”~* {| 9|? a6) = o(—1 ). 


tr) 
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That it is false when p< 2 may be shown by the example 
g(z) => esteloaage (a>0). 
Here g(z) is (to put it roughly) of order } for all θ, and the integral 


is of order 4p >p—1. 
Incidentally we see that a function of 4, is not necessarily bounded. 


This is easily proved directly. For example, if f(0) = log a7? we have 


fiartaa—of | i log | 7 = το] a0) - ὁ) sf 


for all p> 1.. 


3.5. Lemma l3. If p>1, O0<e<i or p=1,0<a<1, and 
(0) belongs to Lip («,p), then the conjugate function — g (0) also belongs 
to Lip(a, p). 

This is an immediate corollary of Riesz’s theorem when p > 1, since 
Af and — Ag are conjugate, and 


S| 4g) d0< Κλ} Δ a0, 


where K(p) depends only on p. This proof fails when p=1. We there- 
fore give an alternative proof valid when p=>1, «<1**). When p=1, 
«—41, the result is false, since the conjugate of a function of bounded 
variation is not necessarily of bounded variation. 


After (2.6), we have » 


log | 245 | az) - O(h) 


g(0-+h)—9(0—h) = | F(p + 8) (cotg(p -- Ἀ) — oot 5 (pth) de 


—2h σ 2h 
=; [- ὦ [τἀ fie -+ 6) -- [(θ)) cot 5 (9 -- λ) ἀφ 
-π 8 2h 
2h 


18) Modelled on Priwaloff’s for the case p= : see Priwaloff, 17. It should be 
observed that the theorem also fails for p=«o, «=1. 
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say; and it is sufficient to show that 
1 
(3.51) (f | J,|" a0)? = O(n*) (ἡ = 1,2,3,4). 
In J, and J, we have 


1 1 h 
cots (~ —h) — cot σίφ +h) = 0(—",) 


( j J, a0)? οἱ [ aa (fire +6) — (8) ” 0)’) 
-ο(ι [554 =0(h") 


(since ἃ « 1), and similarly for J,. 
Of J; and J, we need only consider the first. We write 


and so 


2h 
Ig τα αὶ, | (fp +0) — tlh +8)) cot + (p —h) dp 


—2h 
2h 


+ ah (r(h-+ 8) — £(0)) [cot (p — λγάφ = Jy + oy 
—2h 
say. Then 
1 σ 2h | | ; ΄ 
ok κἀν «ἃ [{ώ {Ππφ-Ὁ6)-- κ(4.-Ε0}}} cot (p—h)| ag) ὶ 


—2h 


2h 1 
«ἐς loots (p — δ) ἀφ( {π|φ +0) — χὰ +0) |? 49)» 


—2h 


=O( [Ἰφ-- Ἀ|5 dy) = O(n"). 


Also 
2h 
1 sind A, 
cots (φ —h) ἀφ = 2log 3 Powe 
sin 5h 


(ἢ Js 1740)» = o(Sir(@+%)— f (8) |? 40)? = O(h*). 


Hence (3. 51) holds for ὃ = ὃ. 
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Lemmal4. If p and « satisfy the conditions of Lemma 13, and 
Ε(θ) belongs to Lip(a,p), then the power series components of f(0) 
are the Fourter power series of functions of Lip(a,p). 

This is merely a restatement of Lemma 13 in different language. 


Preliminary theorems concerning analytic functions. 
4.1. Suppose that 
F(2) = Fir et?) = Dic, 2" 
n=0 


is regular for r<1. We write 


M, = M,(r) = r= (afin 40)» 


(for any p> 0). It is known that M, is an increasing function of r for 

every p and an increasing function of p for every r, and that M,(r)—> M(r), 

the maximum modulus of F(z), when p-+oo.’*) If p> 1, then the 

necessary and sufficient condition that F(z) should have a boundary value 

F (e+®) = (0) belonging to L” is that M,(r) should be bounded”). 
Theorem 2. If p=1, β 0, and 


(4. 11) M,(r, F)=O((1—1)*), 
then 
(4. 12) M,(r,F)=0O (α -- 1) δ. 


forqg>p. In particular, for φ -Ξ- οὐ 


1 
(4. 13) M(r) =0((1 τα: ἢ 
If β-ε. the O’s tn (4.12) and (4. 18) may be replaced by o’s. 
The results are still true when 0 << p< 1, but it would carry us 
too far to prove them here. We need only prove (4. 18), as it stands or 
in the sharpened form; for if (4.13) is proved, we have 


M<MiM* =o(1—71r)~, 
where 


—2p4+ 2 (p+ 2)—p+i—-. 


If p> 1 and ο-- Σ(1-Ἐ 7), we have 


1) See Littlewood, 12 and 13, for these and other properties of M,. 
20) F. and M. Riesz, 19. 
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σι 
τ ge | 


oe’? — εὖθ 


ale 


ww 


1 = 
< (3; firteetyP ae)" (t) ata) 


— Im “κ 


-ο(α- ἡτ[--,3Σ.:.}}} 


0 


σ 


A ey ee 
= Ὁ ((1 ἘΞ.) ἰδ: 9) «Ξε οί (τυ τ). 
If p=1, we have | 
i 1 : i - ee 
| Pre) say F(ee*?) | scalar pet? γεῖθ! 
-- Ο(( -- οὐ *(@—1)*)=O((L—r)-*"). 
If B=0, Γ(6᾽9) =f(0) belongs to 1, and we can choose ὃ so that 
ὃ 
ἐς {110} φ)] ἀφ « 
-δ 


σ 


for 411θ. Also an) 


F(re'?) = feletde _ A 1 fete)etée 


et? _¢ 
ὃ σ - ὃ 
1 1 1 
= f+tf+k] antanta. 
--ὃ ὃ -τ 
say. lf p>1, 
1 3 = , 7 Ζ 1 1 
[1S {ἐς 10+ φ)}" 4) (τ {ἷξον < Kear) ?, 
sos ; 


-π 


where K is independent of r and 6; and J, and J, are bounded when ὃ 
is fixed. Hence 


F(re®®) = ο(( -- ene): 


The proof when p=1 may obviously be modified in the same manner. 
It may be observed that when p <2 we can assert more, viz. that 


F(r)= >) |c, |r" =O0((1— με 


1) Ἐς, and M. Riesz, 19. 
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or the corresponding equation with o. Thus if p >1, B>0, we have, 
by Hausdorfi’s theorem, 


= 
(Steir) s(t fie ΠΣ ο(( -- 7)-2), 


and so 


Fo) = Blea? Fs (Sloat? v(yre'") 


“#1 —9?9)7>) = ο(α.-- ἡ 7 Ὁ). 


When β-- 0, we must use the boundary function {(0). Since f(8) 
belongs to L?, S'|c,|®’ is convergent, and we can choose N so that 


0 1 
CD lol? eee. 
N+1 


Hence F'(r) is the sum of two parts, of which one is a polynomial inr 
of degree N, while the other is 


1 
51 


-- Ο(([ -- τ 


1 


© 1 
Sleale?s (Se, PF (Sree)? cedar). 
N+1 N+ N+1 
| 1 
Hence F(r)=o((1—r)~ 2). The case p = 1 is trivial. 
These results are false for p > 2, a Gegenbeispiel being given by the 
function 


1 
FC on ae μὲ. (a>0,6>0) 
continuous for |z|<1. 
4.2. Theorem 8. Suppose that p=>1,0<«<1, that 
6 εἾ}0 
Se, 


ts the Fourier power series of a function F(e*®) = f(@), and that F(z) 
ts the corresponding analytic function. Then the necessary and sufficrent 
condition that f(0) should belong to Lip (a@,p) ts that 


(4.21) M, (1, F)=O((1—1)7***). 


We suppose first that p>1. The case ἃ =1 may be disposed of 
at; once, since hypothesis and condition are each necessary and sufficient 
for f(0) to be equivalent to the integral of a function of 1 55). We may 
therefore suppose that O<a<1. 


32) See Hardy and Littlewood, 7, (Theorems 22 and 24). 
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Suppose first that (0) belongs to Lip(a,p). Then 


f(pyet?dp 2 *® (fretg)e*? dy 


et? — 7 et8)? 2a (et? — x)? 
-“κκ 


F (re*®) -ifé 


-ἰἰ0 


i Sa ae) — f(9))dp 


Hence 


(fir rao)? «αἰ 


= |p |*dp )- ᾿ ({ grdp = : 
| call et? —r |? ἡ ὁ (1 --Ὑ)5- φϑ Dae 
which is (4.21). 


Next, suppose that (4.21) is satisfied. In order to prove that f(@) 
belongs to Lip (a, p), it is sufficient to prove that 


iat {πῶ το) τὸ 6) 49 


Ἶ 
ὃ δὶ 


(4. 22) rf Γ(ν εἶθ 1). P(re’®)|?d0=r [14 940 - Kh®", 


for 0<h<i,r>}, K being independent of h and r. Now 
(4.28 [af (J+ f+ PlP@llez|=4,+4,44), 


where the path 2 is the arc (0,0-+h) of the circle |z|=r—h=e, 
and 1 and 8 are the lines joining the ends of the arc to the corresponding 
ends on the circle [2] =r. 

Now, in the first place, 


(4. 24) (farao)? <( | fas free) ay")? 


< {ar fir’ | "40)? O(h(1—0)*"?) = O(h°), 


uniformly in r. acne 


oth 


( farao)? =" (feo (J leet δὴ ἢ 
<f a firweranjino o({ a—1*"ar), 
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uniformly in h and ρ (or r). If 1—r>h or 1—@> 2h, this is 
O(h(1—e@—h)*") =O(h*), 
while if 1—r<h or 1—@X 2h it is 


o(f (1—t)** dt) = O((1—@)") = O(h*). 


Hence 
1 


(4. 25) (fat 40)" = O(h"), 


and the same argument applies to 4,. The conclusion follows from (4.23), 
(4.24), and (4. 25). | 

We have now to consider the case p=—1. The arguments which 
precede remain valid when Ὁ ---1, « <1, so that we may suppose p=1, 

a —1. By Lemma 9, f(@) belongs to Lip(1,1) if, and only if, it is of 

bounded variation. But it is known**) that f(0) is of bounded variation 
if, and only if, M,(r, F’) is bounded. This completes the proof of the 
theorem. 

It is to be observed that Theorem 3 remains true in the limiting 
case p= oo. We have in fact 

Theorem 4. The necessary and sufficient condition that f(6) should 
be equivalent to a function of Lipa, where 0<a <1, 18 that 


F’ (re*®) = Ο(( -- 775). 


The proof is a trivial simplification of that of Theorem 3. 


A theorem concerning the Lipschitz classes. 


5. Theorem 5. Suppose that f(0) belongs to Lip(a, p), where 
pil, 0<a<l. Then 

(i) if ap <1 and p<q<;-"—, Γ(θ) belongs to Lip (α -Τ Ὁ, 4): 

(ii) tf ap >1, then this ts true for all ᾳφ!», and f(0) ts equivalent 
to a function of Lip (α — =) ; 

We exclude for the moment the case p=1, o=1. If then f(@) 
belongs to Lip(«,p), so, by Lemma 14, do its power series components. 
There is therefore no loss of generality in supposing (6) = F(e*®) to be 
the boundary function of an analytic function F(z). 

By Theorem 3, . | 

’ —i+a 
M,(r, Ρ΄)-- Ο(( -- ) 7), 


38) F. and M. Riesz, 19. 
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and therefore, by Theorem 2, 


M, (r, F’)=0((1— ye Ἵ 


ᾳ 


for gq>p. Now α-- ΣῈ: 0 for g< τ τ if ap i and. for all 
positive g if «p >1. In either case our conclusion follows from Theorem 3. 


We have also 
; Hage 
F =O (( 1—r) ᾿ ) ; 
by Theorem 2. It follows from Theorem 4 that, when ap>1, f(0) is 


equivalent to a function of Lip (« — =) i 


In the excluded case p=1, a=1 of (i), f(0) is equivalent to a 
function of bounded variation (a fortiori a bounded function), and 


Jl4f|'d0 -- Ο([14}] 4θ) --- 0(h), 


so that the conclusion still holds. | 

The case «ep =—1 is relevant to Theorem 1, and we state it separately. 

Theorem 6. If f(0) belongs to A,, for a p>=1, then it belongs 
io A, for g>p. 

In concluding this section we should remark that the first results of 
this character were found by Titchmarsh’), and that ours were suggested 
by his. In his work the orders of the Lipschitz conditions are affected 
with an ¢, and his method of proof introduces an unnecessary limitation 35). 


Proof of Theorem 1. 


6. It p=1, f(6) is equivalent to a function of bounded variation. 
The series converges, and (1.4) is satisfied, for all 6. Also a, and b, 


are O (--\ , 80 that the series satisfies the condition of Lemma 4, and is 


summable (C,—1-+6), for all 6 and all positive 6. In this case then 
there is nothing to prove, and we may suppose p> 1. 

Assuming therefore that p >1, we write the series in the complex 
form, and denote its positive and negative power series components by 
f, (9) = ΤΊ, (619) and 7,(0) = F,(e#¢). By Lemma 14, each of these belongs 
to A,. We shall prove that 


ohye 
Q 


a . 
= S'c,eni9, 
Bo, en'e 


34) Titchmarsh, 24. 
3) Arising from the unsymmetrical role of the number 2 in the Hausdorff theorems. 
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the Fourier power series of f,(0), satisfies (3.21) for r > -= and all @. 


An analogous argument will apply to the second component, and it will 
then follow that .’C_ satisfies (3.22), and is therefore summable 


(c : - Ὁ δὴ whenever it is summable (C). 
We write z= oe*v and 
G(z) = F,(zet®) = Σ  Ο 2". 
Then g(y) = G(etv) belongs to A,, and so, by Theorem 8, 
(6.1) SIG (get) |? dy = Ο(( -- 9); 7). 


Now 5, the sum formed from C, as o,” is formed from wy, is the 


coefficient of 2” in (1 -- 2) 7 ᾿ Θ΄ (2), so that 
< σ΄ (z) dz 
Sy = iio gr rte n+1? 


the contour of integration being |z| =o --- 1 -- ς Hence 


sf —o((fio'rav)” Ὁ. 2..} 


=O0((1- oy τα — 0 7) = O(n"), 


provided that (r-++ 1)p’ >1 or r>—s. This is (3. 21). 


Finally, (1. 4) is sufficient for summability by Lemma 6, and neces- 
sary by Lemma 7. This completes the proof of the theorem. 


It may be worth observing that when p <2, and the series is sum- 
mable (C), much more is true than is expressed by (1.4). Thus when 
1<p<2 it follows from (6.1), by Hausdorff’s theorem, that 


y|nc, |? 0? *=O((1 — @)7*) 
and so that | 


(6.2) ΣΙ», = O(n). 


From (6.2), the convergence of _YC,, and Theorem 4 of our note 4, it 
results that 


J] p(u)|*du = o(t) 


for all positive g. In particular (1.6) is true. These results are obviously 
trivial when p= 1. 
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An extension of a theorem of Zygmund. 


7.1. Theorem 7. 7} f(0) belongs to Lip(«, p), where 0 < a< 1, 
ap >1, then the Fourier series is uniformly summable (6, —a+ δ) for 
every positive ὃ. If f(8) belongs to Lip* («, p), then the ὃ may be omitted. 

Since ap >1, f(0) is equivalent to a continuous function®*). We 
may therefore suppose f(@) continuous, and take 8 = f(6). 

We take y= —a-+6, y= —a in the two cases, and write, in the 
notation of Lemma 8, 


ΕΓ. 


where h=—. Then since y(t) tends to zero with t, uniformly in 6, we 
have 
h σε 
͵ 1 
=0(n{||dt) =o(1), —o(1f!2! a1) =o 
0 h 


each uniformly in @. 
We can express J, as the sum of four terms each of which is the 
product of a factor O(n-”) by an integral 


cos dt 
h (sin 51) 


cos 
where ᾧ ({) Ξε φᾷ) ἴῃ 


Lip (α, }ὴ 37), uniformly in 6, and that everything is reduced to proving 
that 


(Gy+%)t. It is plain that y(t) belongs to 


n”) 
uniformly in @. 
We have 
σι--ἡ 
(7.12) b= -- fy tte nt ee 
0 (sin 5 (¢-+h)) 


86) Indeed to a function of Lip («-—) : ws Theorem 5. This, combined with 


Zygmund’s theorem, gives summability (σ, —a+ --- : ae δ) , and in particular conver- 


gence, but not the full result. 
*”) The product of two bounded functions of Lip (a, p) belongs to Lip («, p). 
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and here we may replace the limits by A and a with an error 
o(h-h’-*) =0(n’). If we ignore errors of this form, and add (7.11) 
and (7. 12), we obtain 


7 


1 (cos yp (t +h) ψ () 
L=—+| en nt , Tart 1 \rtl dt 
(sin 5 (t-+h)) (sin 5) 


h 


ἡ (t+h)—w(t) | 
= ο([ ᾿ Ae at) 
h 


+0 | (*)|| — a3 — | δὴ: 
ἴω (αξὴ (μη 5 (t+) | 


Ὁ 


The second term here is 


The first 15 


O((f lw a) —y(o[rae)? (frre at) ). 


In the first case this is 


O(h*) = o(n’), O [a (log 1») =o0(n’), 


or 
ἃ ae τεῦ ΠΥ 
O(h’-h? )=O(n » )=o(n"), 
according as —a<y< — =, y= -- 1 or y > — * | In the second case, 
when f(@), and so w(#), belongs to Lip*(«, p), and y=— a, we obtain 


0(h")=o0(n"). This completes the proof. It should be observed that the 
series is not necessarily summable (C, — αὐ in the general case, Weierstrass’s 
function S)a-"*cosa"@ giving a Gegenbeispiel. 
7.2. If p< 2 (but not otherwise) there is a stronger theorem, viz. 
Theorem 8. If (in addition to the conditions of Theorem 7), p <2, 
then the series is absolutely convergent. In fact »'|c,,\" ts convergent for 


P 


Mie p+pa—l 


whenever 0<ae<1,1<p<2. 


This theorem, in its general form, is due to Titchmarsh®*), and is a 
generalisation of a theorem of Sz4sz?%). The first result in this direction 


38). Titchmarsh, 24 (the corresponding theorem for transforms). 
29) Szasz, 22. 


47 


48 


632 G. H. Hardy und J. E. Littlewood. 


was the well known theorem of S. Bernstein °°), that. the Fourier series 
of a function of Lip ἃ, where a>, is absolutely convergent. The 
general theorem may be proved very simply as follows**), 

_ Since p>1, we may suppose f(8) the boundary function of an 
analytic F(z) = S)c,e"*®. By Theorem 3 


, 40\ |? ἍΝ 1 
[7 0 ) |? αθ Ὁ ἘΞ ἐξ 


Hence, by Hausdorfi’s theorem, 


> |ne,|?'rP'n == ἢ rears) ) 
(l—r)? - 5} 


and, taking r= 1 -- 


> |ve,|” =O(n?~°F), 


Now we may obviously suppose that x < p’, and then Hélder’s inequality gives 
= elites 2 an 
Brg - ον" εὖ ξ)ς 0 (ne). 

1 


But (7. 21) implies x > 1Ὸ a -- ἀκ, and so our conclusion follows by 


partial summation. 
It should be observed that .S)|c,,|” is not necessarily convergent when 


gees Ses 
ptrap—1l 


Suppose for example that f(8)—|0|°, where (@+1)p>1. Then 
SNFO+h)—fO—h)?d0= O(f]|0+ 4) %— 0 — hI“ a0 
= O(hi-#? f | jw + 117΄-- |w—1|79|?dw) = O(h'-*?), 


so that /(@) belongs to Lip (a, p) with = = —a. But the Fourier 


constants of f (6) behave like multiples of |m|°~*, and 


(a—1)—_* _ = ~—1, 


so that Σ᾽] 6. is divergent. 
The result of Theorem 8 is false when p> 2. In fact 


τ ΘΝ ι 
(7. 99) γ(θ) --, Din ὅ  etin teen 90 (a>0, «>0) 
1 
80) Bernstein 2. 
81) We have corrected an obscurity pointed out to us by Professor O. Sz4sz, who 
has proved Theorem 8 independently. 


A convergence criterion for Fourier series. 633 


belongs to Lipa, and a fortiori to Lip(a, p) for all p. In this case 
>'\c,,|” is convergent if | 


αν 
5 1-2κὰ 

and otherwise divergent, and the result of Theorem 8 fails if 
2 p 


ὃ 1|8ὲ᾿ ptpa—i? 
te. if p>2. 

The same example settles a question suggested to us by Professor 
M. Riesz. It is known that, in Bernstein’s theorem, the number 3 cannot 
be replaced by any smaller number, but it has apparently not been proved 
that the theorem is false when «=%. The function (7.22), with a=35, 
plainly gives the requisite Gegenbetspiel**). 

We add in conclusion that the class Lip(«, p) is identical with the 
class of functions f(8) approximable in mean p-th power, with error 
O(n-*), by trigonometrical polynomials φ͵ (9) of degree n: ἃ. 6. approxi- 
mable so that 


1 
(1 f— 9, |7¢8)? = O(n-*). 
This approximation may be made, in general, by the Fourier polynomials 
of f (0); the case Ὁ =o, in which this is not true**), is exceptional. 
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CORRECTIONS 


p. 624, line 4. For O((1—r)-8(p—r))-"? read O((1—1r)-8(p—r)-Y?). 


§ 4.2. There is a correction to the proof of Theorem 3 in 1932, 4, p. 437, footnote. 


§ 7.2. The displayed inequality in the statement of Theorem 8 should be labelled (7.21). 


P. 633, last line of footnote. For (logn)* in the index of the exponential factor read 
(logn)”, where 0 < y < 26. See A. E. Ingham, Annals of Math. 31 (1930), 241-5. 
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COMMENTS 


The results of this paper concerning the convergence of Fourier series are in fact: 


stronger than is indicated by the title of the paper, since they give sufficient conditions 
for the Cesaro summability of the Fourier series to a negative order. More complete 
results in this direction are now known, and there are similar extensions of Theorem 8 
in which absolute convergence is replaced by absolute Cesaro summability |C,y]. 
For the real Lipschitz classes the complete results are as follows. 


(A) Let fe Lip(a,p), where p > 1,0 <a < 1, and let y > —a. Then the Fourier 
series of f is summable (C, y) whenever it is summable (C) (and therefore p.p.). Moreover, 
ofp > land 1/p <a < 1, the summability (C,y) 18s unsform in [— 7, 7). 


(B) Let fe Lip(a,p), where p>1, O<a <1, and let y > max{1/p—a, 1/2—a}. 
Then the Fourier series of fis summable |C,y| p.p. Moreover, ifp > land l/p <a < 1, 
the series is summable |C,y| everywhere. 


Here the case p > 1, « = 1} of (A) is Theorem | of the present paper, and the 
second part of (A) is Theorem 7. The remaining cases of the first part of (A) were 
proved by H. C. Chow, J. London Math. Soc. 26 (1951), 290-4. The case p > l, 
I/p <a < 1,y = Oof(B) is Theorem 8, the case p = «a = lisdueto L.S. Bosanquet, 
J. London Math. Soc. 11 (1936), 11-15, and the remaining cases to H. C. Chow and 
N. Matsuyama (for references see Chow, loc. cit.). A unified treatment of (A) and (B) 
is given by T. M. Flett, Proc. London Math. Soc. (3), 8 (1958), 357-87. .Chow’s and 
Flett’s results are proved for power series ¢ belonging to the complex class Lip(«, p) 
rather than for real-valued functions f, but, by Lemma 14, there is complete equiva- 
lence between the power series and Fourier series results except in the case α = p = 1. 
For the case a = p = 1 there is not equivalence, since the property that f € Lip(], 1) 
does not imply that the associated power series ¢ belongs to the complex class Lip{1, 1) 
(see § 3.5). For the complex class Lip(1, 1) we have the following result. 


(c) If @ belongs to the complex class Lip(1,1), and ¢(z) = > c,2" ([2] < 1), then 
Σ c,e”® 18 absolutely convergent. 


This is a consequence of Theorem 3 (which shows that ὁ € Lip(1, 1) if and only if ¢’ 
belongs to the Hardy class H') combined with Theorem 16 of 1926, 7. 

There are extensions of (A), (B), and (6) for power series valid for index p < 1 
(see Chow, loc. cit.). 


§ 1. It should be noted that the O in the definition (1.2) of a function of class Lip(a, p) 
is uniform in 6. The same applies to the o in the case ‘of Lip*(a, p). 


§ 4.1. The result of Theorem 2 is extended to the case 0 < p < 1 in 1932, 4, Theorem 
27. The result for the majorant > |c,|r" given at the end of § 4.1 can also be extended 
to p < 1, and a proof is given in 1932, 4, Theorem 29. 

§ 4.2. The result of Theorem 3 has been extended to the case 0 < p < 1 by A. E. 
Gwilliam, Proc. London Math. Soc. (2), 40 (1936), 353-64. 


The proof of Theorem 4, which is omitted here, is given in 1932, 4, Theorem 40. 


§ 5. An alternative proof of Theorem 5 has been given by V. P. Il’in, Trudy Mat. 
Inst. Steklov, 53 (1959), 128-44. 
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NOTES ON THE THEORY OF SERIES (IX): ON THE 
ABSOLUTE CONVERGENCE OF FOURIER SERIES 


G. H. Harpy and J. E. Lirrnewoop*. 


[Hictracted from the Journal of the London Mathematical Society, Vol. 3, Part 4. ] 


1. The Fourier series of f(x) is uniformly convergent if either 
(a) f(x) is continuous and of bounded variation, or 
(Ὁ) f(a) satisfies a Lipschitz condition Ὁ 
f(ath)—f(e) = O([h|*) (a> 0) 


* Received 25 July, 1928; read 8 November, 1928. - 


| 1928, 13 (with J. E. Littlewood) Journal of the London Mathematical 
52 Society, 3, 260-3. 
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uniformly in x; but neither of these conditions necessitates the absolute 
convergence of the series. Thus 


f(a)~2 


sin 224: 
n log n 


is continuous and of bounded variation (indeed absolutely continuous), 
and 


euin log n 


f(z)~ Σ 


e* (a> 0) 


satisfies a Lipschitz condition of order $, but neither series is absolutely 
convergent*. | | 

It is known that the series is absolutely convergent (i) if f(x) and its 
conjugate g(x) are of bounded variationt, or (ii) if f(x) satisfies a 
Lipschitz condition of order greater than ΣΦ; and the last condition has 
been generalized by Szasz, Titchmarsh, and ourselves§. There are, 
however, few simple criteria for absolute convergence. 

In a recent note in the Journal|| Zygmund proves that the series is 
absolutely convergent if f(a) satisfies both of the conditions (a) and (b). 
Our object here is to extend this very curious theorem and to show its 
relations to the theorems which we have proved in our paper 4 in the 
Mathematische Zeitschrift 4. 


2. We say in the paper just referred to that f(x) belongs to 


Lip (a, p), where O<a<l, p>1, if 


(J ve+m—seo ? dz) "= ORI), 


and to Lipa if it satisfies an ordinary Lipschitz condition of order a. 
A function of Lip (a, p) belongs to Lip (a, 4) for 1 < q < p, and a function 
of Lipa belongs to Lip (a, p) for all p21. The class Lipa may be 
regarded roughly as the limit of Lip(a, p) for p=o. The class 
Lip (1, p), where p>1, is that of integrals of functions of the Lebesgue 
class L?, and the class Lip (1, 1) is that of functions equivalent to func- 
tions of bounded variation**. 


* The sums extend over 2, 8, ... and 1, 2, ... respectively, 
t Hardy and Littlewood, 2, 163, 208. 
t S. Bernstein, 1. 
ὃ Szdsz, 5,6; Titchmarsh, 7; Hardy and Littlewood, 4, 631. 
ἢ Zygmund, 8. 
4 Hardy and Littlewood, 4. 
** See Hardy and Littlewood, 3, 599. 
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It is known that the Fourier series of f(x) is uniformly convergent * 
if f(x) i to Lip (a, p) and ap>1, and absolutely convergent if 
also p< 2. In order to deduce aed s theorem from these results 
we require a lemma alone the ‘‘convexity’’ property of the class 
ΤΡ (a, p). . 


Lemma. If f(x) belongs to Lip (a, pi) and to Lip (ae, pe), where 
Pi< po, tt belongs to Lip (a, p), where 


Pil Pe—Pp) : po(Pp—Dy) 


as * p(po—P1) : P( PoP)’ 


for p<ps po The result is still true when pp = ὦ of f(z) belongs 


to Lip (a, ρι) and to Lip ag, it belongs to Lip (a, p), where 


a = ag+(a,— ag) ΝΣ 
for p2 Pp. 
In fact, writing A for f(a+h)— f(x), we have, by Hélder’s inequality, 


\ Ὰ da < ( Δ Im “μόνω ( | A les dx ) PPP = O(| h |”). 


if P2=— Ο, | 
[Δ ΙΡ 2 = Ο([λ,|ίρτνὸ ; | h |") = O(\h |“), 


These equations prove the lemma. 


In order to deduce Zygmund’s theorem, we take a,=1, p,=1, 
a,3=d5>0, ρειξξ ὦ. It follows that f(x) belongs to Lip (a, p), where 


pa = 146(p—1) > 1, 


for any p> 1. Hence the series is absolutely convergent. 


3. It is obvious that we can prove more general results of the same 
character, since the series will be absolutely convergent whenever 


Ay Py (Pa— P) + ag Pa P— Py) > Pa—P1 


* Indeed summable (C, —a+5) forevery 3>0. When ap = 1, the series is convergent 
‘whenever summable by any Ceséro mean. See Hardy and Littlewood, 4, 631. 
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fora p <2. The most interesting cases are 


(i) the series is absolutely convergent if f(x) is of bounded variation 
and belongs to any class Lip (a, p) for which ap>1; 


(ii) the series is absolutely convergent if f(x) belongs to any class 


Lip (a, p) for which ap=1, p<2, and also satisfies any a 
Lipschitz condition. 


The first of these reduces to Zygmund’s theorem when a=6>0, 
p = ©, and the second when a=1, p=1. The second theorem be- 
comes false for p = 2; the second special series mentioned in § 1 belongs 
to Lip ἃ and a fortiori to Lip (4, 2). 

We may observe in conclusion that the “‘absolute convergence 
problem’’ for Fourier series admits, in a sense, a complete solution : the 
necessary and sufficient condition that the Fourier series of f(x) should 
be absolutely convergent is that f(x) should be the ‘‘Fourter Faltung’’ 


1 a 
xl g(t) h(x—t) dt 


of two functions g(x) and h(x) of the Lebesgue class L?. In fact, if the 
complex Fourier series of g(x) and h(x) are Lane” and b,,e"*, then 
that of f(x) is Da,b,e™*, which is absolutely convergent. And if the 
Fourier series Dc,,e"* of f(a) is absolutely convergent, we may take 
Om =| Cm |*, bm =| Cm |tsgncm. We owe the substance of this remark 
to Prof. M. Riesz. There is, however, no obvious criterion for deciding 
directly whether a given function f(z) is of the form prescribed. 


References. 


4. 5. Bernstein, ‘‘Sur la convergence absolue des séries trigonométriques’’, Comptes 
rendus, 158 (1914), 1661-1663. 

9. G. H. Hardy and J. E. Littlewood, ‘‘ Some new properties of Fourier constants ’”’ 
Math. Annalen, 97 (1926), 159-209. 

3. G. H. Hardy and J. E. Littiewood, ‘‘Some properties of fractional integrals (I)”’ 
Math. Zeitschrift, 27 (1928), 563-606. 

4. G. H. Hardy and J. E. Littlewood, CA convergence criterion for Fourier series’ 
ibid., 28 (1928), 612-634. 

5. O. Szdsz, ‘‘ Uber den Konvergenzexponenten der Fourierschen Reihen gewisser Funk- 
tionenklassen ’’, Miinchener Sitzungsberichte, 1922, 135-150. 

6. O. Szdsz, ‘‘ Uber die Fourierschen Reihen gewisser Funktionenklassen’’, Math. 
Annalen, not yet published. 

7. BE. GC. Titchmarsh, ‘‘A note on Fourier transforms Journal London Math. Soc., 2 
(1927), 148-150. 


8. A. Zygmund, ‘‘ Remarque sur la convergence absolue des séries de Fourier’’, Journal | 


London Math. Soc., 8 (1928), 194-196. 


959 


26 


COMMENTS 


There are extensions of the results of this paper, similar to the extension of Theorem 8 
of 1928, 6, in which absolute convergence is replaced by absolute Cesaro summability 
|C,a|. For instance, by combining the argument of this paper with the case p = 2 
of Theorem (B) stated in the comments on 1928, 6, we obtain the following extension 
of Zygmund’s theorem: If f 1s of bounded variation and belongs to Lipa, where 
0 <a < l, then the Fourier series of f is summable |C,y| fory > — 4a (see e.g. K. K. 
Chen, Amer. J. of Math. 66 (1944), 299-312, where this and other extensions are 
given). 
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NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By G. ἢ. Hardy. 
LXIX. 


On asymptotic values of Fourier constants. 


1. ‘THE theorems proved here were suggested by Mr. 
Haslam-Jones’ note ‘On the Fourier coefficients of unbounded 
functions’ published recently*, and by the earlier paper of 
W. Η. Youngf to which Haslam-Jones’ refers; but they are 
not of quite the same type as the results of these writers, and 
the method of proof is quite different. 


2. THEOREM 1. Suppose that φ (6) ts pertodic and inte- 
grable, that 


p (8) ~ 4a, + Σ (a, cos ηθ +d sin n§), 
1 1 1 
that α.-- Ο(π)" Ὁ, Ξ 0(-. 


and that 4a,+ 2a, ts convergent and equal to 5. Finally 
suppose that —7w<a<m and.0<p<i. Then 


(2.1) 


k= . Senay on (9a) dd ~ 29} (1 -- ρ) sin dpm |n|?". 


Supposing 7 positive, we have 
k= $ (J, + 7.) 


where 


j= =|" ae eo) τ ent |8-a] d@ = [ a enix ἄρ. 


“τὰ [oP 


Now we Pa ἐπὶ 
φ(α) ~ Σ ομο 
where " 
(2.2) Cu=4(Qu—tby), au=a_p, by = — bp, b,=05t 


* U. 8. Haslam-Jones, ‘A note on the Fourier coefficients of unbounded 
fees ‘Journal London Math. Soc., 2 (1927), 151-154. 
ae | W. Η. Young, ‘On the order of ‘magnitude of the coefficients of a Fourier 
series’, Proc. Koy. Soc. (A), 93 (1917), 42-55. 

t CF. G. H. Hardy a and J. BE. Littlewood, ‘On Parseval’s Theorem’, Proc. 
Lendon Math. Soc. (2), 26 (1927), 287-294. 


1929, 10 Messenger of Mathematics, 58, 130-5. 57 
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1 οο : 
and Ty = > lL e-vix (-7w—-aXa<nr—a, x#0); 
--οὦ 


| «| 


and we may calculate J, by substituting these Fourier series 
under the integral sign and carrying out the formal process 
of Integration™. If we do this, we obtain 


οο 
J. = 27 > ομΐμεπ; 
—-® 


the series being absolutely convergent, since 


4.=O(\HP), L=O(lui); 


and so 


(2.8) k= kU, +I) =m E Ou (lain ἴω ὦ. 


—n 


Collecting the terms corresponding to pairs of positive and 
negative values of μ, we find 


(2.4) k, =m (ta,P, + 3a,P, -ἰξῦ,0,, 
1 I 


where 


(2.5) Ϊ Ριξεξ (με + lun + με + Lun); 
1 
2 


Oi = (lutn + li—n aa l_utn al l_u-n). 


3. The term ὦ, occurs in (2.4) only when w=n, and its 
contribution is Ο (1 [} and may be neglected, 
If v#0 we have 


] 1 π-τ-α ae 5 1’ ] ᾿ 
ν--- pop tt τὶν ν 

Qn . Bi se 
where 


, 1 [?% eve 1 ¢* cos vax 
L | : dio = — | we de 


~ Qe Joo [ao π|0 ὦ 


1 {πα 1 f° | 1 
ἶ," ΞΞ -“- — -- --- | = (τ 
Qa J -ὦ 2a ] πιὰ g \y| 


* See W. H. Young, ‘Sur la généralisation du théoréme de Parseval’, Comptes 
Rendus, 1 July 1912. 


and 
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(on integrating by parts), Substituting in (2.4) and (2.5), we 
consider first the contribution of the terms J,; and this is 
plainly less than a constant multiple of 


60 1 hed » 
2 SS 2 ἡξεεαι τεεες 
ὦ μ|μ tn] = ἃ plr—p| | ; 
n—1 1 1 lo 
"ΠΥ er 
1 μι-- μὴ “ἢ Κα (μα -- 2) n 


If now we observe that J,’ is an even function of v, we 
obtain, from (2.4) and (2.5), 


, 9 οο re ’ log 
b= π θα, εἴ + 3 ay (Cunt lun} + O( 5), 


al - = lo 
+B oft a) + [aap +0 (8%), 


(3.1) k= ( -- ρὴ 5 ἐρπ (α 


where the dash excludes p =n. 


4, Itis now plain that Theorem I will follow from 
ΤΉΒΟΒΕΜ 2. Jf a,+a,+... converges to t, then 


(4.1) Σ αμίμ - 7 ew tne}, 

If also α͵ = O(1/n), then 

(4.2) Σ' αμ|π-- μ| ws tne lt 

The first part of the theorem is trivial. We suppose, as 


plainly we may without real loss of generality, that ¢=0. 
We choose N= WN (e) so that 


| Then 


oo ἢ 1—p N ne) 
8= 3a, ( ) =Z+2=6,458, 
1 wn 1 leas 


ae dashes, as usual, excluding from the sums terms whoxe denominators 
vanish. : 

_ t The second half of the theorem is very like the theorem that the hypotheses 
imply the summability of Za, by Cesdro means of any order greater than — 1. 
See G. H. Hardy and J. E. Littlewood, ‘ Contributions to the arithmetic theory of 
series’, Proc. Lond. Math. Soe. (2), 11 (1912), 411-478 (462, Theorem 37). 
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say. Here 


1—p ν 
sis (x5) 
BIS area) To hye! <6 


and 8.->a,+a,+...¢@ when N is fixed. Hence 


N N 
poe ee Seal Oy Bees 


for n>n,(e, N)=n, (e}, which proves (4.1). 
To prove (4.2) we write 
4 Ν n-én π--} n+én ea 
S=Va,|u—n[ τ ΣΤ F + Ft F 
1 ΝΗῚ n—dn n+l nt+on 


=8,+8,+85,+8,+8, 


say, where 1<N<n—6n<n. We may conveniently suppose 
δ irrational, so as to avoid ambiguities about the limits, We 
also suppose ¢= 0, as before. 

We have 


n+on 1 n+dén dy 
aj-of 1}. ὁ.) 
οὐ ἢ " γί τη) 


BY 5 oot ee 
— O ‘ i 2 Ἢ _ i) 9 


the constants implied by the Ο᾽Β being independent of n 
and 6. ‘lhe integral here tends to zero with 6, and we can 
choose ὃ =.6 (e) so that 

| 8,| < εη ἢ. 
Similarly | Sij< en? 


‘When ὃ is fixed, we can choose N= N(e, 6)=N(e) so that 


N ΄- ν᾽ = 
ΙΣα,} «εδ΄ ἡ, Max |2a,|<ed, 
1 v'>v>N ν 
the first inequality being a corollary of the second, since t=0. 
We have then | 
1 n~On 4 
| S,|<(8n)"" Μαχ =| Sa,|<en’™; 
<v<n—On ν 


and a similar argument shows that 


|S.|<en™. 
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Finally, when Ν᾽ is fixed, and n—> 00, 


S,~ nf Bay | 
so that |S, | <n (| Σὰν [- ε) <2en”” 


for n2=n, =n, (6, N) =n, (ε). Collecting our results, we have 
| S|< ben” (n2n,)5 


which proves the theorem. 


5. Theorem 2 implies Theorem 1, as we saw in §3. We 
may prove similarly | 


‘THEOREM 3, If the conditions of Theorem 1 are satisfied, 


except that tt 1s 2b, which as convergent, then 
k= ΒΞ αν ian (8 -- αἱ ἀθ =o(\n|*"). 


ΤΕ φ(6) Ξε ψ (θ -- α),, a the Fourier coefficients of ee 
are A, and B, then the Fourier series of φ (0) is 
4A,+ > {(A, cos na —B_ sin na) cos nO 


+ (B cos na + A, sin na) sin 2G}, 


which reduces to 44,4 24, for 0=a. Similarly the allied 


series reduces to 2B. Hence, combining ‘Theorems 1 and 3, 
we find 


THEOREM 4. If φ(θ) ts periodic and integrable, its Fourier 
constants are O(1/n), and both its Fourier series and the allied 
series are convergent on @=a, then 


[τὶ ΒΕ 2.9 40 


-π [θ-- ,αα|" sin 
: COs 
Ξ 28 Γ( --ρ) singpm τη na|n Pr +o(jn i), 


where 8 ts the sum of the Fourier series, 


There is a similar theorem concerning the integrals 


[. 9 (0 ee a a £95 38.48, 


in which the roles of the Fourier series and the allied series 
are interchanged, 
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It should be observed that Theorem 4 becomes false if the 
condition that the allied series is convergent be omitted. If 
for example we take a =0 and 


Ξε ὁ (π -- θ), 0, -- ὁ (π᾿ Ὁ 6) 


according as @ is positive, zero, or negative, then the Fourier 
series converges to 0 but the allied series diverges. Here 


[ ΤῈ cos ηθ dd =0=o(| {ἢ 


in agreement with ‘Theorem 1; but 


7 (8) ΓΞ ame a3 Ὁ sinné 
J tap tina de = | (π-- 6) 49 a |p 49 


=m I'(1—p) cos dpm |n | sen n, 
and is not ο([π| ἢ). 


5. If a=0 and @(6) is of bounded variation, then 
its Fourier constants are O(1/2) and its Fourier series 
convergent, so that the result of Theorem 4 holds so far as 
the cosine integral is concerned. We thus obtain one of 
Haslam-Jones’ results, viz. his ‘Theorem 1 with (in his notation) 
a=0 and for a, only. The corresponding result for ὁ, is not 
included in any. of the preceding theorems.* 

Mr. Haslam-Jones has pointed out to me an alternative 
form of Theorem 3: the result of Theorem ὃ holds if 


a,=O(1/n), 6,=0(1/n), 
without any assumption of the convergence of %b,; and if 
nb -» B#0, 


then k~ a Bl (1 — p) costpm |n|’' senn. 


This does not include Theorem 3, but the hypotheses are in 
some ways more natural. 


᾿ς * ‘These results are those for which Haslam-Jones refers to Bromwich. 


NOTES ON THE THEORY OF SERIES (XVII): SOME NEW 
CONVERGENCE CRITERIA FOR FOURIER SERIES 


G. H. Harpy and J. E. LirtLEwoop*. 
[Extracted from the Journal of the London Mathematical Society, Vol. 7, Part 4.] 


1. In this note we are concerned with the convergence of a Fourier 
series in the classical sense. We make the usual formal simplifications ; 
we consider an integrable, periodic, and even function ¢(¢), and investigate 
conditions under which its Fourier series Xa, cosnt converges to zero 
when ¢=0. It is convenient to suppose also that the mean value of 
φ() over a period is zero, so that a) = ΟἿ. 


2. THEOREM 1. [Jf (i) 


(2.1) $= 0 STE 
and (ii) 
(2.2) a, = O(n-*) 
for some positive 5, then 
(2.3) La, =0. 

We suppose, as we may, that 
(2. 4) lan | <n, 


and that <1. We choose a positive c, and take r=46. Then it is 
necessary and sufficient for convergence that 


@.5) 80)-- φῶ a= [+] = say+s.0+s,0 


A-! 


should tend to zero when A> oo. 
In the first place, 


r=] 
(2.6) 8,() = o(| Adt) >0 
. 0 
Next, 
co 1 2 
eas a. ‘Theat Teeth = — ¢{ log log = +\0= log —- = € log = 


* Received 13 August, 1932; read 10 November, 1932. 
Τ᾿ We can secure this by adding an appropriate 4+ Bcost to ¢(t). 


1932, 9 (with J. E. Littlewood) Journal of the London Mathematical 
Soctety, 7, 252-6. 
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if A > ,(e), and so 
(2.7) | S,(A)> 0. 


In 8,{A), we replace φ(ἐ) by its Fourier series and integrate term by term. 
We thus obtain 


sin At 


(2.8) S3(A) = Ea, | cos nt τε dt 
where 
{A+tn)e ᾿ 
(2.81) Un = | SILA ge asa, τῆ δ 
v(Atnracr W λ᾽ 
| Avne βρη w 
(2. 82) υ,, = sgn (QX—n) | dw 
iA—m ar W 
= sgn(A—n) (si Am --δὲ |A—n|c} ᾿ 
(8.88) Siz =| παρὰ 


3. We denote by A a positive constant, by Ο ἃ ΡΟΥΘ number 
depending on ὃ only. We have 


[Siz|<A (@>0), |Sial|<4 (@>)). 


Hence 
[α,] r ——— 
(3.1) 70} <2 aq ty | SAME oP < ANE χες 
Ἢ ΚΕ ΕΝ γ--ὃ —36 
«αὐ (5 ἦς dx = AON = ACX-# +0. 


We write V(A) in the form 


(3.2) V=Za,v,= Σ a,v,+ ΠΣ ΠῚ Σ An, =V1+V,4- Vp. 


nm <A—Ar JA—n|]<ar M>dA+Ar 
Here, first, 


(3.3) [Vg] < (2A°+1)(A—A")> < C)- + 0. 
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Secondly, 


n «χ-χελ-π-ῆ, 


ἢ 
(8. 4) \V,|\<4* = — 


Since z°(A—x) has one maximum, given by x= (Ch, between 0 and A, 
(8. 4) gives 


y 


A—A χ ὃ 
Χι-- ONAL ON \ de. 


The first term tends to zero, and the second is less than 


1 
- We y= ox (1—y)-§ Y < σλ log A->0. 


Ar-l 


on |" Q— —w) 


Hence V,->0; and a similar, but rather simpler, argument shows that 
V,;—~0. From these results, together with (3.2) and (3.3), we conclude 
that 


(3.5) Ss) Ὁ. | 


The theorem follows from (2.5), (2.6), (2.7), and (3.5). 


4. The criterion contained in Theorem 1 involves (i) a ‘‘ continuity 
condition ’’, viz. (2.1), and an ‘“‘ order condition ”’ on the Fourier constant 
of d(t), viz. (2.2). One criterion of this character is familiar: if φ() -» 0, 
and a,, = pa then Xa, =O. In this case Xa, is summable (C, 1), by 
Fejér’s theorem, and convergent by a known “Tauberian”’ theorem. 
Here the minimum is required of ¢(t) in the way of continuity, but the 
order condition on a,, is stringent. In Theorem 1 the continuity condition 
is strengthened and the order condition greatly relaxed. 

It should be observed that (2.1) is not in itself a sufficient condition 
for convergence, although 


. = 1 


for h > 0, and uniformly in ¢,* is a sufficient condition for uniform conver- 
gence. It may in fact be shown, by an appropriate modification of Fejér’s 
well-known construction for divergent Fourier series, that Theorem 1 is a 
best possible theorem in two different senses. If we keep (2.1) unaltered, 


* The criterion of “" Dini-Lipschitz’’. 
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(2.2) cannot be replaced by any condition of the type 
a, = O(n-), 


where 7, > 0 when n->0o; and if we keep (2.2) unaltered, (2.1) cannot 
be replaced by any condition of the type 


where 7(t)->0o when ¢t-> 0. 


5. There are, however, other directions in which Theorem 1 may be 
extended. In the first place, we may replace the “continuity condition ”’ 
(2.1) by some form of “average continuity’ condition. This generaliza- 
tion, which corresponds to Lebesgue’s generalization of Fejér’s theorem, 
is straightforward. 

There is another generalization, perhaps more interesting, which we 
can only prove indirectly. The first step is to prove a theorem concerning 
the summability of Fourier series by Borel’s exponential method. 


THEOREM 2. If $(t) satisfies (2.1), then Xa, 1s summable (B) to sum 0. 


We can combine this theorem with known Tauberian theorems. It 
has been proved by various writers that, if a,, = O(n-*), or, more generally, 
if a, > —An-}, then La,, if summable (B), is necessarily convergent*. 


From this we see that either of these conditions, together with (2.1), is 


sufficient for convergence. 
This argument will not, as it stands, prove Theorem 1; for this we 


- must use more general methods of summation. The ‘“Tauberian index ” 


of Borel’s method is 3, and we require a method whose Tauberian index 
isd. ‘The appropriate generalizations of Borel’s method have been studied 
by Valirony. If1<k<2and 


8, = Ag tA... ta, (N20), 8,=0 (n< 0), 
and if lim τὶ Σ elm. |g 
n—>o a/ (27) m=—« meen 
then we say that Xa, is summable (V, k) to 8. When k= 1 the method 
is (at any rate for Fourier series) equivalent to Borel’s. 
It is not difficult to show that the result of Theorem 2 applies also to 
summability (V,k). Further, the Tauberian index of the method is 


* Hardy and Littlewood (1), R. Schmidt (2), Vijayaraghavan (4), Wiener (5). 
t Valiron (8). 
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1—}k, which is 5 if 4 =2—28*. In this way we are led to a theorem 
which includes and generalizes Theorem 1. 


THEOREM 3. It is sufficient for convergence that f(t) should satisfy (2. 1) 
and that 


(5.1) | a, > —An-~. 


6. Theorems 1-3 belong to a group which we intend to discuss more. 


systematically elsewhere. We state here one further theorem of the group. 


ΤΉΒΟΒΕΜ 4. If (i) d(t) satisfies (2.1), (ii) P(t) 1s an integral except at 
t= 0, and (iii) 
φ' (t) > —At-> 


for some A, then Xa, = 0. 


Here there is no “order condition”’, but an additional condition on 
¢(t). The theorem corresponds to Young’s convergence criterion (or 
rather to a particular case of this criterion) as Theorem 1 corresponds to 
the theorem quoted at the beginning of § 4. 
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be generalized to a, > — Ant*-! by the methods of Vijayaraghavan or Wiener. 


COMMENTS 


This paper is essentially a preliminary account of results published in full in 1934, 3. 
References to later work are given in the comments on the latter paper. 
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SOME NEW CONVERGENCE CRITERIA FOR FOURIER SERIES 


by GODFREY HAROLD HARDY and JOHN EDENSOR LITTLEWOOD (Cambridge). 


1. - In this paper (‘) we are concerned with the convergence, in the classical 
sense, of the FOURIER series of an integrable function q(t). We suppose that φί(ῷ 
is periodic, with period 27, and even; that the fundamental interval is (—z, 2); 
that the mean value of φίξ) over a period is 0; that the special point to be 
considered is the origin; and that the sum of the series is to be 0. In these 
circumstances 


oO 
(1.1) p(t) ~ >} an cos nt= >) ap cos nt, 
i 


and our conclusion is to be 
(1.2) >» n=O. 


It is familiar that these formal simplifications do not impair the generality of the 
problem. 
Since φ( is even, any conditions which it is to satisfy may be stated for £20. 


Criteria containing a condition on the order of magnitude of a,. 


2. - Our main theorem (Theorem 2) involves (i) a « continuity » condition 
on g(¢) and (ii) an « order » condition on a@,. One theorem of this character is 
known already. 

THEOREM 1. - It is sufficient that (i) 


(2.1) p(t) + 0 
when ἐ-- 0, and (ii) 
(2.2) Ai= O(n). 


In fact (i) implies the summability (C,1) of the series, and (ii) then implies 
its convergence. As is well known, the theorem covers the classical case in 
which g(t) is of bounded variation. 


(Ὁ) A short account of some of the principal results has appeared in the Journal of the 
London Math. Soc. (HARDY and LITTLEWOOD, 6). 


1934, 3 (with J. ΕἸ. Littlewood) Annakt Pisa (2), 3, 43-62. 
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It is natural to ask whether, if we strengthen the continuity condition (i), we 
may correspondingly relax the order condition (ii). If we replace (i) by any of 


(2.3) φί(ῶῦ-- Ο(), φ(ῆτεο | (log ἬΝ , φί(ῆ-ΞΟ (log =) “(log log “eI sats 


where a>O, we may drop (ii) entirely, these conditions being sufficient in them- 
selves. A natural intermediate hypothesis is 


(2.4) | o(t)=0 (log ἽΝ ᾿ 


and it will be found that this hypothesis leads to very interesting results. 

It should be observed first that (2.4) is not itself a sufficient condition for 
convergence (2). This is no doubt well known, though we have not met with any 
explicit proof; a more precise result is contained in Theorem 4 below. There is 
a distinction here between convergence at a point and uniform convergence, since 


(2.5) p(t+h)—p()=0 Slog 7) 1» 


uniformly in ¢, is a sufficient condition for the uniform convergence of the series (5). 


3. - THEOREM 2. - It is sufficient that (i) y(t) should satisfy (2.4) and 
that (ii) 
(3.1) An= O(n~) 
for some positive ὃ. 

We suppose, as we may, that 6<1 and 


(3.2) | an | <n~, 
We choose a positive ὁ and take 
(8.3) : »--Ξ δ. 
2 

It is necessary and sufficient for convergence that 

: c 
(3.4) SQ) = p(t) =" at +0 
when A oo. 0 

We write χπ χ᾽ ς 
(3.5) S(a)= [ ns [ 4 [ — §, (A) + SoA) + ϑι. 

0 χ aor 
(5 Indeed no condition g—o(z), with 
i (Ὁ at— οο. 


0 


is sufficient (in other words, the classical test of Din1 is the best possible of its kind). 
@) This is the « Dini-Lipschitz » criterion; see for example Hosson, 7, p. 537. 
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[45] criteria for Fourter series 


Then, in the first place 


χ-ὶ 
(9.6) .(λ) =o} | Adt)=o(A). 
( [i 
Here we do not require the full force of (2.4). 
Next “Ὁ -" 
(3.7) |Sa(d)|<e | 2 -- -- [log log 7], e log +e log Σ 
3 A r- ὃ 
at t log > 


S,(4) =0(1). 


It remain to consider S;(A). Here we replace o(¢) by its FOURIER series and 
integrate term by term. We thus obtain | 


if A>A,(e); and so 
(3.8) 


(3.9) 883(A)= Sd) ἀμ [os nt a” dt=* Sa δῷ» τ πάτα at) = 


=5 = Ss) Ann + >> Ann 5 σά) ες ~ Via), 


Say; where (i--n)e 
(3.10.1) tin=[ 2" dw=si*t" —si(d+nye, 
Geni 
[1--- n\e 4 
(8.10.2) om—=sgn (A—n) i sin” Oy —sen (i—n) (si | "λ1-- ἢ] ἢ (4), 
edie | 
CO 
(3.10.3) ar aad 


4, - The function δὲ 7 satisfies the inequalities 


: ᾿ Α 
(4.1) |Siz|<A (z>0), [ϑδὲσ)«- (e>1), 
in which A is an absolute constant. Hence 
| Urn | «ἃ.-": λ 5 : n? 


᾿ τ r r 
Ua) |< ary 1551 <a Sirf; ca 


Here, and in the sequel, C=C(d) denotes a number depending only on ὃ. It 


follows that ᾿ 
(4.2) | U= Ο(ἅὐ ?°) =o(1). 


(4) v,=0 if m=/, 


G. Η. Harpy-J. E. LiIrrLEwoop: Some new convergence [46] 


We write V in the form 


(4.8) V= >) Un= >» Unt > Unt > Un= Vit Vo+ V3, 
n<A—h” [πτ-τ-λ:ίῈίξξ χ n>s-a”™ 
say. Here, first, 


(4.4) | V2 |<.A(24"-+1)4-*= Οὐ #°) = 0(1), 
by (8.2), (3.3), (3.10.2) and (4.1). Next, in Vi, 
Ar 
| Un | <A χ--ρ} 
and so "ὃ 
(4.5) | [71 «41. δὴ 7: 
n<A—A" 
Since z°(1—z) has one maximum, at 
dA 
ama EEE 1 
between 0 and J, and increases to this maximum and then decreases, (4.5) gives 
| AK, 
|i « 6λ5-8-ι- Car [ 15. ἀν. 
0 


The first term is 0(1), and the second is 
A | 1 
_3a ae _.d _1 
oj [ a—w) om} =O far *{(1—y) of} Ο( ¥° log 4)=o(1). 
3" ,χ, 1 


Hence Κ᾽, Ξ-εο(), and a similar, but rather simpler (5), argument shows that 
V¥;—o0(1). Combining these results with (4.38) and (4.4), we find that V=o(1). 
It then follows from (3.9) and (4.2) that S3(4)=o(1); and this completes the 
proof of the theorem. 

A particular case of some interest is that in which 


ἐς | \olt+ 4) —g(t—h) pdt = O(|h >) 


for some p21 and small |h|, i.e. when @ belongs to what we have called the 
class Lip (ὃ, ») (δ). In this case (3.1) is certainly satisfied. 


5. - There is a generalisation of Theorem 2 corresponding partly to LEBESGUE’s 
generalisation of FEJER’s theorem. 
THEOREM 9. - In Theorem 2, condition (ii) may be replaced by 


t 
(5.1) Φ'(ἢ -[ [φ(ω) |du=o (cet) 
0 


log 7 


(®) Because a(t --- ἢ is monotonic in (A, οὐ). 
(ὃ See Harpy and LITTLEWoop (4, 5). 
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In this case yo 
8.) —0}4 [|p| at| 0 5)—o(t); 
while | ee 


ἰφ(ἢ] rae oF 
sls] dt<1® (=) + [5 


which may be shown to tend to zero as in ὃ 3. The discussion of S;3(A) is 
unaltered. 
We have not been able to replace (5.1) by 


@(t)=| p(u)d 
Ὁ [oe “= (ἢ 


Negative theorems. 


6.- We prove next that Theorem 2 is a best possible theorem, in that the 
condition (8.1) cannot be replaced by any wider condition on the order of Qn. 
THEOREM 4. - Suppose that nn decreases steadily to zero when Ἢ -"οο. 


Then there is a function y(t) such that (i) y(t) satisfies (2.4), (ii) 


(6.1) an= O(n Ἶ5), 
and (iii) S) an is divergent. 

We prove this by a modification of FEJER’s well known method for the con- 
struction of divergent FOURIER series. We require 

Lemma a. - There is a constant A such that 


sin nt | A 
(6.2) | 3A n log ἢ < 1 
log — 


for 1<MSN, «ἐς. 


To prove the lemma, let =? and write 


5- Σ -- ΣῪ 8: - 82) 


Mw τ 
when τ falls between M and N. Then 


1 , 4τ΄, A 
es I oe 
M log 


lags Mex > 
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This proves the lemma when 7 falls in ὑπ N), and in the contrary case the 


proof is simpler. 
We now define g(t) by 


(6.3) φ(ἢ) -- δὲ hrC(mr, Ἦν, {εν ὃ) -- δὶ λ,Ο,, 
where ἘΠ tee 

. . sin ἢ 

(6.4) | C,=2 sin grt pa ταν τ 

Here J 

(6.5) hp>0, δίλικο, r= 2p, 


and m, and 7, increase rapidly with 7, in a manner to be specified more pre- 


cisely later. 
We prove first that g(¢) satisfies (2.4). We choose # so that 


Oo 
> hy<e. 
Then, by (6.2), sa 
coed 
φῶ < Shel Col + -ἀς 
log ἢ τ tog? - log? ; 
for 0<¢S4,(e, R)=2%,(e). 
Next | 
cos (gr — n,)t cos (q,—m,)é  cos(g-+ m,)t 608 (gr + m,)é 
a C= n, log ἢ, aE m,logm, | ™M,rlogm, ὃ my logn, ὁ 
(6.7) η,.» 957. 


then, by (6.5 
Be Er — Np = Ny > BNp_s = rr +N, 

and there is no overlapping between the cosines in different C,, so that the 
FOURIER series of ¢(Z) is > h,C, written out at length in conformity with (6.6). 
When ¢=0, the series contains blocks of terms of the type 


τι, 


1 
ΡΥ ΤΥ 


r 


and will certainly diverge if 
(6.8) h,S;,=h,(log log 2, —log log m,) — 00. 


We have finally to consider the order of a, as a function of 2. The largest 
coefficient in C, is (m,log m,)~', and the highest and lowest ranks of a cosine 
are Qr-+%,—3n, and g,;—N,=N,. Also h, +0. Hence condition (6.1) will certainly 
be satisfied if t 
(6.9) 
and @ fortiori if 


=O§(8n,) """}, 


m, log my, 


mz*= Οὐ (8n,) ""}, 
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or if 
log m;—1n, log θη, -" οο, 
or if 
(6.10) —S,—log ”n,,=log log m,— log log n, —log Yn > XO. 


ἡ. - A moment’s reflection will show that we can always choose our sequences 
so as to satisfy (6.5), (6.7), (6.8) and (6.10). Suppose, for example, that 


"n= ([3} 1: 


we write ἐ52) for logloglogm and use a similar notation for repeated exponent- 


ials. Take 
hr=€,(—1r), S,==6,(2r). 


Then (6.5) and (6.8) are satisfied, and (6.7) and (6.10) will be satisfied if 
L,n,— ό, (27) σ᾿ OO,” 


We may for example take 
N,=s(37), 


and then m, is given by 


€3(37) 
é, (27) | 


Myp= Eo } 
8. - There are two other theorems, of the same character as Theorem 4, whose 
proofs we leave to the reader. | 
THEOREM 5. - Suppose that x, tends steadily to infinity with n. Then 
there is a continuous function g(t) such that 


ὑπ (οὶ 
and δὶ a, is divergent. : 
THEOREM 6. - There is a function g(t) such that 


(i) y(t) = °C) 
log = 


(ii) An= O(n) (d>0), 
(iii) δὲ an ts divergent. 

Theorem 5 shows that the condition (ii) of Theorem 1 is the best possible, 
while Theorem 6 shows that Theorem 2 is a best possible theorem in a second 
sense, viz. that condition (i) cannot be relaxed if condition (ii) is left unaltered. 


An analogue of Theorem 2. 


9. - is natural to ask what happens to Theorem 2 when the o of (2.4) is 
replaced by O. The answer is that the order condition must then be strengthened 
considerably ; roughly, a@, must be « very nearly O(n) ». 
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THEOREM 7. - It is sufficient that ἡ 


(i) | y(t)=0(—; 
log ri 

and 

(i) tn = O(n-!*8) 


for every positive ὃ. 

The proof is very like that of Theorem 2, and we do not give it in full. We 
split up S(A) as in (8.5), but suppose now that r—1—y, where ἢ is small. 
S,(A) is o(1) as before; and S,(A) is bounded, and numerically less than e(y), 
tending to zero with ἡ. Finally 


S;(A) = O(A"—!+8 log 4) = O(A°7 log 4), 


and tends to zero if ὃ «ἡ. | 
The conditions (i) and (ii) are again the best possible of their kind. 


Tauberian proofs and one-sided conditions. 


10. - The proof of Theorem 1 is « Tauberian », and we have no direct proof 
corresponding to that of Theorem 2. It is natural to look for a Tauberian proof 
of the latter theorem, and the argument thus suggested is interesting in itself 
and leads to a generalisation which we cannot prove directly. 

It will be convenient to introduce the notion of the « Tauberian index » of 
any method of summation of divergent series. Suppose that S is a method of sum- 
mation, and that the hypotheses (a) >> Qn is summable (S), and (Ὁ) a,= O(n), 
imply the convergence of the series. Then we say that S has the Tauberian 
index ἢ (7). Thus the CESARO and ABEL methods have the index 1. It is plain 
that if we are to prove Theorem 2 by Tauberian methods, we must use some 
method of summation whose Tauberian index is ὃ. 


BOREL’s exponential method has the index We proved this in 1916 (°), 


and at the same time introduced a modification of BOREL’s method. We defined 
the limit of a divergent sequence 


Sn = Ap tagt ..... + On 


as CO m? 


55 δ 2 Sing 


© 


ΕΝ ; 
s=lim --Ξ---Ξ- 


.-..---. 


( Naturally we choose k as small as possible. We need the phrase only for general 
explanations and it is unnecessary to be precise in our definitions. 
(ὃ Harpy and LITTLEWOOD, 1. 
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where Smin is to be replaced by Ὁ if the suffix is negative. This definition is 
equivalent to BOREL’s for « delicately divergent » series, and in particular for 
series (such as FOURIER series) whose terms tend to zero. In particular, it has 


x : 1 
the same Tauberian index mt 


A little later VALIRON (°) obtained very extensive generalisations of our results. 
We are concerned here only with a quite special case. If we define s by 


17-1 © 
. ne 1 m?n'—* 
(10.1) s= lim Sd) e Sminy 
Ήῆ-- CO V2x m==—OO 


where 1=/<2, then the Tauberian condition is 
(10.2) n= O(n?) 


and the index is 152, This may be made as small as we please by taking ὦ 
sufficiently near to 2, and the case in which we are interested is that in which / 
is a little less than 2. 

When /=2, (10.2) becomes a,= O(1), and the method cannot sum a FOURIER 
series unless it is convergent. 


11. - We call the method of summation defined by (10.1) the method (J, 2). 
Its use in the theory of FOURIER series depends upon the following theorem. 

THEOREM 8. - If ¢°(t) satisfies (2.4), then >) dn is summable (V, ἢ for 1S1<2, 
and in particular summable (B). 

We have to show that 


> 1 71—2 
(11.1) Ty = a Se tin +0, 
m=—T 
where 6 
i sin nf 
(11.2) ἐ,-- g(t) dt. 


0 


In (11.1), émin is to be replaced by 0 if +20. We may however drop this con- 
vention, and suppose fm4, to be defined by (11.2) for all m and x. For f,—=O(|n)), 
and the change in 7, which results from this change of convention is 


O (n? Ὃν σ' | m+n | per =O (ἢ ms δ᾿ ye sell = 
γ-Ξ-- Ὁ =n 


1, = _1 L—2 1 na me | i 
= O(n" [τ ΕΝ dz) O(n?" [ye aun ); 
n 1 


which obviously tends to zero. 


(99) Vatrron, 10. 
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Substituting from (11.2) into (11.1), we obtain 


Tn = 


where Amin! 
(4, η) - 9- δὴ ὁ Ξ sin (m+n)é. 
™m 
Writing H for εἰ", we have 
—lm?H . 
Q=1 > e elmtn)t} — R sin nt, 


where es | 
—tim'H 
R=} e = eos mt. 


By a familiar formula in the theory of elliptic functions 
ὃπ-- 2 on —1i41 
(11.3) 5-Ἰ ἘΣ exp|—-(m—=) { =| san * "2x8, 


say; and what we have to prove is that 


(11.4) τοτίν (ἢ 5.5: sat —-0. 
12. - We write P 
(12.1) 5-- = (m —x) be 35. Ὁ 89-- Si + Se 
(taking in S, all the terms of S for which m==0). If, as we may suppose, ¢< x, then 
ἐλ. / 113. 1 
and 1 ᾿Ξ 
-1 3 2—t —_1,:3 2—t 
8, «ὩΣ δ᾽ πο 3 ἀμ ΠΡ 


for large n. If follows that 


[ p(t) "π΄ 5ι64-- ΟἿ ne ὠὰ [ p(t)| at} -- 0. 
ὸ 


We may therefore replace S by S, in (11.4), and the proof of (11.4) is reduced 
to a proof that 


1 pt? 
(12.2) = σις g(t) 55 4 ὙΠῸ ἀε--0. 


It will be observed that this sas ou reduces to DIRICHLET’s integral for /=2. 
We now write 


ὡς - ἢ] πο Vet Pa 


T7 
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Say, choosing 7 small enough to make 
| h=2—l—2r>0. 
Then got 
γι Ξε | |p| at--0 
0 


and at 
ἘΞ 19) at +0 
not 


as in § 3; it is here only that we use (2.4). Finally 


hie h 
ΠΤ 2” [52] at-omre *") 0 
no 
18. - We can deduce Theorem 2 (and a more general theorem) by combining 
Theorem 8 with appropriate Tauberian theorems, which we state as lemmas. 
Lemma f.- If >} a, is swummable (Τ᾿ ἢ, and satisfies (10.2), then it is 
convergent. 
This, as we stated in § 10, was proved by VALIRON (as a special case of a 
much more general theorem). 
Lemma y. - In Lemma pf the condition (10.2) may be replaced by the 


more general condition ἵν: 
(13.1) Qn > — -- 43 


1 


This has been proved explicitly when 4/1 by SCHMIDT, VIJAYARAGHAVAN 
and WIENER. The lemma as stated requires an adaptation of their methods which 
has been undertaken for us by Mr. J. HYSLOP. 

Taking /=2-—26, and combining Theorem 8 with Lemma β, we obtain 
Theorem 2. If we use Lemma y, we obtain 

THEOREM 9. - 71ὲ ts sufficient that (i) wo should satisfy (2.4) and (ii) Qn 
should satisfy (13.1). 

We have no direct proof of this theorem. 


Criteria of Young’s type. 


14. - We consider next a group of criteria suggested by the well-known cri- 
terion of YouNG. In these there is no « order » condition, but there are two 
conditions on q(t). It is characteristic of these criteria, as of YOUNG’s, that (2) 
is assumed to be of bounded variation except at 7—0, or at any rate for O<dStSe, 
with some e and arbitrary 0. 
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Youna’s test runs: ἐξ zs sufficient that 


t 

(14.1) B()=[|o(u)|du=o(t) (*) 
6 
and t 
(14.2) [| d(ue)| = O18). 
6 
An interesting special case is that in which 

(14.3) | p(t) =o(1), 
g(t) is an integral except at ¢=0O, and 

; 1 
(14.4) φ(ἢ-- 0(;) 
or at any rate A 
(14.5) p(t) > ae 


In this last case, if ψ is m’ when φ' “0 and O otherwise, then 


|p’ | =o" —2y 
and 


t t t t t t 
fl d(up)| |u| ¢/|du+[|p|du=[up'du—2[ updu+[|p|dux 
0 6 6° ὖ i 


t t 
< [ὠφ' αι | 4+2At+0(t) = | to(t) —| pau : 4+ 2At+o(t) <2At+ (8), 
: ᾿ 


so that (14.2) is certainly satisfied. A rather more detailed version of a similar 
argument will be given in § 16. 


15. - When we modify Youne’s criterion in the manner suggested by Theo- 
rems 2 and 3, we obtain 
THEOREM 10. - It ts suffictent a (i) w(t) should satisfy (5.1) and (ii) that 


(15.1) i@= / | (ug) | = O(2) 
for some A. 0 : 

The emphasis here is on large positive 4, whereas in Theorems 2 and 3 it 
was on small positive ὃ. We may pepper’ A>1. From ae υ it follows that 


(15.2) ¥(t)— / d(u4p) = Ο(ἢ 


(°) This condition may be replaced by 
t 
P(t) = [ p(u)du = ο(), 
0 
or by still more general conditions: see POLLARD (8), Harpy and LITTLEWooD (3). We cannot 
prove corresponding extensions of Theorem 10. 
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and so that ) 

(15.3) y(t) = O(#-4). 
We choose r 80 that 

(15.4) r>4 


and split up (1) as in 8 3. Then δι(λ) -- Ὁ and §,(4)—0 as in § 5. As 
regards §3(A), we have 


S3(A) a φ = if dt= “4/3 d(cos At) = — : = ral Ἢ : [ Ὡς tat = 


ie ; 


Ι 


Ut A+1 λ | 
—lo aoe he Eo fz cos At dt-+ 4 i ar αι -- 5,(1)-Ὁ 85(2) + So(2), 


; a 


8ι(Ὁ =O f2-*(07)-4} = O(0"4*) = (1), 


say. Here 


and 


8,(2) = O(; [ -“-ιαὴ-- O(a74—) =0(1), 
ee 
by (15.3) and (15.4). Finally 


δ Cc ec 
a ae se ae ee va ore ae c A+1f, 4_ 
|Se(A)| <3 ft 4 14Ψ41-- [Ὁ 41g Bj = [t-4 way + fe Ad t < 
1 id ΠΝ 


«οἰ τος Ϊ a) O(a!) + O(ar4-#) = 0(1). 


a~ 


16. - The special case corresponding to the special case of YOUNG’s theorem 
quoted in § 14 is 

THEOREM 11. - I¢ is sufficient that (i) y(t) should satisfy (2.4), (ii) φᾷ) 
should be an integral except at t=0, and (iii) that 


(16.1) | φ'(ἢ; -- 5. 


It is sufficient to prove that (15.1) is satisfied. In the argument which 
follows 0<«e<é, and O’s are uniform in ¢ and « (the constants which they imply 
are independent of both ¢ and e). | 

We have first 


t t t t 
(16.2) [lau4g)|<4 fut | p|dut|u4|dy|s4e4 [|p| dut 


0 


t t t 
+ [u4|de|=o(t4) + [u4|dp|=—0 +/u4|dg. 
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Next, if we define y as in ὃ 14, we have 
t t t t t 
(16.3) | u4|dp|=|u4|y’|du=| u4q’du—2 [ urwdu< | [ wo ἀμ ἘΞΑ . 
Finally 


t t 
(16.4) [ u4q'du=t4y(t) —e4p(e)—A [ μ4 'φ(ι)άμ-- O(t4) = O(2), 


by (2.4). From (16.2), (16.8) and (16.4) it follows that 
t ες 
[|d(u4p)|=lim | | a(u4p)|= O00) 

| 6 aia 

‘which is (15.2). This proves Theorem 11. 


17. - The theorem which corresponds here to Theorem 7 is 
THEOREM 12. - It ts sufficient that 


(i) τ᾿ 
log 7 


(ii) w(t) zs an integral except at t=0, and 
(ii) p'(t)= Olt) 
for any positive ὃ. 
We leave this theorem and its obvious generalisations to the reader. 


The conjugate series. 


18. - There are simular theorems concerning the convergence of the series 
conjugate to a FOURIER series. If we suppose (making the simplifications corres- 
ponding to those of § 1) that w(t) is odd and 


w(t) >) an sin nt, 
then the problem is that of the convergence of >» An. We state one theorem 


only, which corresponds to Theorem 2. 
THEOREM 19. - Jf 


(i) Wome 3 
og 7 


7 | tf oo. 4 vas. ἢ 1 
(ii) ea w(t) cot 5 tdt= hae | w(Zz) cot 3 tdt=s, 


(iii) Qn— O(n™) for some positive ὃ, then 


(18.1) SD an=s. 


81 


82 


[57] eriterta for Fourter series 


The standard arguments show that (18.1) is equivalent to 


δ 
[ w(t) 5553 azo; 
6 


and this may be proved by arguments similar to those of § 3. 


Transforms oi Theorems 2 and 1]. 


19. - There is a theorem about general trigonometrical series which is in a 
sense the « reciprocal» or «transform » of Theorem 2 (1}).Ψ 
THEOREM 14, - Jf (i) @u-=O(n~™°) for some positive ὃ, and (ii) 


(19.1) | Sn —S=QA,+@2.+ .. ~ tan— ὁποίᾳ τ 
then oO alg 
ο ππς βίη Ὁ 
(19.2) x(t) “> tn τ 
when t— OQ. 


We may express (19.2) by saying that > an ts summable (R,1), ἃ. 6. by 
« RIEMANN’s first mean», fo 8. It is familiar that >> adn is summable (R, 2) 
whenever it is convergent. 

We may suppose s=Q. We choose 7 so that 


(19.3) γὸ»1 

and write 

(19.4) μ--ἰ ἢ, v= [te], | 
v Oo 

(19.5) x(t) = + =n) Ἐ χε(ῦ. 
1 γ- 1 

Here 1& 

(19.6) χε(ἢ -- O(F Sin) = O(0"*) = 0(A), 

"ohh 
so that it is enough to prove that 
(19.7) x(t) =0(1). 


Summing partially, we have (12) 


sin vt 


(19.8) χι(ἢ - San 5555 Ss, ASEM 4 3, SRM a 9(t) +8) ἢ - χε + 0(1), 
1 1 


(4) In our note 2 we gave a general description of a heuristic process of « reciproc- 
ation » which often enables us to derive one theorem about trigonometrical series from another. 
Theorem 14 was derived from Theorem 2 in this way; but the process requires, as usual, a 
certain amount of adjustment of the data, and is difficult to describe precisely. 

(2) Here Au, =U, —Uny,:4 has no connection with the Δ of § 15. 
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by (19.1). Also 


ν--ἶ y—1 


t μ 
(19.9) y(t) - δ᾽ 95,4 eS 4 DS =r +5), 
1 1 pti 
say. In y,, nt?S1 and 
TO tae Wty 4555 O(n); 
so that μ 
(19.10) y4(t) = S*\ o(nt?) =0(u?t) =0(1). 


1 


On the other hand, in χε, né21 and 


4555. Ο( =] ca o(-)=o(7); 
and so y—1 


(19.11) ys(t)=0(' 
a 


tt 


ibe ἢ — o(log log ¢* —log log ἐ 3) =o(1). 
Collecting our results from (19.8)-(19.11), we obtain (19.7). 

If Ss a, cos nt is the FOURIER series of o(¢), we can state the conclusion 
in the form t 


! 


(19.12) ; | plu)du -- 9. 
ὃ 


20. - We end by proving 
THEOREM 10. - Jf (i) > ancosnt is the Fourier series, or Cauchy-Fourier 
sertes, of p(t), (ii) Sn satisfies (19.1), and (ii) 


(20.1) p(t) = O(t-4) 
for some A, then ἢ 
1 in nt 
(20.2) y(t) =+ [ φ(ω)άι-- δ᾽ ay A — 9 
0 
when ἐ --- Ο. 


This theorem is related to Theorem 11 much as Theorem 14 is related to 
Theorem 2. We have however replaced (16.1) by the more restrictive condi- 
tion (20.1). There is no doubt a theorem with a « one-sided » condition, but we 
have not attdémpted this generalisation. 

Some hypothesis is required to establish a connection between the series 
and g(t), and the most natural hypothesis for this purpose is (i). When we say 
that >» Gn cos nt is the CAUCHY-FOURIER series of g(¢), we mean that g(¢) is 
LEBESGUE integrable except at Ὁ and that 


α,.--Ξ | p(t) cos ntdt=* lim | y(t) cos nédt. 
e—-0 
0 ε 
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In these circumstances n~‘a, is the FOURIER sine coefficient of the odd and 
continuous function y(¢), and 


y(t) = Si an sin _, 


the series being summable (C,1). We shall in fact prove incidentally that the 
series is convergent. 

We take . 
(20.3) s=0, A>1, r>24>A+1, γε[ἐ 1], 


and (assuming provisionally the convergence of the series) write 


(20.4) x(t) --ἰΣ ἘΣ) on Ge all) Ἔχε. 


We show that y,(¢)— 0 as in ὃ 19, and it remains to prove that 


(20.5) | x2(t) = i mm 0. 
We write (13) 
(20.6) | χε(ἢ -- lim ΙΣ ΠῚ 22, ~lim 1 Xa, y(t). 
Then 
(20.7) χε, w(t) = =" —— = εἰ φ(θ) cos πθα0-- 3 Ἢ; (0) 5 προ το 40-. 
eae: 


1 
— 1 (os, w(t—@)dO+ πὶ f. φ(θ) δ᾽, νίθ- t)dO= yz, w(t) -Ἐ χε, y(?), 
0 0 


say, where 


(20.8) ἣν ee > sin nu 
y+1 


We shall prove (a) that χα, w(¢) and χ,, w(¢) tend to limits 7;(¢) and y,(¢) when ¢ is 
positive and fixed and N-—o, and (Ὁ) that 

(20.9) χε,ν(ἢ Ὁ, = Za, w(t) + 0 

when ¢— 0, uniformly in N. It will then follow that yo, y(¢) tends to a limit 7.(t) 
when N-—oo (so that the series of the theorem is convergent), and that 


(20.10) χε(ῦ) -Ἰῖπα Ye, w(é)=lim χς, w(t) +lim χε, w(t) Ξε χε() +44(2) — O 
N—oo N—0©o N—0©o 


when £0; and this will prove the theorem. 


([3 If φ is LEBESGUE integrable, so that Ss) a, cos nt is a FourtsEr series, then the intro- 
duction of WV is unnecessary. We may replace N at once by οὐ, the term by term integration 
in the argument which follows being justified by « bounded convergence >». 
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21. - We require the following properties of S,, (uw). In the first place 


(21.1) |S, wlu)|<A 
for all wu, », N. Next 


for |u|<S52 and all N. Thirdly 


A 
21.3 5’, | = 
for |u|S : σι and all ν, Ν. Finally 
(21.4) S,, v(w) + S,(u) = SE een 


y-+1 


for every w and », when N-o, and S,(z) has the properties expressed by 
putting N=oo in (21.1) and (21.2). 


22. - We may confine our attention to 73, y(t), the corresponding discussion 
for ys, w(t) being similar but a little simpler. We write 
(22.1) χε, (ἢ --  [φ(0)8,, w(t—0)d0— (+ ἜΣ + 7 ᾿ )- 
‘6 nr οὶ 
= 01, W(t) + We, w(t) + ὡς, w(t) + ὡς, w(t) =@1.+@2+ 03+ ὼς, 


and consider w3, ὧς, w, and q, in turn. 
First te" ἐξ 
(22.2) wr = | 7(6)S,, w(¢—0)d0 + 2 i} 9 (6) S,(t—0)d0 
i" t—t" 


when NV --oo, since ῳ is LEBESGUE integrable in the range and S, y ~ S, boun- 
dedly. Also 


ἐ- εἶ 
(22.3) | igs O(t- : 9. Δι) — O(t"~!-4) = 0(1), 
t—t" 
uniformly in WN, by (20.1), (20.8) and (21.1). 
Secondly pie jig 
(22.4) ω,--- = [φ(6)8, χί(ἐ--θ)α9 -- = { (6) S,(t—0)d0, 


- - 


for the same reasons as in (22.2). Also 


i— i 


tt” ς : = 
a δ | ἐς - 46)--Ο( τ! ἢ eas) O(e-s | au), 
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by (20.1), (20.8) and (21.2). The integral here is 


r—t 


1 
δ 1—¢ 


[+ [=O + Odog 4) = Ομ") 


t 
and so, by (20.3), τ 
(22.5) | W2= Ο( 34) =o(1), 


uniformly in N. A similar argument shows that 


(22.6) os [ o()SAt—6) do 
ttt” 

an 

(22.7 w,—0(1), 


uniformly in UN. 


Finally, if ; : 
(22.8) @(t)—[ p(ujdu—lim | g(u)du, 

: e—>0 

0 ΓΙ 
we have f 

1 r 
(22.9) ωι-- Φ [ φ(θ) 8, ν(ἐ-- 6) -- 5) 5, γ(ἐ-- δ) — 
0 ἐξ 


ἐν Ἷ Φι(θ)",͵, κ(έ---θ)αθ. 
The first term tends to " 
ΦΙΙῚ 
“ κα, (ἐ-- δ). 
The second is | 
2 : 1 . 1 
, ἡ Ν ‘ t sin (w+ AG — 9) —sin (> + Ἶ --- 6) 
= a (6) S cos n(t—0)d0— — +, { (8) - "Ὁ + — 
0 ν ἘῈΙ 0 2 sin Ξ (t — 0) 
and (by the RIEMANN-LEBESGUE theorem) tends to 
; a sin ρ + \¢ — 0) ; e 
+ (6) 5" 6αο---- [ 5(6)s",(¢—6) a8. 
at : : mt 
0 2 sin 3 (t acon 0) 0 


Hence 


f “ 
Φιβ 1 ; 1 
(2210) a +O 5,(ι--δ)-- ὦ [ Φ(θ)',(ἐ--- 6)49-- 3 | (6) S(t —0)d0. 
0 0 . 


Again, the first term in (22.9) is 


1 1 ΑΒΕ ὙΌΝ 
οἱ τοὶ --ο[3) ole) το), 


dé 
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uniformly in N, by (21.2) and (20.3); and the second is 


ἐξ 
1 1 
o(;) i 0(1) (ἢ) d0 =o(1), 
by (21.3). Hence 
(22.11) w,==0(1) 
uniformly in WX. 
It follows from (22.2), (22.4), (22.6) and (22.10) that 


Tt 
» 


χο, w(t) -> =, | p(8)S,(t—0) dO = χοε(ἢ 


0 
when Ν ox, for any fixed ¢>0; and from (22.3), (22.5), (22.7) and (22.11) that 


χα, w(¢) =o(1), 


uniformly in N. There are similar results for y,,y(¢); and the theorem follows 
as was explained at the end of § 20. 
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CORRECTIONS 
p. 52, lime 2. Read n#!-1, 


t t 
p. 54, line 14. For 2 [ ug du read 2 | us du. 
0 0 


p. 55, (15.4). Read r < 1/A. 
p. 59, line 2. For x(t) read ty(t). 


COMMENTS 
§§ 3, 4. The proof of Theorem 2 given here is a repetition of that given in 1932, 9. 


§§ 3-7. The results of Theorems 2—4 have been generalized by G. W. Morgan, Annali Pisa 
(2), 4 (1935), 378-82. 

8 13. An alternative proof of Theorem 9, using ‘rearrangements’, is given by Hardy and 
Littlewood in 1935, 6, and O. Sz&sz, Bull. Amer. Math. Soc. 48 (1942), 705-11, has proved 
a stronger result by similar methods (see the comments on 1935, 6). Another proof of 
Theorem 9 of a Tauberian character, in which Valiron’s summability method is replaced 
by Riesz summability by exponential means, is given by F. T. Wang, Proc. London Math. 
Soc. (2), 47 (1942), 308-25. See also F. C. Hsiang, Proc. Amer. Math. Soc. 9 (1958), 37-44, 
and §. Kumari, ibid. 293—9, and references given there. 


p. 54, footnote (10). W. C. Randels, Annals of Math. 36 (1935), 837-58, has given an example 
of a function satisfying both (15.1) and the condition 


t 
[φίω du = 0 (¢/log(1/t)) 
0 


whose Fourier series is divergent. Another example has been given by F. T. Wang, loc. cit. 


§ 15. A convergence test of ‘Lebesgue’ type which includes Theorem 10 has been given by 
G. I. Sunouchi, Téhoku Math. J. (2), 4 (1952), 187-93. 
§ 19. It follows from Theorem 14 that if s,(@) is the nth partial sum of the Fourier series 
of f at 6, and o(t) = #{f(0+t)+/(0—2)}, and if (i) a,cosn6+6, sinn@ = O(n-*) for some 
positive δ, and (ii) s,(9)—s = o(1/logn), then 

t 


ox >s ast>0+. 
0 
This result has been extended to Ceséro means of positive order by C.-T. Loo, Trans. Amer. 
Math. Soc. 56 (1944), 508-18, and here, rather surprisingly, the condition (i) can be omitted. 
Thus Loo proves that if o%(@) is the nth (C,«) mean of the Fourier series of f, and Pg is 
the (C,B8) mean of 9, then for «a > 0 the condition o%(9)—s = 0(1/logn) implies that 
Φ,χ. μα() - 8 as ἐ-» 0. 

A result in the opposite direction to this, again without the condition (i), has been proved 
by F. T. Wang, J. London Math. Soc. 22 (1947), 40-7, namely that if 


a>0O and 9,(t) = o(l/log(1/t)) as t>0+, 
then the Fourier series of f at θ is summable (Ὁ, α). 


1 
9,(t) = t 


NOTE ON LEBESGUE’S CONSTANTS IN THE THEORY OF 
FOURIER SERIES 


G. H. Harpyf. 
"Katracted from the Journal of the London Mathematical Society, Vol. 17, 1942.] 


1, Lebesgue’s constants are defined by 


: ats 
(1.1) L,==| etn ae 
a7 Jo «Sint 

where 
(1. 2) ο΄ N=2n+1. 
Fejér{ proved that 

‘ Ὑ Τ᾿ ] 2 (8 l var 
(1.3) Mor i qe a ge τὰ 
and Szeg6§ that 

16 ὁ 1 ] 1. “᾿ 1 

4 ey Ai jel gs, 9 ,. 3) .».ὄ 

ae) Ly, ΠΤ (1+ 3 5 5 T° tone) 4y2— ] 


From (1.4) Watson|| has deduced an asymptotic formula (in Poin- 
caré’s sense) for 1,» viz. 


46 wg eS (DAY 
(1.5) ye ~ a log N+A y+ = ΠΝ | ? 
where 
‘2 logm I(t) 
ἘΞ συ τ σθυ 2! --- 9 ove 
(1.6) Ay “4ηι2--Δ}Δ ΤᾺ) ᾿ξ... 
οὐνττι. 1 ΤΣ 
(1.7) 4,-- --- ΔῸΣ τ ee 


and B_, is Bernoulli’s number. Gronwall{ was the first to obtain such an 
expansion, but his formulae for the coefficients contain errors of caleu- 
lation**, and are in any case less simple than Watson’s. 


t Received 11 December, 1341; read 11 December, 1941. 
+ Annales de Ecole Normale (3), 28 (1911), 63-103 (103). 
§ Math. Zcitschrift, 9 (1921), 163-166. 

| Quarterly Journal (Oxford), 1 (1930), 310-318. 

Ἵ Math. Annalen, 72 (1912), 244-261. 

#* Szegd corrects one of these (in the formula for 4). 


1942, 1 Journal of the London Mathematical Society, 17, 4-13. 
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Szego deduced from (1.4) that 
(1.8) AL, = L,—LIni. <9, (—VOA'L, > 0 (r=2, 3, ...). 


2. I have recently found two other formulae which are interesting 
formally and lead to simple proofs of the other properties of L,. 1 
deduce the first of them from Fejér’s formulae (1.3) and, for the sake 
of completeness, I reproduce PO s elegant proof of (1. 2). 

It is plain that 


_ 1 (**/sin(n+3)t — sin sin (n+) 
ae ὄπ \ 2sin kt | ω ae 2 sin dt τὲ 
(sin } 
where f(t)= gig ae 3) t) 


so that L, is the (n+1)-th partial sum of the Fourier series of f(t) for 
t==0. Hence, since f(t) is even, 


(2.1) = fayptay+...+ay, 
] 2r 

where a, = — ay f(t) cos mt dt. 
JO 

But f(t) = (—1)* for 


π᾿ , ~2(k+1)7 


ΣΕ ΤΣ ne (Ke 0, Τρ 20), 


2 | 2 Mor 


so that (2.1) is Fejér’s formula. 


3. The first of my two formulae is 


_({ tanhNy dy — 
(951) ᾿ \, tanhy γψ5- ἐπ᾿ 


This formula is easily proved by calculating 


1 | cot 2 tan z de 
27 Ζ 


round the rectangle 


ΤΥ ΤΕΥ, - desi, Ξ δ: Υ͂, 
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and making Yoo. The sum of the residues is Fejér’s sum, and the 
integrals along the vertical sides of the rectangle combine to give the 
integral in (3.1): I need hardly set out the details of the calculation. 


4, I shall now deduce Watson’s expansion (1.5) from (3.1): I shall 
prove, as he does, that the error in stopping the series at any term has 
the same sign as, and is numerically less than, the first term neglected. 
The proof is not quite so short as Watson’s, since he, starting as he does 
from Szegd’s formula (1.4), is able to use the known results about the 
asymptotic expansion of the logarithmic derivative of the Gamma- 
function. On the other hand the coefficients A, present themselves 
in a very natural way. 

I need some preliminary theorems which I state as lemmas. 


5. Lemma 1. Jf 


Σ _ 1 
(5 . 1) f(y) al tanh y (y?+-Aa?)’ 
then 
(5.2) Sly) = Xe,y?", 
0 
where 
4 ν --Ἠοἀν- ; B,, ae 
(5.3) C= α, = (- 45) (I BBE) (v0), 


and the series 1s convergent for |y| < ἔπ. 
The coefficients c, are alternatively positive and negative. And tf 


(5.4) fo (Y) — Zo, ye, 
then 
(5.5) Fag~1(¥) <S(Y) <Sag(y); 


forq=0, 1, ... and all positwe yf. 


First, 


"ὅπ. ἐς ΒΡ πὰ 2” B, Ὧν 
(6.6) sathg = δ γι Py 


{ The left-hand inequality being omitted when g = Ὁ. 
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for |y|< π, and 


oMs 


I 
rr Ta a i a 


for |y|< ἐπ. The product of the two series is convergent for |y|< ἐπ, 


and the formulae (5.3) follow from the ordinary rule for multiplication. 
Also, putting y = ἐπὶ in (5.6) 


3 


Σ Bry = 1 
Pane =: ], 
m=1 2m! 


so that c, has the sign (—1)’. 
To prove (5.5) we observe that 


1 
ee ψ ἘΣ πα απ —) 
2y" 1 1 
Fe ΠΡ ν 
and that | 


] 1 2p+2 


eae Ge eee δε mae faa LY * GPT ye pad) 
It follows that 
γί f(y)—f,(y)} 


-- (—])Ptly2te Ε-ΞΞ κω ον ΞΕ Σ.. faa oe ἘΠΕ | 
5. 1πὸ πῇ, 2 — 4d ly? +47? +72 772} 
. But | 
a | re | 3 = 1 ] 
sal ae 4(1—2 7a)= 411-2 (Ὁ, — aera) τὺ 
and so 


yi f(yy—f,(y)} = (—nyeta(Z)P" 2 1 2 


r=17 -Ἴ Yr? πϑ' 


which has the sign (—1)?+*1. 


6. This is the main lemma; but we shall also need the values of three 
definite integrals, and it will be convenient to use a special notation. 
Suppose that A and B can be so chosen that the integrals 


[jerd}an Γψωτ ἔμ, 
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are convergent. Then I shall write 


εἷς 1 ὭΣ Β 
[ seyde= [[φῳ)-- 4: de+[” 'φω)- 5} ae 
Thus 


*® da ἘΞ dx | τ ρτα 
| ger | ie \ 7 a= —Y¥; 


where y is Euler’s constant. In these three cases 
(1) A= B=1, (ii) A=0, B=1, (iii) A=1, B=0 
Lemma 2. If v=1, 2, ..., then 


Θ __ 91-2» 
(6.1) Ls =| (tanh w—1) u?""! du == — ἘΞ πῆ Β,. 
0 2v 
Also 
(6. 2) pe \° am du +2 log 2—log π, 
me Gs du _4log7 8 ἃ logk 
(005) ἱ =| tanh u(u?+-4a7) δπὸἪὸ ae 7 4k2—]° 
(i) First, 
που et Goan eee 5 γα ἘΠῚ oo 2-1 
i= 2 | Tem Ὁ du = 22 1) Me uu?! dy 
] — 21-2» 
= — 21-8 (2y— 1)! (1-2-9 ας.) = — ἀν B,, 
(ii) Next, if s>0, we have 
1 a0 
I,(8) =| tanh u us du τ (tanh w— 1) udu 
0 1 
a0 1 90 —2Uu 
=| (tanhu—1)ui1du+)| uwtdu=—2| ——, uAdut— 
0 0 ‘a 


= - 2 4 Γ()(16-- 2-4 |) = = 241-21) Γ() L(a) 


Making s->0, and remembering that ζ(0) = —4 and ζ΄ (0) = ---ἰ log 2π, 
we obtain (6.2). . | 


93 


9 G. H. Harpy 
(iii) Finally, 
oy ᾿ς 1 1\ . du a udu 
= (saw) ap τη 2 > | Teese 1πη8) 
o \tanhu τ, u’+ ja και. (5- ἀ5 πϑ)(ι3- ἀπ) 
4 ΩΝ 8 “- logk , 8log22 1 
“ πὲ“ 4h2—1 πὸ δ Teal as > TPT 
oe 2 logk , 4log2 
" | 4"-- Εἰ nm 
Also 
: ] 4 du 4 
Jt | παῖε τέο! Ot), μέτρα τ τοῖα τ 
and (6.3) follows. 
7. We define f(y) and f,(y) as in (5.1) and (5.4). Then 
tanhNy dy _ 
(7.1) ΜΝ hg: Τα ΤᾺ =|, tanh Ny f(y) dy 
—2Ny 
= σε] tanh Ny f(y) dy— al [pei f(y) dy, 
where 
(7. 2) =| fly) dy. 


We begin by calculating L,, 


the last two terms of (7.1). We obtain 


(7.3) 
where 


(7.4) 


(7.5) 


Here 


94, 


| Ay Pee Oe 
: 5. 


tanh Ny ~~ ey dy 
ores (J y dy—2 rea y) 


~2Ny 
Pa=ea(| tanh Ny y?"—1 dy— 2 τ Thea y m-ady). 


sea --ῶμ 
a wih ( tanh u u?"—! du—2 a τ yan du 
= af { tanh ὧν u2™-1 du+| (tanh w—1)u2"-1 drs! 


Cm tin 


-- τῆς ( Int. uit duu) = ΠΩ͂Σ +58, 


p the result of replacing f(y) by f,(y) in 
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if m>0; and 
P,=C+¢ Ἵν tan ay +| tanh u— 1 du) 


U 


=C+o(Io+| “ἢ -- C+c,(Iptlog N). 


Hence 
(7.6) Lin, p= log N+E, ἘΣ 58 am? 
where 
(7.7) ἢ Fudge τ Σ oe 
: Hy=\ fly) Ὁ τ ov om 
and 
(1. 8) Ee 
if m> 0. 
Substituting for c,, and J,,, from (5.3) and (6.1), in (7.8), we find that 
4 
(7 . 9) ΡΝ ΞΞΞ (-- Lo mw Ans 


where A,, is defined by (1.7). As regards Hy, we have 


Σ om \ { fy) 
i om ὃ f(y) ar y | dy, 
and so 

7 pe 5 Lm 
(7. 10) Hy= Eq*— > my 
where 


8 2 logk 4 
Ko *=J+Sh=5 ae + <3 (y-+2 log 2), 


on substituting the values of J and I, from (6.3) and (6.2). Since 


γι log 2= -τῷ 


this gives 
4 
(7.11) , βοΐ τες Ag, 
where A, is defined by (1.6). It now follows from (7.6), (7.9), (7. 10), 


and (7.11) that 


οΌ δι (—1 at A 
(7.1) ΤῈΣ Sm = flog + Ag+ 5 ee 


which is the sum of the first p-+-2 terms in Watson’s expansion. 
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On the other hand 


Li—Lp,» =| tanh Ν᾿ f(y)—fp(y)} dy—2 [ oan (SY —fp(y)} dy 


e~ 


=| (Ὁ) )\—f,,(y)}dy— 32} om {7 -ὐρ(")} dy 


ΟΣ Lm τ aries ᾽} de 
pt, 2m ὃ 1:16 2 ῃν Sy) ἘΞ )} Y; 


and so, after (7.12), 


Ὁ ἐδ): Le + {log ΝΞ Ας +3 ὑπ δὲ ᾿ 


© .,-2 Ν 
—2 | τ σαν (fy)—fp(y)} αν. 


But, by (5.5), f(y)—f,(y) has the sign (--- 1)Ρ 1, and therefore the last 
term in (7.13) has the sign (—1)”. It follows that Watson’s series is 
asymptotic, the error in stopping at any term being of the same sign as, 
and less in absolute value than, the first term neglected. 


8. It is plain from (3.1) that L, is an increasing function of ». Also 


d α = 2 
ΕΝ tanh Ny = 2y sech? Ny 
decreases with n, so that A2L,,<0 and J, is concave. But I do not see 
how to deduce the general inequality in (1.8) directly from (3.1); and 
for this purpose I use the second formula to which I referred in § 2. 

This is 
(8.1) | τῇ ἫΝ sinh Ny log coth Ny dy; 

0 


sinh y 


it may be proved directly by complex integration f. 
We consider the imaginary part of |F (z)dz, where 


_sin Nz 


1N> 
sin z log (ὁ cot }Nz), 


F(z) = F(u-+iy) = 


ee ee Oe ee 


+ I found this formmwa first indirectly by a transformation of (3.1). The method of 
proof which T use here was suggested to me by Prof. Watson. : 


96 


LEBESCGUE’S CONSTANTS IN THE THEORY OF FOURIER SERIES. 12 


and the contour of integration is the rectangle (0, 7, a7ttY,iY), the 
logarithmic singularities of F(z) at the points 


vis 


on (O<k<N=2n+1) 


being avoided in the first instance by small semicircles (or quadrants) of 
radius p above the real axis. The integral tends to zero when p>0 and 
Y>o. 

It can easily be verified that there is a branch of the logarithm which 
has an imaginary part ἐπὶ in the intervals 


(8. 2) 0<a<z, SoS τὸ (τὺ π ἐπ, 


and an imaginary part -- ἐπὶ in the complementary intervals of (0, π). 
Since sin Vz is positive in the intervals (8. 2), and negative in the comple- 


mentary intervals, 
I{F (2)} = poi EAI 


sin x 


along the real part of the contour. Also 


..  sinhNy ; __ sinh Ny 
F(y)= eng log coth4Ny, F(a+ty) = hy log coth 4Ny. 
Hence 
™|sin Na | ==| sinh Ny 
\ ee dx = = aE log coth 4Nydy, 
which is (8.1). 
Since 
0 e~2kNy 
sinh Ny log coth 4Ny = 1— 22 I Po’ 
(8.1) may be written as 
4 a0 1 00 e~2kNy 
(8. 3) L,= 3} παν (1-22 Ge) dy. 


The function in brackets is positive. and its r-th derivative with respect 
to n has the sign (—1)’-, so that (8.3) makes Szegd’s inequalities (1.8) 
intuitive. 
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We can also write (8.3) as 


β. ο΄ 1 ° 1—e-2kiy 
L,= nw ἀκ. ᾿ sinh y dy. 


° 1—e72eNy 


: ] ] 
Since [ πεν Y= 2(14+ 3 ἘΠ ἘΣ ΕΞ τ): 
this gives another proof of Szegé’s formula. 


Trinity College, 
Cambridge. 


89 


NOTES ON FOURIER SERIES (II): ON THE GIBBS 
PHENOMENON 


G. H. Harpy and W. W. RogosrnsxI*. 


1. In what follows θ = ¢ is a point of continuity or jump (ordinary 
discontinuity) of a real, periodic, and integrable function f(0), and 


(1. 1) C= Hf(E—-0) +f (E+0)}, Ὁ = f(é+0)—f(E—9). 
We shall suppose, to fix our ideas, that D 35 0; if not, we may consider 
f(—9) instead of f(6). 

We write s,(6) = s,(0,f) for the partial sum of the Fs. of f. Then 
the Gibbs set G(é) = G(é,f) of f, for 6 = ξ, is the aggregate of the limits 7 
of s,(0) when n — oo and 6 > é in any manner. It is either a single point 
(then necessarily C) or a closed interval (finite or infinite). 

If f is the simple function 


(1. 2) $(0—é) = 2S sant"), 


for which 


¢(—9) = ἘΞ Ὲ Φφί(0) = 0, φ(- 0) ἘΞ 3, C=0, D=1, 
then G(é) is the closed interval 
(1. 3) I = (C—HD, C+4HD),+ 
here (—H,H), where 
(1. 4) = du = “58... > 4, 
To U 

Thus G(é) is a closed interval symmetrical about the origin, of length 
2HD > D. This is the ‘‘Gibbs phenomenon’’. 

All this is true for fairly general classes of functions. Thus it is true 
whenever 


(1. 5) f (8) = 9(8)+D4(O—€) = σ(θ)-ἘΨΙΘ), 

where g is any function whose F.s. is uniformly convergent near 0 = €, 
in particular any function continuous and of bounded variation in an 
interval including ἔξ. It is natural to ask how much of it is true for a 
general f with a jump at €. 


* Received 26 May, 1943; read 17 June, 1943. 
t+ We use (a, δ), (a, δ), (a, δ), (a, b) for open, closed, and half-closed intervals. 


1943, 3 (with W. W. Rogosinski) Journal of the London Mathematical 
Society, 18, 83—7. 


99 


100 


84 7 G. H. Harpy and W. W. RogostnsK1 
There are two theorems of Rogosinski which give a partial answer to 
the question. Rogosinski proved that 
(I)* G always includes I (so that its length is always at least 2HD); 
(1I)t af f ts continuous at €, then G is symmetrical about C; 
and it might seem at first sight that the condition of continuity in (IT) 


should be superfluous. For we may suppose without loss of generality 
that f(€) = C, and then, if we decompose ἢ as in (1.5), we have 


9(E—0) = σί(ξ) = g(E+0) = C, | 
so that g is continuous at ξ. Thus G(é,g) is symmetrical about C, and 
G(E,%) is symmetrical about 0; and this might lead us to expect that 
G(é,f) should be symmetrical about C. 
Our object here is to show that this is not so, by proving 


(IID) there is a function f(6), continuous except for a jump at ἕξ, whose 
Gibbs interval G(é) is finite but not symmetrical about C. 


The explanation will be, to put it roughly, that G is formed by the 
combination of two symmetrical intervals in an entirely unsymmetrical 
way. 


We interpolate here one further remark, which will be important in the sequel, about 
the special function ¢. We take € = 0. Then 


tale 4)-» 2 | 
πο 


if ἢ -- 00, ἢ - 0 and nh >a. In particular 8,(h, 6) > + when nh > oo. 


sin u 
du 


U 


2. We take €= 0, C=0, D=1, and decompose f as in (1.5). We 
begin by constructing a continuous g with the properties: 


(i) s,(2,9) > 0 if n> co, h>0, and either h < 0 or else h > 0 and 
ἢ = O(n-); 


(11) G(g) includes ἡ = 1; 
(111) G(g) is finite. 


* Schriften d. Kénigsberger gelehrten Gesellschaft, 3 (1926), 57-98. 

+ Math. Annalen, 95 (1925), 110-134 (128). Both of these theorems are proved in 
our Cambridge Tract Fourier series (now in course of printing). Rogosinski also proved 
that G is exactly I whenever the F.c. of f are O(n-1), but this theorem is not relevant 
here. 
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We assume at first only (a) that g is continuous, (β) that g = 0 for 
_2 <6 <0, and (y) that 6-19(8) is integrable; and prove that (i) is true 
of any such g. For this, it is sufficient to prove that 


(2. 1) J -[ [τ = —h) aol <. 


for a ὃ = δ(ε), large enough n, and small enough A satisfying the con- 
ditions of (1). 
If h < 0, then 


ὃ 
aie { I δ < « 
T .0 8 
for an appropriate 5. We may therefore suppose h > 0. Then 
th th 
2 [90 ΠΕ ει 19()| 19. 
lar Jo h π 


θ-- 0 

and ; ᾿ 
ΤΥ ΞΡ ΕΣ 
for an appropriate ὃ. Hence 
(2. 2) \J—K| < ξε, 
where 
th i ane 
(2. 3) k= | ΕΠ MI") ag 
WS th θ---ἐ 


for small h, and it is sufficient to prove that K > 0. But 
gh 3h 
KI «3 [" aide <> | IO! gg +0 
because nh = O(1); and this, with (2.2), proves (2.1). It is to be 
observed that we have not assumed nh bounded in proving (2. 2). 


3. We have now to prove (ii) and (iii), and for this we must define 
9(θ) more precisely. We take 
(3. 1) h, = 4%, ἢ, = 44" (k = 1, 2....), 


and denote the interval (4h,, $h,) by 2. Since θῆκ < hy, these intervals 
are separated. We take 


(3. 2) g(0) = h,t sin n,(8—h,) sgn(O—h,) 


.10] 
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in 4,, and g(#) = 0 elsewhere. Since n,h, is an even multiple of 7, g(@) 
is continuous; and since g(#) = O(6t), θ-ἰρ is integrable. Thus σ(θ) 
satisfies conditions («)-(y) of § 2, and therefore satisfies (i). In order to 
prove that it satisfies (ii) and (iii), it is sufficient, after (2. 2), to prove 
(1) that K > 1 for arbitrarily large n and corresponding small h, and 
(2) that K is bounded. 

For (1), we take n = n,,h = h,. Then 


__ Ay? (2 sin2n,(0—h,) do — h,t pir” 1—cos 2u a 


--.. 


vis thr |@Q—h,,| Tt 0 U 
+ 4 
~ A ep anos ~ Ae tog n, = ee! >I 
π π Nir 


4. It remains to prove (2): for this, we need a (trivial) lemma. 
Lemma. Suppose that p > 0,q >0,c¢ > 0, M = max(p,q), 
Ρ.. [ Sin pu COS gu a. O= [ sin pu sin qu ae 
ἢ u ; U 
Then there is a constant A such that (a) |P| < A for all p and o, (ὁ) |Q| <A 
for p < 4g or p > 2q and all p and o, and (c) 
|Q| < Alog(2+2Mc) 

for 39 <p < 2%, |p| <e, |o| <e. 

We may plainly suppose p = 0, o > 0. Then (a) is familiar. For (6), 


σ as ἘΞ (» 4) 1. 
20 =| cos(p eee BE di -[ ] OS dw 
0 


3 
lp—qlo 


which is positive and less than 2log prq < 2log3. Finally, for (c), 


lp—q| 
(p+q)o 1. lIp—qlo y__ 
20 = [ qo | aot dw — [ 1 cos dw 
0 0 
1. (»- 4) 1. 
< | ee dw + | OO dw < $+2log(2+2Mc) 
0 1 


< Alog(2+2Mc) 
for an appropriate A.* 


* The second integral in the last line is absent if (p+q)o <1. 
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Since 9h,., < h,, there is at most one interval 1, = ($h,, δῆ) which 
has points in common with ὁ = ($h,3h); and, if there is one, then 
th, <h < 3h,. If there is none, K = 0. If there is one, then K is the 
sum of at most two* integrals of the type 

h,* [5 sinn(6—h) 
where αὶ and S lie int. But 


sin n,(0—h,) 40, 


S oj ae Taj 
| sin n(G—h) sin n,,(86—h,) dé = { dhe sin N,(U +h—h,) du 
rk 9- p © 


ee τς τὰ : 
ΞΡ eng { SE το h Sal Ϊ semen et du, 
p p 
where |p| < 4h and |c| < 4h. The first integral is bounded; and the 
second is bounded unless $n, - ἡ < 2n,, in which case its modulus is less 
than 


A log {2+h max(n, n,)}. 
It follows that 


and that g has all the properties demanded in § 2. 


5. It is now easy to prove (III). We define f by (1. 5), with € = 0, 
D = 1 and g the g of §3. The points of G(f) are contributed by (a) pairs 
(n, h) for which h < Oorh > Oand nh = O(1), and (δ) pairs (, h) for which 
h > 0 and nh > o. 

The interval G(g) is (—7, 7), Where 7 is finite and at least 1; 
and all of this interval, except the origin, is contributed by the pairs (δ) 
only. For such pairs s,(h, ψ) > 4; so that their contribution to G(f) is 
the interval (—7)+4, +4). On the other hand the pairs (a) con- 
tribute nothing to G(g) except the origin, and their contribution to 
G(s) is the interval (—H, H). Since H <1 < y)+4, G(f) includes 
No +s but not —7,—4, and is therefore unsymmetrical about the origin. 


Trinity College, Cambridge. 
King’s College, Aberdeen. 


* Two if h; is in ὁ, since sgn(@—h;,) changes sign at θ = ἐμ; otherwise one only. 
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(0) Summability of a Fourier Series 
or its Conjugate 


INTRODUCTION TO PAPERS ON THE 
SUMMABILITY OF A FOURIER SERIES 
OR ITS CONJUGATE 


The early papers of Hardy, and of Hardy and Littlewood, on the summability of 
Fourier series were concerned with Cesaro summability. In 1913, 4, Hardy completed 
a theorem of Lebesgue by showing that if the series 


44) + Σ (a,, cos n6 +6, sin n6) 
n=1 


is the Fourier series of a function f ε L(—7,7), then the series is summable (C, δ) for 
all 8 > 0 almost everywhere. In this paper he made also an improvement on results 
of W. H. Young by showing that the series 


wo 


a, cos nO -+-b,, sin n8 
> log n 


n=2 
is convergent almost everywhere. 
Hardy’s joint papers with Littlewood on Cesaro summability of Fourier series 
centre round the problem of summability (Ὁ, that is to say the problem of determining 
necessary and sufficient conditions for the summability (C,5) of the Fourier series 
of f at a given point 6 for some ὃ > —1. No solution is known for the corresponding 
problem where 8 is given, nor is one likely to exist, but for this more general problem 
Hardy and Littlewood obtained (1924, 1) a complete solution, namely that some 
Cesaro mean of the Fourier series of f converges if and only if some Cesaro mean of 
f converges. More precisely, they prove that if fe L(—7,7), 


P(t) = Polt) = ἐ{{{0- ἢ ἘΓ(θ--ἢ), 


and for any positive integer « we define 


balt) =5 f aa [ [ icc dit, a) 


then in order that the Fourier series of f is summable (C,8) to the sum s for some 
δ > —1, it is necessary and sufficient that ¢,(t) > s as t > 0 for some a 2 0. 

The function ¢, here is the (H, «) mean of ¢, and, as observed by Hardy and Little- 
wood in 1924, 1 and 1924, 4, this mean has equivalent properties to the (C, «) mean 
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defined by the relation f | 
bolt) =F | (—wye44(u) du (¢ > 0, α > 0), (2) 


0 , 

a definition which is applicable to non-integral «. Using this latter definition, Hardy 
and Littlewood gave in 1927, 2 an improvement on their solution of the sufficiency 
part of the summability (C) problem. 

A number of papers related to 1924, 1 were concerned with conditions under which 
a Fourier series is either summable ( C, δ) for all 5 > 0 or not summable (C). The main 
results here are that this is true if either of the following conditions is satisfied: 

(i) there exists A > 0 such that f(x) > —A for all x of some neighbourhood of 6 
(1926, 10), | 

t 


(11) [ |p(u) |? du = O(t) for some p > 1 (1931, 5). 
ὃ 
Under the condition (i), a necessary and sufficient condition for summabhbility (C) is 


that ¢,(¢) tends to a limit as t > 0+, and under (ii) a necessary and sufficient condition 
is that $,(¢) tends to a limit for some « > 1/p. Another related result (1928, 3) is 
: | 


that if | |d(up)| = O(t) ast > 0+, then the Fourier series of f at θ is either convergent 
0 


or non-summable (C). 
Hardy and Littlewood considered also the more difficult problem of the summability 
(C) of the conjugate series 
> (ὃ, cosn6—a,, sin n6), 
and again obtained a complete solution, namely that some (C, δ) mean of the con- 
jugate series converges to the sum 8 if and only if some (C,«) mean of 


xt) = = [ 1(0-+0)—S0—t}eot Ht dt 
t 


converges tos. In particular, they showed that the conjugate series of an integrable f 
is almost everywhere summable ( C,5) for all > 0, thusimproving a result of Plessner, 
which gave only summability (C, 1). 

In addition to their work on ordinary Cesaro summability, Hardy and Littlewood 
considered also strong Cesaro summability of order 1. The concept of strong Cesaro 
summability was first introduced in 1913, 11, and a local condition for strong sum- 
mability was obtained there for a function of the class L?(—7z,7). This result was 
generalized by various authors, and in 1927, 3 Hardy and Littlewood gave a further 
extension, obtaining a test for strong summability in the case where f ¢ L®(—z, 7), 
with p > 1. The case p = 1 was left open, and in 1935, 5 they showed, by a counter- 
example of extreme sophistication, that their local conditions applicable for p > 1 
fail when p = 1. 


In 1936, 2 Hardy and Littlewood obtained an inequality ostensibly related to results 
concerning strong summability, but also related to the coefficient inequalities studied 
by W. H. Young, Hausdorff, and Hardy and Littlewood themselves. This paper led 
to further generalizations of the coefficient inequalities by H. R. Pitt and others, 
culminating in the recent work of E. M. Stein and G. Weiss. The paper also contains 
a useful inequality concerning conjugate functions. 

The two papers 1947, 1 and 1949, 1, written by Hardy in collaboration with Rogo- 
sinski, are concerned with Riemann summability. Of the two general types of Riemann 
summability, (R,p) and R, (where p is a positive integer), the methods (#,:p) are 
familiar; they are regular for p > 2, and are Fourier-effective for all p (i.e. they sum 
any Fourier series almost everywhere). In 1947, 1 the regular method R, is discussed, 
and 1949, 1 deals with the more difficult non-regular method R,. These methods are 
not comparable with (R,2) and (R,1).respectively. The papers give necessary and 
sufficient conditions for the summability of a Fourier series by these methods, and 
show that both methods are Fourier-effective. The first paper contains also a useful 
general theorem on ‘kernel methods’ (cf. H-R, pp. 56-62). 

To the papers of this section should be added certain other results contained in 
books by Hardy and his collaborators, e. 8. the ‘kernel methods’ discussed on pp. 56-62 
of H-R. 
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NOTE ON DIVERGENT FOURIER SERIES. 


By G. H. Hardy, Trinity College, Cambridge. 


§1. Ir f(z) is continuous for all values of x such that 
ax2<6, 


and has at most a finite number of maxima and minima 
between a and ὁ, then fora<r<b 


fa)=5) 0 a+, & [ cos MED Fy at 


οο 2rm2 . πηι 
=a,+ Σ | 008 = τὰ δ, sin sl 
where 
1 
α, τεξῖς [7 ἀι 
2 
a4 5—— | 08 F(t) dt, 


2 δ Qarmt 
ὁ, τ νξς [ sin nf (O αἱ. 
This is in fact the ordinary form of Fourier’s theorem.* 


* For z =a or ὃ the series represents $ {f (a) +/(b)}. 


110 1904, 11 Messenger of Mathematics, 33, 137-44. 
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Now suppose that f(x) satisfies these conditions except 
that it has a finite number of singularities a, 


(h=1, 2, oy 7p OMA «... Ca, «Ὁ). 


such that 
tm A, é 
J) i=l (x _ a,) 


satisfies the conditions in the neighbourhood of a,. Then f(x) 
can be expanded in a Fourier series which is divergent but 
summable for all values of 2 in (a, 6) except the points q,. 


For 


( - %) 9 (02 πᾷ -- αὐ) . ἀπᾷα -- αι) 
—-a ὖ -- ὖ 


cot — ——E. 4.2 sin ++ ese 
b a —a 


© ..Imrle- 
Sein et (t= αὐ 
1 ὦ -- α 


for all values of x in (a, ὁ) except a, Moreover, this equation 
may be differentiated any number of times.* ELence 


d me... a Ba) 
(=) cot an ee 


=2 (PE) Bt sin PME — ὦ εκ G1) τὶ 


b-a —a 
for all such values of x. The part of 


(7) ot GP 


which becomes infinite for # =a, 18 


b—a (-)/ 3-1)! 


τ (: - a)" 


Hence 


2) ---Ξ ged τ ϑν" ( d ) cot-———__* aa 


bags (@—1)! dx b—a 


* Cambridge Philosophical Transactions, Vol. x1X , pp. 8308-309, 


111 


112 


Mr. Hardy, Note on divergent Fourier series. 199 


remains finite for e=a,, and 


" ὅπηι; (-- ὙΠ A ἄλλοι w(x —a,) 
Whe oa a ΞῚ 


remains finite throughout (a, ὁ) and clearly satisfies the Fourier 
conditions. ‘This function may therefore be expanded in a 


convergent series 


, = ’ 2armx ,. πα 
a, ἘΣ μ᾿ οὐ + b., sin ; 
valid throughout a 6). Thus the divergent series 


,  @ 2a a 272 
a, ἜΣ Jo cos = + b [μι Ἵ 
1 


ΤΕ ΕΞ τ: τ — a 
r =m, (—)** A, me mr Cm a.) 
th Ξ1|}: ‘Ge «ys ee sin δ. ὑπ. π᾿ 
represents f(x) fora<a<b except at the Β. ΓΝ 


δ 2. Suppose, for instance, that 
a=0, b=2n, 
m=1 (A=1, 2,..., 7). 
Then 
Ff (x) =a, + Σ {a,, cosmx + ὃ. sin mx} ΕΣ A, 8 sin m (2 — a) 


=A, + 5 {a,, cosmx + ὁ, sinmz}, 
λ 


where a= ας,» 


r 
f a 
a, = 4,, ἜΣ A, sin me, 


ΕΝ 
b,, Ξε ὁ. + = A, cosma,. 
k=l 
Now 


: 1 ὅπ 2» 
αὐ =5- | (F(2)— 244, cot (7 -- αν] ἀν 


0 


—_ Pf 7 da. 
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Since P | " cot} (x —a,) dx =0. 
9 
And 


2a 9° 
ine {f (2) -- Σ 44, coth (ὦ — a,)} cosma daw 
T Jo k=1 
- 3 4,8 
— 2 A, sinma, 


Ὶ Ι τὰ 
-- -- Ὁ Ϊ ᾿ 2 (ὦ) cosmex dz, 
since 


Ρ[ οοἱὰ (ὦ -- αὐ cosmx εἶς Ξε -- π βίη me,. 


ie 
Similarly δ, = - P [ f(z) sin ma de. 
¥ 0 


Thus in the case in which f(z) has a finite number of 
simple poles between 0 and 2r (or between a and ὁ), but 
otherwise satisfies the conditions stated at the beginning, 
Fourier’s theorem retains its ordinary form, if the series is 
interpreted as a summable divergent series, and the integrals 
as principal values, 

The preceding analysis generally fails when a or ὦ is 
a pole of f(x), since then the function which we subtract from 
jf (x), in order to make the difference continuous for «=a, 
becomes infinite also for «= 0. 


§3. It is possible to find divergent Fourier series to 
represent functions which have singularities of types other 
than that discussed in §1. I shall illustrate this by considering 
a special case. I suppose that a=— 7, ὦ τε πὶ and that /(x) 
becomes infinite for z= 0 in such a way that 


γ - τῷ, 


[ae 


remains continuous for z=0, μὶ being any positive quantity. Let 


1+ 2x\+ 
f()= ( - =) =, + 6,2 + 0,2" Ἔν.» 
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where c,=1. The series, inside the unit circle, represents the 
branch of f(z) which =1 for x=0; and, by a theorem of 
M. Borel’s, it is summable within the strip bounded by the 
lines 


R(#e)=-1, R(x) =1. 
Hence the sum of the series 
0, + ο(εἷθ + cer 4... 


is the value of the branch in question at the point =e; and 
it is easy to see that if 0<0 <7 this is 


erent | cot 10}, 
and if -7 <@<0 it is | 
6 ἀμπὶ | cot 20 |+. 
Hence 
C, +c, cos @ + 6, cos20 +... 
=cosdum|cotsd|", (-r<O<7z). 


If 0<p<2, 
Ὁ ἢ 
lim. . ὦ 9} sah =o, 
im. {|} oot] | | @ |" 
A Tait 
and F (8) — 5 leot | 


can be expanded in a Fourier series 


a, + > (a, cosmé + 6‘ sinmé), 


so that f (0) =a, + 5 (a, cosmz +b, sinmx), 


Ac 
where a =a!’ 4+ —2— 
m 2 QM Cos ἀμπ 3 
g 
Bn = ὁ. 


for all values of θ, -- π « θ «. π, save 0. 
ὲ 12) <4<2(p+1) we can find constants £,, ...) ky such 
at | 


: 1 k k 
, Το ΟΣ ΤΑ a pe = 
εἶν 3 ΘΟΕ 2] | θ μ | θ ἴπ; eos | nal 0, 
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and consequently constants /,, ..., /,, such that 


lim. a» fIpoot 8)" εἰς Acot Z|"? +...4+1, 14 cot 891" »- rata 


and so a divergent Fourier expansion for f (9). 
If we observe that 


(**) = (4) τ- γα τῶν 
= 2" (1— a)" — 2°" 1-2)" 


fh? μ-32 “ΜῈ 
ἘΞ Ξ τ ([ --α) δ ~..., 


we see that 


és = 9s Hit Leto I (1-5 μ.μ--Ἰ 
1.2...m 2 1. -ἰ πὶ -- 

ie μ.μ. --1.μ--1Ὸμ -- 

27 1.2.~+m—l.pot+m—2 

:᾿ 1 pweer-lip—2.p—lp-2.p—3 1 ) 

2°1.2.3.¢+m—lptm—-2.p+m—3 ᾿ 


so that the dominant term in c, is comparable with meen Ἐπ 


or with τ, 
Hence the dominant term in coefficient of cosmé in the 
expansion of 7 (0) is comparable with m"™. 
If 0< <1 the series for 7.(6) is convergent. Ifs<yv<st+l1, 
it is, in the language of M. Césaro,* s times indeterminate. 
A similar remark of course applies to the series considered 


* Césaro, Bull. des Sc. Math., Vol. X1v., 1890. See Borel’s Legons sur les séries 
divergentes, pp. 87-93, 
It u,+t,+... is any series, 


Sn = tt; Ἔ....Ἐ Uny 


, 8 +... Sy 
fe 


8, Ἔν... Onl 
5 

the series is tad ie once indeterminate, twice indeterminate, etc., according as 

Sn, δ.) Sn*, ... is the first of the quantities in which has a limit for er 


$n? = ; ete., 
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in 81. If 1 is the greatest of the integers m,, the series is 
M times indeterminate. If, for instance, s, is the sum of the 
first m terms of a series of the special type considered in § 2, 


lim, “1: Ἐπ::Ὁ ὅς: ῥᾳὴ. 


m=oo m 


84, The preceding part of this note was written before 
I had seen M. L. Fejér’s important paper, “ Untersuchungen 
iiber Fourierschen Reihen,’”’ recently printed in the Mathe- 
matische Annalen.* In this paper he proves that if f(a) is 
continuous throughout (0, 27) and 


ἜΣ ΩΣ Σ {7 cosy (t— x) dt, 


‘ed 8. +38, +..+ 8) 
n 

tends uniformly to the limit f(x) for n=0o. The importance 
of this extension lies on the one hand in the fact that the only 
condition imposed-on f(a) is simple continuity, and on the 
other hand in the uniformity of the convergence. 

This result enables us at once to extend the results of §§ 1 
and 2. For, since the divergent series there employed for 


a)" elena) 
() oa er 


is ὁ times indeterminate, it follows at once that a function f(z) 
continuous throughout (a, δ) except at a finite number of 
points a, distinct trom @ and ὦ, and such that 


i=m 4. 
f(a) 3 es 


ἐπὶ (ως --αμ)" 


remains continuous near =a, may be represented for all 
values in (a, Ὁ) other than the values a, by a divergent series 
which is at most only M times indeterminate, JZ being the 
greatest of the numbers m,. 

11 does not, however, so far as I can see, follow that the 
series is necessarily summable. Ina recent papert I showed 


* Vol. 58. 
f Quarterly Journal, Vol. XXXV., p. 41, 
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that a series even simply indeterminate is not necessarily 
summable, unless a certain further condition is satisfied; and 
it does not seem to me possible to modify M. Fejér’s reasoning 
so as to show that this condition is satisfied by his Fourier 
series without subjecting f(x) to new conditions. Nor does 
it seem possible to prove directly that if f(a”) is continuous 
the series is summable, by the method which I adopted in the 
paper in the Camé. Phil. Trans. already referred to. In fact 
the proposition seems to me in all probability untrue, though 
I have not actually constructed any example to the contrary.* 


* In a note attached to his paper, M. Fejér gives a proof that the limit of 
9, (, 4)Ξ1 2 Σ (- 9" cos ὅνην, 
R= 


for g=1 is 0 (except for certain exceptional values of yv), based on an extension 

which he gives to a known theorem of Frobenius and Holder. As a matter of 

st follows from the theorem itself. For, for g=1 the series for 9, (ν, 4) takes 
e form 


1 —2 cos ὃνπ + 0+ 0 +2 cosdum +0+4+0+4+0+40—2 cos6yr+0+4..., 


in which t= 0 if n is not a square, and u, = (--Ὁ 2 cos 2py7, if n = 92, 
Now consider the series 


1 — 28.49 404 εἰνπὶ 0404.0. 


᾿ 1.. εἰνπὶ 
Fe ut 
1+ Sums 


and soon, Thus if 
n=p?+q (0<¢<2p+1), 


80. δ) beat aes [Ξ (2ν.--1}{1--» roms τ) 1{-)ν τ νὴ} : 


and it follows at once that 


Sot 8) +..+ 80 1 Atte 
n+1 “icant τὸ anen)) 


and from this the result stated follows. 
In this case it is easy to see that the further condition which ensures that the 
riser is summable is also satisfied. The same method may be applied to other 
-Beries. 


lim. 
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ON THE SUMMABILITY OF FOURIER’S SERIES 


By G. H. Harpy. 


[Received January 27th, 1913.—Read February 13th, 1913.] 


[4etracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 12, Part δ. 


1. The investigations contained in this paper were suggested to me by 
a very interesting theorem established by Prof. W. H. Young,* viz., that if 


4a, ἜΣ (ας cos nx+b, sin nx) = fag +ZAn 
18 the Fourver’s series of a summable function f(a), then the series 
Ln An, 


where ὃ is any positive number, converges almost everywhere. 


It has been proved by Dr. Marcel Riesz that, if a@ series LA, is 
summable (C6), then Xn~*A, ts convergent. The proof of this theorem (in 
a considerably more general form) will appear in the Cambridge Tract 
“‘The General Theory of Dirichlet’s Series ’’ which Dr. Riesz and I are 
preparing in collaboration. This theorem of Riesz shows that Young’s 
result above referred to could be deduced as a corollary from the theorem 
which follows. 


Tueorem 1.— The Fourter’s series of any summable function is 
summable (Co), for any positive value of ὃ, almost everywhere. 


That this theorem should be true appears ὦ priori as highly probable. 
Fejér{ proved that the series is summable (C1) whenever 


+ i f@+0)+f@—0)} 


* Comptes Rendus, December 23rd, 1912. For the moment I state a part only of Young’s 
result. If we insert the additional condition that f(x) has its square summable, we obtain a 
theorem equivalent to one given by Prof. Hobson (Proc. London Math. Soc., Ser. 2, Vol. 12, 
pp. 297-308). In so far as Fourier’s series are concerned, Prof. Hobson’s theorem is a 
special case of Prof. Young’s; but Prof. Hobson’s is much more general in another respect, 
viz. in that it is applicable to all series of normal functions, and not merely to Fourier’s series, 

1 J.e., with the possible exception of a set of values of x of measure zero. 

+ Math. Ann., Vol. 58, pp. 51-69. 


1913, 4 Proceedings of the London Mathematical Society (2), 12, 365-72. 
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exists, and Lebesgue* that it is summable almost everywhere; and as 
Riesz+ and Chapman? have shown that, in Fejer’s theorem, the index 1 
may be replaced by any positive δ, it is natural to expect Lebesgue’s result 
to be capable of a similar generalisation. 


2. I proceed now to the proof of Theorem 1. In proving it I shall use, 
not the definition of summability (Cd) employed by Chapman§ and Knopp,|| 
but a different definition, due to Riesz,{ and shown by him** to be equt- 
valent to the former. I shall say that a series =A, is summable (C0), to 
sum 8, if ᾿ 

| Σ (1— =) As, 
n<w > @ 
as the continuous variable ὦ tends to infinity. 


Now suppose that f(x) is a summable function with period 27, and 
that, in the customary notation of the theory of Fourier’s seriestt 


f(a) ~ 4a, + 2 (An 6082 - δι sin nz) = fag +2Anx. 
Further, let 


ΤΕ a ee ee t “ΗΝ 
Οι(ἢ = τη τ @EnE+D  G@FDaq+Dqtaq+) 7) 
so that C)(t) = cost, C,(t)= sin t. 


Then Prof. Young{! has established the formula 


(1) da+,3 (1-*) 4, 


T ω 


ἘΞ “Ὁ [ ἐπ C145 (0) if (e+ =) +f (:- =I at. 


Here ὃ is any positive number. The integral is absolutely convergent at 


* Math. Ann., Vol. 61, pp. 251-280. 
+ Compies Rendus, Nov. 22, 1909. 
t Proc. London Math. Soc., Ser. 2, Vol. 9, pp. 369-409. 
§ L.c. supra. 
|| Dissertation, Berlin, 1907. 
4 Comptes Rendus, Nov. 22, 1909. 
*¥# Ibid., June 12, 1911. 
tt Hobson, Theory of Functions of a Real Variable, p. 715. 
tt Quarterly Journal, Vol. 43, pp. 161-177. See also Young, Leipziger Berichte, Vol. 63, 
pp. 369-387, where methods of summation are considered of which Cesaro’s method (as modified 
by Riesz) is a special case. Young considers only integral values of ὦ, but his proof is per- 
fectly general. 
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infinity ; for Prof. Young has proved that . 
t7C,() = O() or Ο( ἢ), 


according as O<q <2 or 2<q. It is, in fact, easy, by the use of 
methods similar to those which have been used by Dr. Barnes and myself 
in investigations concerning the asymptotic expansions of functions defined 
by Taylor’s series,* to obtain the much more precise equation 


010 = Tay =r {1-0 (1)} eos (¢~4ax)-+0(1). 


But this equation is not required for our present purpose. 


8. It is a simple deduction from the formula (1) that the Fourier’s 
series 1s summable (C6), and has the sum 


iif (@+0)+f(@—0)}, 


wherever this limit exists. This deduction is made by Prof. Young, and 
constitutes a new and simpler proof of the theorem of Riesz-Chapman 
referred to in ὃ 1. In order to prove Theorem 1, we have to generalise 
this result. 

For any value of x for which f(x) is defined (and therefore almost 
everywhere) we have 


ὃ 
2) det 2 (1 2) sors POEL κύνα, ορ (4) 
where (A) ΕΝ α (x). 
We write &(n) = " φίμ)} du, 


and we suppose that, as A— 0, 
(3) P(A) = o(A). 


This is a condition of which Lebesgue has made great use, and which he 
has shown to be satisfied almost everywhere. t 
We shall prove that, when the condition (8) is satisfied, 


(4) J 14 1-50, (ὃ ¢ (= =) dt > 0, 


88 w—>o. From this Theorem 1 will follow at once. 


* Barnes, Phil. Trans. Roy. Soc., (A), Vol. 206, pp. 249-297 ; Hardy, Proc. London Math. 


Soc., Ser. 2, Vol. 2, pp. 401-431. 
+ See Lebesgue, Lecons sur les sértes trigonométriques, pp. 15-16; de la Vallée-Poussin, 


~ Cours ἃ Analyse Infinitésimale, 2nd edition, Vol. 2, pp. 115-162, 163. 


868 Mr. α. H. Harpy sane 18, 


It is evident that we may, without loss of generality, suppose é<l, 
When ὃ > 1 the theorem is a mere corollary of Lebesgue’s. 


1 @ nad 
We sets r=\ +) εἰ = Jy tdotds. 
0 1 ω 
In the first place, since ¢~'~°C,,3(#) is bounded for 0 <¢< 1, we have 
1 
ἜΝ 
Secondly, since C;,3(¢) is bounded* for 1 < ἐ, we have 
t 
? (+). 


=0 {fo | emip@lag! 


dt = 0 | o& (= } = o(t). 


6) k= ol fri dt 
1 


= 0 {o*60)—0b (F)—a4a o> [ ee-a@ae] 


1 
= 0(1)+0(1)+0 [τ | o(€-"“*) dé 


= o0(1)+0(1)+0(1) = o(1). 
Finally, 


(7) Jy = o| t-1-8 +) | dt 


ass ἘΠῊΝ Ὶ 
O fe [ é | P(E) | ag | 
= Ο(ω ὃ = 0 (1). 


From (δ), (6), and (7) it follows that J =o0(1); and so the proof is 
completed. 


4. Prof. Young’s result is deducible from Theorem 1, whereas the con- 
verse is not the case.t But Prof. Young has gone further, and shown 
that the series A A 


2 (log 2)?*°’ a log n (log log )?*°’ 


are convergent almost everywhere. These results cannot be deduced from 


* Young, Quarterly Journal, l.c., pp. 163-164. | 

+ The series = »~-!-‘-* is convergent (absolutely), but -!-* is not summable by any of 
Cesaro’s means (Riesz, Comptes Rendus, June 21, 1909; Hardy, Proc. London Math. Soc., 
Ser. 2, Vol. 8, pp. 801-320). 
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Theorem 1, for n~* is the least convergence factor which will always con- 
vert a series summable (C6) into a convergent series.* — 

It is naturally suggested that summability (Cé) is not the most that 
can (almost always) be asserted about a Fourier’s. series, and that such a . 
series must be almost always summable by methods less powerful than — 
any method (Cd). For this purpose the methods of “ infinitely small ” or 
“functional” order, considered by Mr. Chapman and myself in a recent 
paper,t appear to be appropriate. I have obtained certain results in this 
direction : thus, for example, the Fourier’s series of any periodic and con- 
tinuous function is uniformly summable (Cx) for certain functional forms 
of x. But my results are not as yet sufficiently definite or final to justify 
publication. 


5. I have, however, found, in another direction, a theorem from which 
it is possible, in an extremely simple manner, to deduce all Prof. Young’s 
results and even go a little further. 


THEOREM 2.—If 8, is the sum of the first n terms Ayt of the Fourter’s 
sertes of a summable function f(x), then 


| δι. = o(log 2) 
alnost everywhere. 


The theorem will evidently be proved if we can show that, for some 
positive ἡ, 


(8) [ φί( ------ oun. (ἢ dt = ο (log n), 


whenever the condition (3) of § 3 is satisfied. Here 7 is to be regarded as 
a continuous variable which tends to infinity. 


But i aes , =O [π Γ ᾿φ( ΓΝ Lee at} 


0 0 


= 00) +0 {= — —ne(4) +l" Ξ0 ae} 


— o(1) +00) +001) +0" ὁ (+) dt 
= O(1)+o(log ) = 0 (log 2); 


and the theorem is therefore proved. 


* This may be shown by means of the series 1)—2* +3'—.... 
+ Quarterly Journal, Vol. 42, pp. 181-215. 
+ It is convenient to ignore the term Jap. 
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Now let a, be a sequence of positive numbers which tend steadily to 
zero as 2-> ©, and satisfy the conditions that a, = O(1/log n) and that 


the series Σ(α.--- αι.) log ἢ 


is convergent. Then 
1, n—1 
2a,A, = 2 s,Aa,+58, ap. 
1 1 


The last term is of the form 

o(log x) O(1/log n) = o(1), 
and the series 2s,Aa, is absolutely convergent. Hence Xa,A, is conver- 
gent. The conditions imposed on a, are satisfied, if, e.¢., 


1 1 


= Gog )'t®’ log 2 (log log 2)! +9’ 


Hence we obtain, from Theorem 2, a slightly generalised form of Prof. 
Young’s result, viz., 


e A A 
T a ee ners, ee 
ne eres 2 (log 2)1*8’ = log 7 (log log »)'*®’ 


converge almost everywhere. 


It is, however, possible to assert rather more than this. 


A, 


THEOREM 3.—The series Σ 
log γ᾽ 


converges almost everywhere.* 


For 2A, is, by Lebesgue's theorem, summable (C1) almost every- 


where, and therefore A 


log ἡ 


is so also.t 


Now the necessary and sufficient condition that a series >B,, known to 


ae mache ae SE) Sok sh tebe eS aS, ἐν, τὸ ie gees oie “- Ὁ a ee car i 


* Prof. Young had conjectured the truth of this theorem, and, by a curious coincidence, 
a letter of his suggesting it to me reached me just as I had completed my own proof. The 
theorem was also discovered independently by Dr. Marcel Riesz. 

+ The first and second differences of a, = 1/logn are ultimately positive. The summa- 
bility of the second series therefore follows from a theorem proved by Hardy, Proc. London 
Math. Soc., Ser. 2, Vol. 4, pp. 247-265. Much more general forms of this theorem were given 
later by Hardy, Math. Ann., Vol. 64, pp. 77-94 ; and still more general forms, which may be 
regarded as final, by Bromwich, Math. Ann., Vol. 65, pp. 350-369; Hardy, Proc. London 
Math. Soc., Ser. 2, Vol. 6, pp. 255-264, and Vol. 8, pp. 277-294; Bohr, Bidrag til de 
Dirichlet'ske Raekkers Theorie, Copenhagen, 1910. That 2%A,/(log Ὁ) is summable (C1) almost 
everywhere may also be deduced from the fact that itis a Fourier series, since Σ (cos”)/(log ) 
is one: see Young, Proc. London Math. Soc., Ser. 2, Vol. 12, pp. 41-71. 
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be summable (C1), should be convergent, that 
| B,A2B,+...+B, = o(n).* 
Taking B, = A,/(og ἢ), we find 


n Ή, n—1 
3 poe sta Ss pA 
1 1 log» 1 logy  logn 


-- Σ “0(log 0) 0 (τς τς) -+o(n) 


Sp yon) = οὐ: 
] 


Hence 2B,, being almost everywhere summable, and also almost 
everywhere convergent if summable, must be almost everywhere conver- 
gent. It should be observed that the series 


2 log n A; ἘΣ τ 


is divergent, so that our previous reasoning would not apply. 


6. The question naturally arises as to whether the equation 
S, = 0 (log 7) 


of Theorem 2 is the best possible of its kind. I have not proved rigor- 
ously that this is so, but it seems to me very probable. 

Fejert has given an exceedingly simple and ingenious method for the 
construction of trigonometrical series which are the Fourier’s series of 
continuous functions, but which cease to converge for isolated values of z, 
or for an enumerable, everywhere dense, set of values of x. Thus, for 
example, he has constructed a pure cosine series 


Σ An 608 NZ, 
such that the (g,+9.+..-+9,-1+49,)-th partial sum of the series 2a, is 


greater than 1 
ia log $9.4 


Fejér takes g, = 2.2”, and in his example s, is sometimes of order 


* See, e.g., Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 301-320, where the 
analogous condition, which enables us ὕο infer summability (Ck) from summability (C, k+1), 


is given. 
+ Crelle’s Journal, Vol. 188, pp. 22-53 ; avenaies 84. ’ Ecole Normale, Vol. 28, pp. 63-103. 


t L.c. supra, Ὁ. 85. 
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3/(log n). It is easy, by choosing still more rapidly increasing forms of 
g», to replace 3/(log ») by (log η)} δ, or indeed by any function of the form 
o(log 2) : and the same remarks apply to his examples which cease to con- 
verge for values of z which are everywhere dense. Inasmuch as these 
values form a set of measure zero, Fejer’s examples do not prove that the 
equation of Theorem 2 is the best possible; but, at any rate, they suggest 
it very forcibly. | 
Another class of non-convergent Fourier’s series of continuous func- 
tions was defined by Schwarz and du Bois-Reymond, and has been further 
discussed by Prof. Hobson.* The oscillation of these series is of order 
log log 2, and it does not seem possible, at any rate without a much more 


delicate discussion, to modify the functions so as to obtain oscillation οὗ. 


any notably more pronounced type. 


* Theory of Functions of a Real Variable, pp. 701-707 ; see also Proc, London Math. Soc., 
Ser. 2, Vol. 3, pp. 48-61. 


COMMENTS 
The main results of this paper were communicated to the London Mathematical 
Society at its meeting on 13 February 1913. See Proceedings (2), 12 (1913), xxvili— 
ΧΧΙΧ. 
§ 4. The results mentioned at the end of this section do not appear to have been 
published. 
§ 5. The result of Theorem 2 had been proved earlier by Lebesgue. 


§ 6. It has been shown that the result s, = o(logm) is best possible (see e.g. Z I, 
p. 298). 
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ANALYSE MATHEMATIQUE. — Sur la série-de Fourier d'une fonction 
ἃ carré sommable. Note de M. G.-H. Harpy et J.-E. Lirttewoop. 


1. Soit f(z) une fonction de τ, sommable et possédant la période 2m, et 
envisageons une valeur ordinaire x de u, c’est-a-dire une valeur de u pour 
laquelle l’expression 


s=+[fle@+0)+f(e—0)] 


a une valeur déterminée. On sait, d’apres un théoreme connu de M. Fejer, 
que la série de Fourier 


I I : 
τ λον ΣΝ = 5% + 2(a,,cosmu + δι. sinmu), 


de f(w) est sommable pour u = a par les moyennes de Cesaro du premier 
ordre, eta la somme 5. C’est ce que nous pouvons exprimer en écrivant 


lig (S0— 8) + (σι το 8) +++ (Su 8) ς 
t-t+ il 
ou 


T 
$= get A,t+...+A,». 


2. On doit ἃ MM. Lebesgue, Marcel Riesz et Chapman des généralisa- 
tions trés intéressantes du théoréme de M. Fejer. Nous avons trouve, pour 
les fonctions ἃ carré sommable, un résultat d’un caractére un peu différent. 


I. Le carré de f(u) etant sommable, on a, pouru =a, 


- 5) —s)?+... Sn— 5) 
Tig oo ee a) ee ὐ το ae 
a+ 
et 


| so—s|+[s,—s]+...+]5.—-5]| 
n+I 


lim — Ὁ. 


La seconde égalité est un corollaire de la premiére, comme on le voit 


immeédiatement en faisant application de l’inégalité de Schwarz. 
Il est convenable, pour la démonstration de notre théoréme, d’envisager, 


1913, 11 (with J. E. Littlewood) Comptes Rendus, 156, 1307-9. 
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au lieu de s,, l’expression 
| I 
oy = Ag+ A,+-. . tA, iat 5 fim 
Il suffit évidemment de démontrer notre résultat pour 5,; et l’on peut sup- 


poser, sans restreindre la géneéralité, que s = o. Cela étant, on trouve, par 
l’application des formules de Fourier, les relations . 


eT = 
I ΕΝ CERee? 
32S Se f(u-+ ©)-cot—usinnudu, 
πο 2 2 


ad e 
: γι --- »5) 9129 
> S, 7" 515.}} = r(t— r*ysinay 


π 
1 


t 
cos? Ἵ u εἶμ 


ΔΤ ΤΙ ΕΗ 


ol o<r<1. Deladerniére relation on peut déduire qu’a tout nombre ε > 0 
correspond un nombre 6 > 9, tel que | 


| ; I | sin 6 | 
S, 7" sinnG| «: ε RE a Pe 
Σ ‘i = {/ \i-r/ - L— 2r*cos26 + rt} 
1 


w ᾿ Φ φ 9. Φ φ ᾿ ’ i 
pour r—~d0<r<1. Nous intégrons 16 carré de cette inégalité de 9 = ὁ 
ἃ θ = 27 et nous trouvons 7 


(τὰ (1 — ry» 52 r32= 0, 


1, 
eLa fortiori 


Vv, 
lim (1 — Fr), S2 r27— o, 
1 


‘ vt ἘΝ] ᾿ T 
d’ou découle notre théoréme, en supposant r = 1 — -- 


3. M. Lebesgue a démontré que le procedé de M. Feéjer donne pour 
somme f(x).en tous les points ot la fonction 
Le(t) |= [fl e+ ὃ +f(e — t)— af(x)| 
est pour ¢=o la dérivée de son intégrale indéfinie, ce qui a lieu presque 
partout. Nous avons démontré également le théoréme suivant : 
II. Les résultats du théoréme I subsistent, avec 5 = f(x), presque partout. 


4. Il est intéressant de verifier l’exactitude de nos résultats sur les 
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exemples qu’a donnés M. Feéjer, de fonctions continues qui possédent des 
séries de Fourier divergentes. 7 

On pourrail supposer que Jes relations du théoréme I sont des consé- | 
quences immediates de la sommabilité de la série DA,, et dela convergence 
de la serie ΣΑΣ. Mais M. Fekete a démontré, par des exemples, que cela 
n’a nullement lieu. En effet la ‘série 


Σ sin(log 7)? cd Las 


satisfait ἃ ces deux conditions sans vérifier les relations de notre théoreme. 
M. Fekete nous a obligeamment On MONG son analyse intéressante sur 


ce point. 


COMMENTS 


The property Σ |8m—8|2 = 0(n), which is first introduced in this paper, was later known 
m=0 


as strong Ceséro summability of order 1, with index g. For further references see the 
comments on 1927, 3. 


On the Fourier Series of a Bounded Function 
Mr. G. H. Harpy and Mr. J. E. LirrLEwoop. 


Our paper ‘‘Abel’s Theorem and its converse’? contains a statement, 
but no proof, of the following theorem :— 


The Fourier series of a summable function f(x), bounded in the neigh- 
bourhood of the particular value of x considered, is either summable (C, k) 
for ALL positive values of k (however small) or summable for No value of k 
(however large). The necessary and sufficient condition for summability 
is that | 


ἃ [ἢ dt > 8 
(1 gf fea 
when h -» 0; and S is then the sum of the serves. 


As this theorem contains the complete solution of the problem of 
Cesaro summability for the Fourier series of a bounded function, it seems 
worth while to indicate the general lines of a proof. 

We use unpublished generalisations of three known theorems. In the 
first place there is a well known theorem (due to M. Riesz and Chapman) 
that if f(x) is continuous then the series is summable (C, k) for every posi- 


1918, 4 (with J. E. Littlewood) Proceedings of the London Mathematical 
Soctety (2), 17, xili-xv. 
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XIV 
tive k. Substantially the same argument shows that if f(x) is bounded 
then the series is bounded (C, k) for every positive k. 

In the second place, we have proved* that if a series is bounded (C, 7) 
and summable (C, s), where r and s are integers and r < 5, then it is 
summable (C, k) for every integral value of k between r and s. Dr. Riesz 
afterwards proved that this result remains true when the restriction that 
r,s and k are integers is removed. This theorem, and others of a similar 
character, have since been generalised widely by Mr. K. A. Rau, in a 
dissertation which obtained the Smith’s Prize for 1918 in the University 
of Cambridge; but neither Dr. Riesz’s nor Mr. Rau’s work has yet been 
published. 

It is evident that the first part of our theorem follows at once from a 
combination of these results. | 

We have next to show that (1) is necessary and sufficient for summa- 
bility. That it is sufficient follows from a known theorem of Lebesgue,t 
which asserts that (1) implies summability with k= 2. That it is 
necessary may be proved as follows. Fejér has shown{ that, if the series 
is summable (C, 1) to sum S, then 

φ(λ) Δὲ F(x) 

16h4 0 16}3 

. ἈΞ 4)). .4},.-03}}.-6},α]ὴ-- 4Π|,ω--.9})}.} Κι (α-- 41) 
-------------- - --- Θ΄’ 4’, ὦ 
ο 16} 
when ὦ -» 0, F,(z) being the fourth iterated integral of f(x). Taking, as 
we may do without loss of generality, S = 0, we have 


$(h) = 0(h4). 
Also φ΄ (λ) = 64{x(h)—4y($h)}, 
where x(h) = F,(x+4h)—F(x—4h) 


* “Contributions to the arithmetic theory of series”, Proc. London Math. Soc., Ser. 2, 
Vol. 11, pp. 411-478. The particular result referred to is not stated as an explicit theorem 
anywhere in our paper; but it is an immediate deduction from Theorem 3. It is also 
virtually included in Theorem 19. But the latter theorem involves a parameter B which we 
assume to be positive; and here βὶ is zero, so that some restatement of the argument is re- 
quired, 

The work of Dr. Riesz to which we refer is contained in a letter addressed to one of us on 
November 28th, 1912. In this letter Dr. Riesz generalises our Theorem 3; and the theorem 
required here is an immediate deduction from his generalisation. | 

t “Recherches sur la convergence des séries de Fourier’’, Math. Annalen, Vol. 61, 
pp. 251-280 (pp. 278-279). 

1 “Untersuchungen iiber Fourierschen Reihen”’, Math. Annalen, Vol. 58, pp. 51-69 


(p. 69). 


XV 


is the integral of a bounded function. From this it is easily deduced, by 

arguments similar to those of Section II of our paper already referred to, 

that $”(h) = o(h),* and hence that x(k) = 0(h); which completes the 

proof of our theorem. 

a a τ Π͵..-:ς-----ς-ς-ς.-͵-ς-- --09Θ956ὕ.ὲ0.Ὀὡ. τττ-.-ος------ς------------- 
* This is the third ‘‘unpublished generalisation” to which we referred above. For 

generalisations of some of the older theorems in this direction see Landau, ‘‘Einige Un- 


gleichungen fiir zweimal differentiierbare Funktionen’, Proc. London Math. Soc., Ser. 2, 
Vol. 13, pp. 43-49. 


COMMENTS 


A better proof of the result of this paper is given in 1924, 1 (Theorem Cl). The result 
is included in Theorem A of 1926, 10. 
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Solution of the Cesaro summability problem for 
power-series and Fourier series. 


_ By 
G. H. Hardy in Oxford and J. E. Littlewood in Cambridge. 


ee .- 


1. Introduction. 


1.1. In this memoir we solve a problem which has apparently not 
been stated in quite the same form before. The nature of the problem 
is most easily explained in terms of Fourier series. 

The “convergence problem” for Fourier series is still unsolved. 
If f(t) is integrable (Z)1) in (— 2,2), and't=2z is a point of the in- 
terval, there is no simple property of f(t) which is known to be both 
necessary and sufficient for the convergence of its Fourier series when 
$==-2. There are simple sufficient conditions, but these are known ποῦ. 
to be necessary; and the necessary conditions are known not to be sufficient. 

The same gap appears when we consider the summability of the 
series by an assigned Cesiro mean, for example its summability (C, 1). 
This problem is, as Fejér has shown, in some ways more fundamental 
than that of convergence, and it also is unsolved. Thus continuity of the 
function is sufficient for summability (C,1) of the series, but it is by 
no means necessary. | 

The question which we raise here is different. We ask, not when the 
series is summable by some particular mean, but when it is summable 
by some mean or another, ¢. 6. when it is summable (C). And the justi- 
fication for insistence on this particular question is that it happens to 
admit a quite simple and complete solution, not only for Fourier series 
but for power-series 88. well. That this should be so is not altogether 
surprising. The reader who is familiar with the work of H. Bohr and 


*) Integrable in the sense of Lebesgue, i.e. “summable”. The latter word 


would be very embarrassing in this memoir. We might say “integrable” simply; but 


we shall have occasion later to use the word in a slightly extended sense. 


1924, 1 (with J. E. Littlewood) Mathematische Zerischrift, 19, 67-96. 
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M. Riesz will remember that there is a similar phenomenon in the theory 
of Dirichlet’s series. The “convergence problem” for a Dirichlet’s series 
Sa,n-*, the problem of determining the abscissa of convergence of the 
series in terms of the properties of the analytic function f(s) associated 
with the series, is unsolved. So is the problem of determining the various 
abscissae of summability; but the limit of these abscissae, the number A 
such that the series is summable when o > A,*) and not when o < A, 
can be defined in the manner required: it is the least number 4 for which 
f(s) is regular, and of finite order in t, when o2A-+e>A. 8) 


1.2. In § 2 we prove a general arithmetic theorem (a theorem in 


the pure theory of infinite series) on which all our subsequent reasoning 
depends. The statement of this theorem (Theorem A) requires a few 
words of preface. We take our series in the form 


A= 24,= Mya, + ay το 


and use A either for the series or for its sum (when it is summable ). 
We write | ὃν 


Ag = Ag = dy αν 4-... δι; 41 -- 45-...-Ὲ 44, ἡ ἘΞΑ λον, 
wn a corresponding notation in other letters. If C,—=1, so that 


Or -- Cy GaSe (m+1) _ Pin+r+1) — 
ΕΙΣ ~ Pint) (r4l)’ 
and 
Av rs CLA; 


the series is said to be summable (C, 7) to sum A; and in these circum- 
stances we write 


»a,=A (O,r). 


Summability (C,0) is the same thing as convergence; and A is said to 
be summable (C, —1) if it is convergent and na,—>0.*) We are not, 
except in two subsidiary theorems, eonorrnee with non-integral orders of 
summability. Ὁ 


8 δ: σ- τ. 
8) See, for example, α. Η. Hardy and M. Riesz: The general theory of 
Dirichlet’s series, Camb. Math. Tracts 18 (1915), p. 56. 
_ *) This definition of summability (C,—1) has been used by W. H. Young: 
On the convergence of the derived series of Fourier series, Proc. London Math. 


Soc. (2), 17 (1916), pp. 195—236 (209-210). There is another memoir of Young 


[On the convergence of a Fourier series and its allied series, Proc. London Math. 
Soc. (2), 10 (1911), pp. 254-- 272] which contains a number of ideas which we have 
found of great value in this investigation, in particular the idea of a connection be- 
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We say that 
| u,—>u (Cyr) 

if the series whose n-th partial sum is wu, is summable (C,r) to sum u. 

Thus A is summable (C,1r) if, and only if, A,—A (C,r). 

We assume certain elementary properties of summable series which 
are recapitulated in § 2. 4; all are direct consequences of the definitions. 
An excellent account of the general theory, for both integral and non-inte- 
gral orders of summability, may be found in a dissertation by Andersen Ἢ; 

Theorem A. The necessary and sufficient condition that Α. -- Σ a,, 
should be summable (C, r) is that there should be a system of numbers 


(1.21) a,, (8=0,1,2,...,r+1; n=0,1,2,...) 

such that | 

(1. 22) | a, 0 -- An» Qn, e-1 (n Ἴ 1) (a, , Ὁ An+1. 5) (s ae 0), 

and A..,=2 Oy κα , 8 summable (C,—1). In these circumstances 
TB, 9 

(1.23) a, = >) > (C,r—s) 


for s=1,2,...,r+1; the series A, is summable (C,r—s); and. the 
sums of all the series are the same. | 

There are a number of variants of this theorem, sometimes more 
useful than the theorem itself. Before passing on to our main problems, 
we indicate some of these variants and of their applications. 

In § 3 we apply Theorem A to power-series, and prove 

Theorem B. The necessary and sufficient conditions that.A should 


be summable (C) are that (1) the function 


(1. 24) | f(a) = 2a,a" 
should be regular and of finite order in the unit circle, 4. ὁ. that 
(1.241) | f(#)| << Κα -- [«)ΠὉ (lz <1), 


tween the summability (C,r) of the Fourier Beries of a function φ (t) and the 


summability (C,r—1) of that of 
| ἔ 


νι) [ e(waw, 

| | 0 , 

Young does not, so far as we know, prove any of the theorems which we prove 

here, but it was from an examination of his work that our researches originated. 
5 A. F. Andersen, Studier over Cesaros Summabilitetsmetode (Copenhagen 

1921). Ἶ 
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where the K’s are independent of x; (2) there should be a number k 
such that af 


1 . 1 
(1.25) κ(ο)-- τς [τοῦ 4α,,. πα)-- χἧς [πίαρ άπ, ..., 


z 


then 
(1. 26) f.(2) +A 
when x—>1 in any manner from within the circle. 

The integrals which appear in the formulae (1.25) may be taken 2n- 
differently along the straight line (x, 1) or the broken line (x, 0), (0,1); 
and are to be regarded as elementary generalised integrals of the type 

g 
lim f ; 
Ela 
where &-+1 along whichever path of integration is chosen. 

Theorem Bl. If f(x) ts bounded in the circle, then A is either 
summable by every Cesaro mean of positive order, or summable by no 
Cesdro mean of any order. The necessary and sufficient condition that 
at should be summable is that ἡ, (χ) -- 4, when x—>1 tm any manner 
from within the circle. 

In § 4 we consider Fourier series. Using one of the trivial variants 
of Theorem A, we prove | 

Theorem C. The necessary and sufficient condition that the Fourter 
sertes of an integrable function f(t) should be summable (6), to sum A, 
for t= 2, ts that there should be a number k such that, ἐΐ 


(1.271) y(t) = f(e+t)+f(e—t)— 24, 


t t 
a 1 1 
(1.272) φ,(]) =f o(t,)at, φε ([) = 1 fo, (t,)dt, 
0 υ 

then 
(1. 28) y,(t) + 0 
when t + 0. 

It will appear later that this theorem has a dual interpretation; that 


the word ‘integrable’ in the enunciation may be interpreted either as — 


meaning “integrable (Z)” or in a slightly more general sense; and that 
there is a similar ambiguity in regard to the integrals (1.272). 

' We may express our condition more concisely by saying that it is 
necessary and sufficient that q(t) should be continuous in mean for t = 0. 


We prove Theorem C first on the assumption that the square of f(¢) is 
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summable, when the proof is simple. The general proof depends on more 
delicate considerations, and is decidedly more difficult than anything else 
in the memoir. 

Finally we prove 


Theorem ΟἹ. Tf f(t) ἐδ bounded in an interval including t = x, 
then the Fourier series of f(t), for t= x, ts either summable by every 
Cesaro mean of positive order, or summable by no Cesdro mean of any 
order. The necessary and sufficient condition that it should be summable 


ts that p,(t)—+ 0 when t— 0. 


This last theorem we enunciated without proof in a former memoir a) 

We must express our thanks to Mr. A. E. Ingham of Trinity College, 
Cambridge, for a number of valuable suggestions. We owe to him in 
particular the proof that it is indifferent, in Theorem B, which form of 
the definitions of the functions f,(a2) 1s adopted, and the precise form of 
the functions y,(¢) used in the proof of Theorem Ο ὦ 

We must also add a few words concerning the relation of our arith- 
metic theorem A to certain theorems of Knopp: for a fuller statement 
we may refer to Herr Knopp’s note which follows this memoir. Knopp’s 
theorem of 19175*), with 4= 1, is equivalent to Theorem A when r ~1, 
and is, we believe, the first theorem of this particular character. The 
generalisations which he has made of it are different in form, but are 
naturally equivalent in substance to our general theorem. The applications 
of this theorem which we make here show very clearly that theorems of 
this type are more important than might have been anticipated. 


2. Proof of Theorem A. 
2.1. Lemma 1. 7} 


(2. 11) . a, = (n = 1) (ὃ, an b+) 
then | 
(2.12) An==(r+1)Br—(m+1) Buy (r > 0). 


if r=0, Bri ts to be enterpreted as meaning ὃ,..... 


_*) G. H. Hardy and J. E. Littlewood, Abel’s Theorem and its converse, 
Proc. London Math. Soc. (2), 18 (1918), pp. 205—235 (p. 235, Theorem Z). We had 
already published a sketch of a proof, inferior to our present one: see “On the 
Fourier series of a bounded function”, Proc. London Math. Soc. (2), 17 (Records of 
proceedings at meetings, 6. Dec. 1917). 

δ) Κα. Knopp, Uber die Oszillationen einfach unbestimmter Reihen, Sitzungs- 
berichte ἃ. Berliner Math. Gesellschaft 16 (1917), S.45—50. Later Hardy [A theorem 
concerning summable series, Proc. Camb. Phil. Soc. 20 (1920), pp. 8304—307] ie 
a theorem, concerning the case r= 1, 4=1, identical with Knopp’s. 
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We can verify the result at once when r=0,1. Assuming it true 
for r= 8, we have | 


8--1 


421" = (-[[1)(Β4-. Β' -.-. -Ὁ ΒΡ) -- ΒΓ" -- 282 "--οςς τοίη +1) Basi 
= (6. -ἰ 3) Ba —(n-+1) Bast, 
and the conclusion is established by induction. 
Lemma 2. Jf B is summable (C,r—1) then A ts summable (C, 1), 
and A=B. 
If r= 0, the result follows at once from (2.12), which may then 


be written 
A, = B,— (n+1)6,44. 
If r > 0, we have 


Bria = CntiB + ο(ηγ 1), 
and therefore, by summation 
Bi =C,B a o(n'). 
Hence, by (2. 12), 
A = ((r + 1) Of — (n+ 1) OF) B+ o(n") = CLB + ofn". 

2.2. Lemma 8. If A ts summable (C,1), then 
(2. 21) By =hOn tc, A+ o(n'-), 
where h ts a constant. When r—0O, the right hand side ts to be inter- 
preted as meaning 

ν16(}). 


We may suppose without loss of generality that A = 0. 1 r=0, 
(π -- 2)B,, δ (n = 1) Biss ee B,, ~~ (n ae 1) B44 eo A,, τὶ o(1), 
Be Bray A οἵ 1 ). 


ΠῚ με (n+2)(n+1)— \nt 


a 


Hence there is a constant ἢ such that 


B, 1 
api = h+o(5), 
Be. «= 1 Le 
wii gg to(z)=h+0(5), 
which is (2.21). If r>0, | 
(2. 22) (n+ r+ 2)88 -- (πα - 1) Basi 


- (γ -᾿ 1) By —(n+1) Bayi= 43. τ ο(η"). 


*) If we decrease ὃ, by A we do the same to dy and leave the other a’s un- 
altered, and 47, ΒΓ Ὶ are each decreased by Ci? A. 
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If we write 


(2.23) Bl=(n+r+1)(n+r)...(n+l)q,, 


substitute in (2.22), and reduce, we obtain 


(2.24) (n+r+2)(n+r+1)...(n+1)(o, -- Pu +1) = An = 0(n"). 


{1 
(2. 25 ) φ, ~ Py. = 9(.}). 
Hence », tends to a limit » and | 


(2.26) Pr —0+ Sosriy. ( +1) i ars Se (=e + ο(1), 


(2. 27) Bh=(n+r+1)(n+r)...(n+ ‘tia kphale 
Substituting in (2.22), and dividing by n+ 1, we obtain 


(2. 28) | Bayi = hCnsr + 0(n'-), 
where | 
(2. 281) h=(r+1)!9; 


and this is (2.21) with A=0 and n-+ 1 in place of n. 

2.3. Lemma 4. The necessary and sufficient condition that A should 
be summable (C,r) is that (2.11) should havea solution b, such that B 
ws summable (C,r — 1). 

The condition is sufficient, by Lemma 2. To prove it necessar Yy, 
take 4 -- , and suppose that 6, is any solution of (2.11). All other 
solutions are of the form b, = ὃ, —5, where ἢ is a constant. If we take 
h =h, we have 

SB. = Br —hO,=o(n"-1), 
by (2. 21), so that 8 is summable (C,7r — 1) to sum 0. 
It is evident that only one 6, can satisfy the conditions. 
Lemma 5. If A is summable (Ὁ, τ) then. 


, Ἵ an 
(2.31) A= Σ᾽ 
18 summable (C,r —1), and 
An 
(2. 32) A’=(r+1)! Sin rr ae 


the latter series being absolutely convergent. And tf 


(2. 88) | b= St (C,r—1), 


n 


then B tis summable (C,r — 1), and B= A. 
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It follows from Lemma 4 that there is ἃ solution of (2.11) such 
that B is summable (C, r — 1). But,then Σ (0, — b,,,) is also summable 
(C,r—1), to sum θ0» 7.e. A’ is summable (C,r — 1) to sum by. 

Hence 6, exists, and it is plainly a solution of (2.11), so that 
b,=56, +5, ‘where ἢ is a constant. But b,-+0(C,r—1), from its de- 
finition; and b, --»Ὁ (6, τ --- 1), because 8 is summable (Οὐ, τ — 1). Hence 
h=0, b -- Ὁ, and B is summable (C,r— 1). 

Finally, the h and gm of Lemma 3 are now zero, and 


n? 


: AL 
A = ὃ, = Bo=(r+1)! = (γ - 1)! See “(mn F1)? 
by (2.26). This last result is of course well known. ὃ) 
Lemma 5 shows that the particular solution of (2.11), referred to 
in Lemma 4, is given by (2.33). This is what is required for our im- 
mediate purpose; but we insert two additional lemmas for the sake of 
completeness. 


Lemina 6. If A’ ts summable to, r—1), b, ts defined by (2.33), 
and B is summable (Ὁ, τ -- 1), then A tis summable (C, τ). 


Lemma 7. The necessary and sufficient condition that A should 
be summable (C,r) is that, if b, ts defined by (2.33), B should be 
summable (C,r —1), 


x 


Lemma 6 is a corollary of Lemma 2, since 6, satisfies (2. 11), and 
Lemma 7 results from the combination of Lemmas 5 and 6. 


2.4. The preceding lemmas contain the proof of Theorem A. Suppose 
first that A.,, is summable (C, —1). Applying Lemma 2 repeatedly, 
we see that A, is summable (C,r—s) for s=r,r—1,...,0. Simi- 
larly, if A is summable (C,1r), we see, by applying Lemna 4 repea- 
tedly, that numbers a, , exist. such that A, is summable (C, r— 8) for 
s=1,2,...,r7-+1. Finally it follows, from Lemma 5, that these numbers 
are connected by (1.23). 


It is instructive to recapitulate the properties of summable series 


which we have assumed in the preceding argument. We have assumed 
only that, if A is summable (C,7r), then 


(1) a,—-0 (C,7r), 
(2) @,+y4,7---=A—A,_,—-0 (0,7), 
(5) ον, ᾿ (C, r); 


8 H. Bohr, Sur la série de Dirichlet, Comptes Rendus, 11 Jan. 1909; M. Riesz, 
Sur les séries de Dirichlet, ibid.,. 15 July 1909. © See also Bohr’s dissertation “Bidrag 
til de Dirichlet’ske Raekkers Theori’’ (Copenhagen, 1910). 
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(4) a change in one term of A will affect its sum in the obvious 
manner, 
(5) the addition of a constant (other than 0) to each of its terms 
will destroy its summability. | 
All these properties are quite trivial deductions from the. definitions, 
2.5. We have proved Theorem A in the form most convenient for 
applications to power-sertes. For Fourier series, a slightly different form 
is preferable. 


Theorem ΑἹ. ΠΝ δ δῆ A remains true if (1.22) ts replaced by 
a ,=%=—0, a, 9 =a, (n> 0), 
a 1 = (Gd, ~— On41, 4) (n>0, 81» 0), 


n,s 


and (1.23) by 


(2. 52) Gy = D>) tt? (Cy r—-8). 


This amounts to little more than a restatement of Theorem A in a 
slightly different notation. If, in (2.51), we write c,—,, for a, ,, then 
A, 18 replaced by 


m,3? 


ee eee | 
and the relations between the «’s are those of Theorem A. Hence Theorem A 1 
is a corollary of Theorem A; but we must add a sixth to the propo- 
sitions (1) --- (5) of ὃ 2.4, viz. 
(Ὁ) the summability and sum of the series are not affected L by in- 
serting or deleting a zero term at the beginning. 
2.6. Theorem A provides a very powerful weapon in the general 
cane of summable series, and the following examples of its application 
to the proof of known theorems are perhaps worthy of ‘notice. 


(1) If A zs summable (C,r), and na,—-0, then A is convergent. 


For : 
| a, = 1 1 
4... 
and similarly ας, τ ὁ ( =) for every s. Hence A, is summable (C, ~1), 


and therefore A is παν. (C,r—1). Repeating the argument r times, 
A is convergent (and so, naturally, summable (C, — 1). 


(2) If A ts summable (C,r), and 
t, =a, τ 2a,+...+ na, =o(n), 


then A ts convergent. 
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For 


eee t, | n—-1 | ty 
byes ~ Sittaa Data ahi ατῖππ: 
Making N— oo, we obtain 


1=22 στογζξην- atts = So(5, 7) + o(=) -- ο(1). 


Hence A, is summable (C, — 1), by (1); and therefore A is convergent. 
(3) If A ts summable (C,1r), and 


Sn? a, P+ (p20) 


7s convergent, then A 7s convergent. 
The conclusion is trivial if p=0. If » > 0, we have 


ὩΣ a, = -3»τι ae, 
a4= 2 ot Σίο τ rete eee 1)>*a, 
n ᾿ n 


4 x - 225 Ρ 1 ‘ pti, Dp 1) 
== (3 ΩΣ (Sela ava}pe = o((n" p Φ )Pti}o(1) = 0(2) 
Hence A, is summable (C,— 1), and therefore A is convergent. 

(4) If A is summable (C,7), and a, > — ᾿ , where K is a constant, 
we can prove, asin (1) above, that a, ,, @, 4, ... satisfy the same con- 
dition as a,. We thus reduce the proof of the theorem “ A cs summable 
(C,r), and a, > — =, then A is convergent” to its proof in the special 


case when r—1. Of this a considerable number of proofs have been 
given: it does not seem to be possible to simplify them materially by 
use of Theorem A.**) 

(5) There are theorems similar to Theorem A (and its attendant 
lemmas) but concerned with summation by Hélder’s means. These 
theorems are of interest because, when combined: with Theorem A, they 
lead to a new proof of the equivalence of the two methods of summation. 


Write 
0 1 9 + 2 
Y=4, aA,=— a ee i “, = οτος “ys 


Then A is - summable (H,r) if U,—+ A. If we suppose that 
(2.61) . ἄρ Ξε, δ. ΞΞ0, Q,44= n(b, — 6,41) (n= 0), 


88) See however the following note of Herr Knopp. 
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we find without difficulty that®) ᾿ 

(2. 62) %=Be—nb,, A= 287 -— Br? (r>1). 
Following the lines of §§ 2.1—2.3, we prove that the necessary and suf- 
fectent condition that A should be summable (H,1r) is that there should 
be a solution ὃ, of (2.61) such that B is summable (H,r — 1), and that 
this solution 1s given by 

(2. 63) | 5=0, b= πε τὰς 1 Gants ++. (A, r—1), n>0). 


" ΓΚ ἜΝ] 


The equivalence theorem follows from a combination of this propo- 
sition with Lemma 7. Let us suppose that the theorem is true for means 
of order r. Then 
(2. 64) ἀρ --- ας Ag A+... = A — (r+) 
15. equivalent to 

0--0--a,+a4,+...=A—a,—a, (H,r-+1), 
and therefore to 
0--6,+ 6,+6,--...=A-—a,—a, . (H,r), 
where. 


. ἄμ 1 Ania ἢ 
πὸ τ (He) 


for 1 > 0. In the last two equations, H may be replaced by C. If now 
we write 


Bn = An—e (n> 1), by, = 5... (n> 0), 
we have 
ἢ ἢ 
-- δκ , ΟΡ ΤῚ Ὁ Ὶ 
ire ee πὸ: i eee (C, r). 


Thus (2.64) is equivalent +o 


by +b, +b, +03-+...=A~—a,—a, (C,r), 
and therefore to | | 

ay +a, +a; +a; -+...=A—a@ —a, (C,r+1), 
or to. : | | 


(2. 65) ay-+a,+a,+a,t+...—=A (C,r-+1). 
The equivalence theorem is thus established by induction. 7 
3. Proof of Theorem B. 


3.1. We consider now the power-series (1.24). We may obviously 
suppose that the unit circle is the circle of convergence, the theorem being 
otherwise trivial. — | 


99). Equations equivalent to these are given by Young in the second memoir 
quoted in 2. 
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The condition (1.241) is equivalent to 
(3. 11) n= O(nk) 
for some K. For if a, = O(n#) then 
ft (2) = O(YnF|z\*) =O — [als 
and if f(x) O(1—|a|)~™ then 
a= 5] ide = O(n), 


on integrating round the circle | a| =: 1— Σ 


3.2. (1) We prove first that the conditions are necessary; and this 
is obvious so far as (3.11), or (1.241), is concerned. 


Suppose that A is summable (C,7r), and that A,,... are defined as 
in Theorem A. If |x| <1, we have 


an | : ᾿ TA 
> {1} antl = > (Qn1 a An+1,1)-artt = Qo,1 — (1 >a x)», α,, τ, 
and therefore 


(3.21) φ, (4) = δα, 1, = ἘΞ (αν: - δι; Ἐς :- 51) 


1 
ΒΕ Ύ (6, τ --ἴ), 
Ay 


since —*“— 18 summable (C,r—1). But 


' 
— 


(3. 22) > aT ( -- att) = lim U2 eat a (ξ 5 .--Ἔ ὍΝ 


= lim ine )dx, = file) )dz,, 


the path of integration being either ᾿ those contemplated in the enun- 
ciation of Theorem B, and & tending to 1 along it?®). 


From a 21) and (3.22) we deduce 


(3. 23) V1 () = δ᾽ α,..." -- ΠΗ (z,)dx,= ἢ, (4). 
Similarly 
(3.24) Zant" =f, (2). 


10) When A is summable, f(x) is continuous in any domain interior to the circle 
and bounded near 1 by two chords of the circle, and Cauchy’s Theorem is valid for 
the triangle (x, 0,1). It is therefore indifferent in which way ἢ, (2), or any of the 
succeeding functions, is defined. In the second half of the proof, where we have to 
prove our condition sufficient, this point will demand more careful consideration. 
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Take now s=r-+1. Then A_,, is summable (C, —1), to sum 4, and 
therefore, by a known theorem, : 


are (x) ri A 


when x-—+1 In any manner from within the circle. | 
The theorem which we use here is this: 7f A= 2a, is convergent, 


and a, = (ΠῚ np then 


1 be ae - ἢ 
(8.25). γι ξ  τὶ (ι-- ἀκα) ἧς { Maye dx, 


1 Ἴ 
7: 
= οὖς | eda, — 4, 
ῳ 


when α --« 1. We insert a proof of this theorem, since it has not been 
published, in its ee form, ae 


forms of F(x) in (8. 25 are bape Next 


(3. 26) F(x) = —— Di=F.+F, 
ΣΝ 
where 
a oe 
— si “tal 
But 
L—2"=(n+1)(1—2)+ Ο(αἾ 1 -- 2!°), 


and therefore 


(3. 27) F,= 3/a,+0(\1—2|3/0(1)) 
n=iN n=N 
=A+o0(1)+o0(N\1—2|)=A+0(1); 
while 


(3.28) F.=0 ot Se o(4)) =0 (yy ee)) =o (2): 


From (3.26) — (3.28) we deduce (3.25). The conditions of Theorem B 
are therefore necessary. 
3.3. (2) It remains to prove that the conditions are sufficient. 


11) The οὐδονσια was first stated, but without proof, in our memoir ‘“Contri- 
butions to the arithmetic theory of series”, Proc. London Math. Soc. (2), 11 (1912), 
pp. 411—478 (478, Theorem 50). The proof of the correlative ‘“Tauberian” theorem is 
given there, and also in Landau’s Darstellung und Begriindung einiger neuerer Er- 


gebnisse der Funktionentheorie (1916), pp. 43—45. In our later memoir referred to 


in ὅδ, the theorem appears as a special case of a more difficult theorem. 
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We must consider first the question of the equivalence of the two 
definitions of the functions Κ, (4). If f, (a) is defined by the broken line, 
then plainly 


(ia eee SS yy ae πο fine )dx — F(x), 


say, the existence of the integral, as lim Ἴ being implied in our definition; 


and it is evident that f, (x) 18 regular os a} <1. But if ἢ (4) 1s de- 
fined by the line (z, 1), it is not evident that f, (2) is an analytic func- 
tion, and in fact. this is not true without some restriction. 

The existence of f,(x), for every x, means that f(é) tends to a 
limit £ when §-—+1 along any chord of the circle, in which case 

(1— a) f, (7) = L — f(a). 

Here L is prima facie a function (not generally analytic) of x, so that 
f, is not necessarily analytic. It is sufficient, for f, to be analytic, that L 
should be independent of 2; and this is true, but only in virtue of the 
condition that a, = O(n*). Consider a region D, interior to the circle, 
and bounded near 1 by two chords of the circle; let L, and L, be the 
values of L corresponding to the two chords bounding D; and let D’ be 
a eae smaller region of the same type, interior to D. Then 
f(a) =O( 1~a,~*) in D, and f=L,+0(1), f=L,-+0(1) on the 
two ne ‘of D: from which it follows, by well known theorems of 
Phragmén, Lindeléf, and Montel**), that L, = L, and that f — L, uni- 
formly in D’. Hence L is independent of x, and f, is analytic. We 
can now apply Cauchy’s Theorem to the triangle (z, 0, 1), and it appears 
that the two definitions of f, are equivalent. It is plain, moreover, that 
the same argument can be applied to the succeding functions f,, f,,.... 

Returning to our main argument, we observe first that it is enough 
to prove that ἐΐ (3.11) ¢s satisfied, and f(x) — A, then A is summable. 
For suppose that this is established, and that what we are actually given 


is that 
Then the functions f,(x) are regular for |z| <1, so that 
A ea ae as 


15) Εἰ Phragmén and E. Lindeléf, Sur une extension d’un principe classique 
de VYanalyse, Acta Mathematica 31 (1908), pp. 381—406; E. Lindeléf, Sur un 
principe général de l’analyse, Acta Societatis Fennicae 46, no. 4 (1915), pp. 1—85 (7); 
P. Montel, Sur les familles de fonctions analytiques qui admettent des valeurs excep- 
Series dans un domaine, Annales scientifiques de Ecole Normale Supérieure (3), 

(1912), pp. 487-535 (519). See also p. 218 of our memoir referred to in 5). 
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say, for [4 “1. Also 


[.- (4) = — © (α -- 2) f,(2)), 


- from which it follows that the numbers ns are related in the manner 


prescribed in Theorem A. But A, is summable, and therefore A is sum- 
mable, by Theorem A. 

We may suppose then, without loss of generality, that f(2)—> A; 
and we may also suppose that A= 0, so that f(.x)=o0(1). This being 
so, we write 


: 1 1 
(8.81) Fy(w)=Jf(a)da,, Fy(z)=J Fyiajdx,... 


the integrals being now rectilinear; and plainly we have 
| 8. 32) Τὶ (x) = 0()1— 21") 


for every h. Further, if [Ζ «1, we have 
+ ἢ Ὁ! an | er 

F, (x)=C— Dae pe ᾿ Ff, (xj=—-Cx+ D+) (n+2)(n=1)" a 
and generally 

Se 7 a ‘ eo 
(3. 33) F,, (@) = Pai (#) + (-- ΠΣ (n--h) τ᾿ (n+1) ae 

where P,_1(z) is a polynomial of degree h—1. If h is large enough 
(e.g. if ἢ = K+ 2) then the series is absolutely and uniformly convergent 
for [4 <1, and 


(3. 84) F(x) =O(1) (/2] <1), 
Suppose that 

(3. 35) | r=hti1=K-+3. 

Then 

f(e) da 

(3. 36) cr > area ire δ x n+i? 


the contour of integration being the circle ia! = i - Integrating h 
times by parts, we find 


A ] d \h 1 
(3.361) ae τ τοὶ, ΤΟ. (ze) ΠῚ rere qx) am 
If we develop the right hand side by Leibniz’ Theorem, we obtain 
Af 
(3. 862) | = DS Iau 
GC Atuxh 
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where 
(3.363) ,,=O(n"~")f F,(x)( (A 2) oe TF de. 


the constants of the O’s depending only on X. 

We divide the contour of integration into two parts, C, ( for which 
jargz|< δ), and C,, and J,,,, into two arene parts Tu,1 and 
T,.,2, 80 that 


(3. 364 ) Lia = hee + ΣΝ 
Given e > Ὁ we can, by (8.82), choose ὃ so that 
|B,(z)|<e|1—2|" 
on O,. Also |x/~*"-*"“ = O(1) on Q,. We have therefore 
ὃ 


δ τ δ᾽ τῆνος το Ὁ 


(- -2ρ 608θ + ΜΕΝ 


where oe 1 ~~ and H rae only on K, so that 


Ὁ 


(8. 37) μα} < Hen" rf 


0 


ae 
@ 1 46 Lal -h) 
η3 


< Hent-*.ntt*-* < Hen t#-' — He. 
When ὃ has been fixed we have, on C,, 
Fj(z)=O(1), ‘1—x2/7°=O(1), «Ὁ 5-- 0(1), 
and therefore | | | 
| (3. 38) | - Tone = O(n#-7)= 0(1), | 
since uw <h<r. Finally, from (3.362), (3.364), (3.87) and (3.38) 


we derive 


LAtu=h 


a | ΟΣ (He + 0(1))| < He-+0(1) < He, 


if n is sufficiently large. Hence A is summable (C,r) to sum 0. | This 
completes the proof of Theorem B. 


Proof of Theorem B1. 


8.4. An interesting particular case is that in which f(x) is bounded 
in the unit circle. In this case it is essential to take account of non- 
integral orders of summability, and we shall assume a good deal more 
of the general theory than has been necessary hitherto. 
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Theorem B1 is the analogue for power-series of a theorem for 
Fourier series stated without proof!?*) in our memoir referred to in °). 
The first part of it is not new, beg contained in Andersen’s disser- 
tation**), Andersen, however, gives a different necessary and sufficient 
condition for summability, viz. that f(a)» A when 2 --" 1 by real values. 
In this case the necessity of the condition is trivial, though not its 
sufficiency. 

3.5. We require two additional lemmas. 


Lemma 8. If f(x) ts bounded and f.(x)—+ A when x—+1 by real 


values, then Κ (4) --- A for s=1, 2,..., 7.4) 


We may suppose, without, loss of generality, that f (a2) is real and 
A-=-0. If we write x=1—y, f(x) =g(y), so that y+ 0, we have 


σι (ψ) = rf (y,)dy,, 9.(¥y)= £ foo )dy,, ..., 9,(y) =0(1). 


It is enough to prove the lemma when r= 2. For suppose it proved 
in this case. Then all of the functions g,(y) are bounded, so that 
g,-. =O(1), g.=0(1), and therefore g,_,-0(1). Repeating the ar- 
gument, we obtain the lemma in its general form. 

Supposing then r = 2, we have 


fo, (ψ.) ἅψ, = ψσε (7) = Oy); 


and so, if 6 is fixed and 0 <6 <1, 
ytoy 


J an(vs) au, =o(y), 


ne dy9, (y+ Ody) = o(y), 


where 0<@<1. But 


σι (y -Εθὸψ) -- σε (Ψ) = Ody σείψ + 06, by), 
where 0 < 0,.< 1, and 


so that 
we 9,(y+06y) =g9,(y)+60(1). 


196) Theorem Z, p. 235. 

138) A. F, Andersen, l.c., p. 93 (Saetning X). The same theorem was stated 
to us by O. Szdsz in a letter dated 28 Oct. 1919. | 

14) There is of course nothing éssentially new in this lemma, which belongs to 
a class which we have used repeatedly before; but it is not actually included in any 
previous theorem that we can quote. 


84 G. H. Hardy and J. E. Littlewood. 


Hence, by (3.51), 
(3. 52) σι 3) = 80(1) +5 0(1). 


From (3.52) it follows (by choice first of ὃ and then of y) that g, (y)—> 0, 
which proves the lemma. 

Lemma 9. If f(x) is bounded for |x|<1, and f,(x)—-A when 
5--Κ] in any manner from within the circle, then f,(x)—A for 
gx 1, 2,...,7 

Write 
χ ΞΞ 1 - ψοῖν (0<y<1, —ja<9<5 n), 


Γ(5) -- [(1 -- ye") -- σίψ, vp) + thy, 9), 

f, (x) =9i(¥,P) +7h,(y, φῚ, 
and so on, g,,9,,---, for example, being formed from g as in the proof 
of Lemma 8. All the g’s are bounded in the two variables y, φ; and 
g,==0(1), uniformly in g. Repeating with these glosses the arguments 
used before, we find that g, = 0(1) et in φ. Similarly ἢ, = 0(1), 
which proves the lemma. | 

3.6. It is now easy to prove Theorem B1. In the first place, 

every Cesaro mean of A, of positive order, is bounded’). Hence*®), if A 


'- is summable by any mean, it is summable by every m mean of positive order. 


This proves the first part of the theorem. 


If f, (a)—+ A, A is summable, by Theorem B, and therefore ΠΣ 
(C, δ) for every positive 6. The condition is therefore sufficient. Τί, on 
the other hand, A is summable, f.(2)—+A, for some r, by Theorem B; 
and therefore ἡ, (5) -- A, by Lemma 9. The condition is therefore necessary. 


The conditions of Theorem B1 are unnecessarily narrow. It should 
be enough to suppose (i) that f(a) is bounded in an angle ‘argr| <6 
and (ii) that 


2x 
J \f (|x| et) 40 
is bounded*’); but we have not worked out a detailed proof. 


15) HK. Landau, Abschitzung der Koeffizientensumme einer Potenzreihe (III), 
Archiv der Math. u. Physik (3), 21 (1916), pp. 250—260, and Darstellung u.s. w., 
pp. 17-19; A. F. Andersen, 1. c., pp. 91—93 (Saetning IX). 

16) A. Εν, Andersen, 1. c., pp. 56—59 (Saetning VII). A less complete theorem 
was proved by Doetsch (G. Doetsch, Uber die Cesarosche Summabilitét bei Reihen 
und eine Erweiterung des Grenzwertbegriffs bei integrablen Funktionen, Math. 
Zeitschrift 11 (1921), 161—179.) 

17) Compare Theorem C 1 (§ 4). 
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4. Proof of Theorem C. 


4.1. We proceed, taking now Theorem A1 as our basis, to discuss 
the summability of the Fourier series, for = 2, of a periodic and inte- 
grable function f(t). It is convenient to make certain preliminary sim- 
plifications. 

The Fourier series of f(t) for t= <2 is, save for the constant term 
and a factor i, that of w(t) for t= 0. We may therefore confine our 
attention to even functions, and to the special value t= 0; and we may 
suppose that 40. We may also suppose that a,—0, so that 


(4.11) p(t) ~a, cost + a,cos2t-+-.... 


We shall find it convenient to introduce the auxiliary functions 
t 
1 1 Π ok 
(4.12) y= m=: Y= Ὁ cot δ᾽ ac (t,)dt, + γι sin* τ l, 


0 
t 


1 ena 
Wo =3 cot δ᾽ tf y(t) αι, + ¥, sin” 5 ar 


0 
where the y’s are constants whose values will be fixed in a moment. It 
may be verified at once that, if any one of these functions yp, exists, then 
so does the corresponding p,, and conversely, and that the difference 
between @, and y, is in fact o(t). To prove this we need only ob- 
serve (i) that it is obvious when r= 0, and (11) that, if it is true 
when r = m, then 


, | 
1 | ὌΝ | : 
Vata (+ ae 0(1)) | (Pm (t) ++ 0(t,))dt, - Olt) = Myra + ο(). 15) 
0 


In proving Theorem C, then, we may replace every ῳ by the corre- 
sponding yw. 

4.2. We suppose first that φῆ is integrable, in which case the proof 
is greatly simplified. Substantially the same proof is valid if we suppose 
only that Ὁ} where 6 > 0, is integrable. 

Lemma 10. Jf φῇ ts integrable, then py; and yw} are integrable. 


18) It is important to observe that this proof holds even when some or all of 
the functions are not integrable (ZL). It is enough that they should be integrable 
in any sense which makes the integral a continuous function of its upper limit, and, in 
particular, enough that they should possess integrals of the type 


a a 
fF(t)dt=lim J F(t)dt 
υ ε-» ε 


(elementary non-absolutely convergent integrals). 


86 G. H. Hardy and J. E. Littlewood. 


ὃ 
It is plainly sufficient to prove that φῇ is integrable, ¢.e. that [4341 
is bounded when ε--» 0. But, if | ° 


t 
©, (t)=Jo(a)dt,, 
we have 
t 
62 <tf ptdt, =o(t) 
0 : 


and 80 


: ὃ . ὃ Ξ ὃ 
Φὲ (Φ, ()) (9, (8))" , go ( 
fora: — [ar — (Θ΄. AON" 5 alg,» at 


—0(1) +0(1) + 0(V foes), 


which is impossible unless the left hand side is bounded*”). — 


All that we. shall use in the argument which follows is that ~, and y, 
are integrable (L). 


4.31. The function y, is even and periodic, since 


_J ¥o(t) dt = 0. 


: Poa 
Since [ sin*-- tdi =, we can choose y, so that 


~~ Tt 


fy, (t)dt=0, 


and y, then fulfils all the relevant conditions fulfilled by yo. Proceeding 
in this manner, we can determine the constants y,,y,,... successively 
so that 


f w,(t) dt =0 (s=0,1,2,...), 
and we may write 
(4.311) y,(t) ~ aj cost +azcos2t+.... 


19) The proof of Lemma 10 is an adaptation of M. Riesz’s proof of the corre- 
sponding theorem for infinite series. See G. H. Hardy, Note on a theorem of 
Hilbert, Math. Zeitschrift 6 (1920), pp. 314-317. 
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wt 


aD ig 1 1 - 
aE cot, t®,(t)dt+ 5-7, aa  Ἶ wy, (tidt =(). 
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We have now 
if “ 
cos vf ; 
- fom sta 4ι--Ὁ | Φ, (1) δ᾽ sin νέα! 
τὼ π᾿ 
COs (n—) t — cos Weg) 
Ξ τ rae A @,(i)dt 
(On τιν Εἴ 
sin - ¢ 
J 1 oa. @ Δ τε d 
+ az | Φ, (4) cot-5-tcos nt dt + 5— ,(t)sin ni dt, 
-π τ 
when N—oo, since ᾧ, () οοῦ ὦ ὁ is integrable. Hence?°) 
(4.812) On = Ant δ, = a + On + On 
where 
(4.3818) ὅ,.: -Ξ Je L(t)sinnidt, ὃν... -- -- i [ sint tcosnidt. 
so that bn. is dy, see and zero if n> 1. | | 
:4.82. The series Sb, , is plainly convergeftt “δ᾽ sum ἔν... Further, 
> a 
ae 1 | °° : poo w ε ᾿) : 1 1 
(4.321) Dd} ba.4 == | ————; ———- (1) dt + ἐς. » cot σι t Φ, (ft) 
1 2sin-.t . 


Also ba,1, being the Fourier sine coefficient of an integral, is o (+) , and 


therefore b,,, is of the same form. In other words, >'b,,, is summable 
(C, —1) to sum zero; and we have proved that ay, differs from a, by 


the general term of a series B,, summable (C, —1) to sum 0. 


As yw, possesses all the relevant properties of y,, we may repeat the 


argument. The series B,, B,,..., formed from B, as A,, A,, 


are 


formed from A,, are all samimable (C, —1), to sum 0. and 80 are all 


20) In the notation of Theorem A 1. 


dt 


88. 6. Η. Hardy and J. E. Littlewood. 


other series of similar type introduced in the argument**). We thus 
obtain | | 
Lemma 11. If φῇ is integrable then an,, differs from the Fourter 
coefficcent of yw, by the general term of a series summable (C, — 1) 
to sum 0. | 

4.4. We next recall a known theorem. 


Lemma 12. If α,, ΞΞ (<), then the necessary and sufficcent con- 
dition that A should be convergent is that p,— A. 

This result is due to Fatou**). We have generalised it, replacing 
the o by O, but this generalisation is not needed here. 

There is now no difficulty in proving Theorem C (when φῦ is inte- 
grable). We suppose d=0Q. The condition is necessary; for, if A is 
summable (C,r) to sum 0, A,,, is summable (C,—1) to sum 0, by 
Theorem Al; A’™* is summable (C,—1) to sum 0, by Lemma 11; and 
therefore y,,,, OF 9,4,,, tends to 0, by Lemma 12. The condition is 
sufficient; for, if y,, or y,, tends to0, A’ is summable (C, 1) to sum 0, 
by Fejér’s theorem; A, is summable (C,1) to sum 0, by Lemma 11; 
and therefore A is summable (C,r-+1) to sum 0, by Theorem A 1. 

4.5. We have still to prove the theorem in the general case. The 
proof follows the same lines, but more delicate considerations are required. 
The difficulty is an obvious one. The integrability (LZ) of m does not 
necessarily imply that of m,, as may be seen from the trivial example 
in which 

1 
” Fog 
here ¢, exists, but is not integrable down to 0, and 9,, ,,... have 
no meaning. | 

We begin by proving the sufficzency of our condition, which is com- 
paratively easy. A word of preliminary explanation is required. Our con- 
dition asserts that some one of the functions φ, y,,..., say 9,, 18 con- 
tinuous for t= 0, and this obviously implies the existence, in some sense, 
of all of ¢,,9,,---,9,- If the integrals which define these functions 
are Lebesgue integrals, 7. 6. if all the m’s are integrable (Z), then there 


is nothing more to prove, the proof of §§ 4.8 ---4. 4 being valid as it. 


n, 1 as ane 18 


851° At the next 
d,, 33 and so on. The series 


Ὁ Thus a, , differs from αὐ by (1) a term 6, , derived from ὃ 
from a, , and (2) ἃ term ¢, , arising in the same manner as ὃ 
stage the difference arises from three terms ὅ Cy 8» 
thus arising have all the same property. | 

22) P. Fatou, Séries trigonométriques et séries de Taylor, Acta Mathematica 


30 (1906), pp. 3835—400. See also pp. 228 et seg. of our memoir quoted in 4). 


n,3? 
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stands. It will appear, however, that we are in any case compelled to 
consider integrals of a more general type, viz. “elementary generalised 
integrals” 


a a ; 
f F(t)dt=lim f F(t)dt, 
0 ε-»0θε 


where the integral on the right is a Lebesgue integral but that on the 
left is not. If the integrals which define the ’s are of this type, our 
argument requires reconsideration. 


We call an integral of this type a ‘‘Cauchy” integral, and say that 
its integrand is integrable (C). It is to be understood that our integrals 
are “generalised” only in respect to the point ¢ == 0. 


4.6. Lemma 13. If φ ts integrable (L), 9,, Ga, --.» P,-1 are inte- 
grable (C), and φ͵ ts continuous for t= 0, then φ,, φ,, ..., Y, are tnte- 
grable (L). 


It is convenient to make the transformations 
ξξιοι Player g(t), f(a) Se8 ey (ti, 
Our data are then (i) that the integrals 
ΠΡ) ἄν, R(w)=fFY)dy, B(x)=SR(yidy, 
exist (as Cauchy integrals up to oo), and (11) that 


=f F,.(y)dy = 0(e-*) 


and our conclusion is to be that | |F,(y)|dy exists for s=1,2,...,7 
We shall in fact assume only that F(x) = O/(e-**), a being a positive 
constant, 

The functions F,(2) are continuous, and tend to zero when x—+0o, | 


in virtue of their definition, and there is no loss of generality in supposing 


that | F,(z)) <1. 

We consider the curve | 
| y= F(a) Ὁ (§ <2 <28), 
€ being large and positive. The set of points x for which 

yl > pera 


consists of a set of (open) intervals XX’; and 


Jrazsif 7, ~1(#) da |= Ο(6- 41) = O(e-#8) 
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so that 


(4.61) x'—X<“%< An, 


where the 48. are constants. Suppose now that X<a<X’. Then 


F,-4(#) = Feaa(X)= (#2) F,_(@) 4-0. (0 SE By 
— £(=1) fda, fax, ΤῊΝ P(a,_,)d,_, 
x xX x | - 
(4.62) [7...(4}} Sn ΄-- 1}... GoD" + (fae |F) 
Suppose first that r= 2. Then (4. 62) is | 
(4.63) ὁ LF,(2)| < ἢ Ὁ J | Flae: 
whence 


2— P 4 Xx’ 
(4.64) f\Flde int Sf |Rlde <26q+ 3 (X'—X) f|Plaz 


" 
Ξ 2ξη ἘΣ 4η [Π}| 4α «ϑξη-Ὁ Abn «Αξη = Ab, 


by (4.63) and (4.61). From (4.64) it follows at once that [Κ᾽ ἀκ 
18 Ratan . 


If r > 2, (4. 62) gives 
(4.65) |B, (2)| <9 + A(X’— X) < An < AerAS < dene 


so that fir |F,_,;@z is convergent. It is plain that, if we start afresh 
from (4. 65) and repeat the argument, we complete the proof of the lemma. 


It follows from Lemma 13 that, if the condition of Theorem C is satis- | 


fied, all of g,,~.,... are integrable (LZ). The argument of §§ 4.3 — 4.4 
is therefore valid, and the sufficiency of the condition is established. We 
have now to prove that it is also necessary, and this requires a series of 
further lemmas. 


4.71. Lemma 14.) The Fourter coefficients of a function, inte- 


grable (C) over (— x, 2), are o(n). 


23) Since | F,_,(X); ΞΞ η. This inequality fails if X is €. But evidently the equa- 
tion preceding (4. 62) holds also with X’ in place of X. If X is &, ως x icon, 
and (4. 62) is still true. 

*4) This lemma is of course well-known, but we are unable to give a precise 
reference, | 
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For if, 6. g., 


x 


1 
a, = 1 [ cosnt f(t) dt, 


-τ 


; | 
where f(t) is integrable (C), and f f(t,)dt, = F(t), we have 
0 


a,=O(1)+— ὁ finns F(t on e 


since F(t) is “continuous. 
Lemma 15. If f(t) and 


a 


foot ne®O at 0 1 


sin 


τι 2 , then 


0 


The lemma is trivial if “‘*) is integrable (L), the integral then 


| tending’ to zero in the ordinary manner, by the theorem of Riemann- 


Lebesgue. It is in any case trivial if the s¢ne is chosen, since F(t) 

is continuous and we can apply Fejér’s theorem. We need therefore 

only consider the cosine integral. | 
Denoting the integral, in this case, by v,, we have 


. sin | 7% + 
ΠΥ fa FO) at O(1) 
0 sin 5 t . = 


—¥{ sin nt cot > ee dt+-=s ὁ f wns ἢ dt+0(1) 


0 
a * 
᾿--- | sinne dt +o(n), 
0 3 


by Lemma 14; so that what we have to prove is that 


a 


(4.711) 7 _— = { sinns? Oar — o(n). 
0 
Write 
| "Δ 
n ὃ a 
(4.712) oe ΓἘΠΓΈ{τοὸ, ἘΠΊ ts 
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In the first place 


1 
(4.718) k= f “OP FO gran (FO a (0<<:), 


nt 


Θ 


0 


since =e decreases steadily from 1 throughout the interval of integration. 


Next 


(4.714) 1, =| { sinnt 2 Oat] <u οἱ τ μη, 


where uw is the maximum of | F(t)| in (0, δ). Finally, when ὃ is fixed, 
(4. 715) m, = 0(1)=o0(n) 

by the theorem of Riemann-Lebesgue. It is plain that (4.711) 
follows from (4.712)—(4.715), by choice first of ὃ and then of n. 


Lemma 16. 7 >) = ts convergent, then 


χ(ε) = ΣῈ αι 


7s contenuous for ε -- 0. 


We may replace the upper limit in the integral by oo, since 2 is 8 


positive decreasing function of n. Also J is a positive Passe func- 


tion of n for every fixed «>0, and ‘is a bounded function of (n, €). 


Hence / 1 \2 
» {sin—t 
es ec 1ὴϊ 
aa 7 1, 


is uniformly convergent, and therefore continuous. 
4.72. We suppose now that (zt) satisfies the conditions of 4.1, 
except that the integrals - 


[φί)αι, f p(t) cosntdt 


may exist only as Cauchy integrals**); and that 


ot 


a, = 1f pm(t)cosntdt =o(1). 


— st 


ia mre, apm Sas 


*5) The existence of the second integral is (by the second mean-value theorem ) 
a corollary of that of the first. 
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In these circumstances we shall continue to call a, the “Fourier coeffi- 
cient” of φί!). 

Lemma 17. 7} (i) p(t) ἐδ integrable (ΟἹ, (11) a, = 0(1), and (111) 
A is summable, then p(t) (or y(t)) 18. integrable (C). 

If 


®,(t)= J (4) dt, P, (t)= [φ, (t)dt,, 


we have ©, =0(1), Φ, =o/(t) and 
a a | a 
- Fig SD 0) Pak!) 
foa= {a= 2 . +f 2 dt. 


What we have to prove, then, is that 


a 


(4.721) lim Oat 


ε-»0 : 
exists. 
Now @,(t), being continuous, possesses a Fourier series which is 
uniformly summable (C, 1); and 


a 


1 ἜΝ 1 , n 
1 [ @,(t)sinntdt =~ | p(t) cosntdt = 


(since @®, is periodic); so that 


®,(t) = Dd) sinnt. 
The series is uniformly summable, and therefore uniformly convergent, 
since its general term 18 0 (=). Integrating, dividing by #7, and inte- 
grating again, we obtain | 


a “tee = 2 
@,(t) 5 a, | l—cosnt 1 an 2 
ε 4ι-- ΣΙ [Ὁ απ τς Ὁ ( oye 
e | 2 . 


But >. <2 is summable (since A is summable), and its general term 


a 


(4. 722) [ 


€ 


18 o(-) , 80 that it is convergent. Hence, by Lemma 16, (4. 722) is 


continuous for εξ. That is to say, the limit (4.721) exists, which 
proves the lemma. 

4.73. -We return now to the analysis of 4.3, assuming only that 
y(t) satisfies the conditions of Lemma 17, and that A is summable. 
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Then y,(or y,) is integrable (C), by Lemma 17. — And we can deter- 
mine y,, as in § 4.31, so that | | 


J yp, (t)dt=0, 
the integral being now a Cauchy integral. 


We now perform the transformations of § 4. 31, appealing, however, 
to Lemma 15 instead of the theorem of Riemann-Lebesgue. We -have 


τ 1 
1 cos (a7 = 5) t 
-|---- 
by Lemma 15, and therefore 


2 1 
cos Ν------Ἰὲ ᾿ . 
: oa aa (C,1). 


Hence 


ces f= ἢ 
DS ee at Opt) 
n " sin 5 ¢ 


--τ 


when N->cc. But =. = o(+), and we may therefore omit the (C, 1). 
That is to say, (4.312) is still valid under our more general hypotheses. 


Next, (4.321) holds, in the (C, 1) sense, by Lemma 15, and the 


proof that ὃ,,1 = ὁ ( ~ is unchanged. Hence (4.321) still holds in the 


n 
ordinary sense, and our discussion of the series B, remains valid. 
We have therefore proved 


Lemma 18. If (i) φ is integrable (C), (ii) α, Ξε ο(1), and (111) 
A is summable, then ψ, ts integrable (C). The Fourter coefficcent of y, 
is also o(1), and differs from an,1 by the general term of a serves 
summable (C, — 1) to sum 0. 

We note in passing an interesting corollary of our analysis. 


Lemma 19. If is integrable(L), or, more generally, satisfies the 
conditions of Lemma 17, then the necessary and sufficient condition that 
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the series Ds =" should be convergent is that yw, (ory,) should be inte- 
grable (Ὁ). If this condition is satisfied, and a,=0, then 


ea 
(4. 788) ye - [γι δι. 24) 


4,8. We can now complete the proof of Theorem C. We prove in 
fact a little more, since we need not suppose p integrable (LZ). It is 
only necessary to assume that it satisfies the conditions of Lemma 17. 
For, if A is summable (C), y,, by Lemma 18, satisfies the same con- 
ditions as g, and therefore y,, y,,... also satisfy them; and the Fourier 
constants of these functions are related as in 88 4.3 and 4.4. The proof 
of 4.4 is therefore still valid. 

4.9. It remains only to prove Theorem C1, which follows from 
Theorem C in the same way that Theorem B 1 followed from Theorem B. 


The first part of the proof is exactly the same, while the second part is 


a little simpler, since we use Lemma 8 instead of Lemma 9. 


Postseript (July 1923). 


We add two further remarks. 
(1) The condition (1.28) of Theorem C, viz. 


t ty ay te 
1 | dt dt, r— 
(a) φιίη -- [4 [ὦ [ὅπ [φῷρ αι, —o, 
| v0 6 %* 46 
may be replaced by 
t 
k bs 
(b) φωη-- E(t u)** p(w) du 0. 


υ 


°°) The formula 


σε 


am _ | e 2] 
at | 9 (tog ἡ cosec® Ὁ dt 


(equivalent to (4. 733)) has been proved by Young (On a certain series of Fourier, 
Proc. London Math. Soc. (2) 11 (1912), pp. 357-366) on the assumption that ¢ log | | 
is integrable (ZL): a more natural condition would be the integrability of φ log | ¢|. 
In an earlier memoir (On the Fourier constants of a function, Proc. Roy. Soc. (A), 
85 (1910), pp. 14-25) he proved it on the assumption that φῦ is integrable. In an inter- 
mediate paper (On the convergence of certain series involving the Fourier constants 
of a function, ibid. 87 (1912), pp. 217—224) he showed that is is true if | » [11 (6> 0) 
is integrable, and in fact that > ~~? a, is then convergent if (1 - δὴ ᾳ 51. 
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The two forms of mean value are in fact equivalent: either of (a) 
or (b) implies the other. This equivalence theorem is naturally a theorem 
of the same character as the Knopp-Schnee equivalence theorem, or 
Landau’s analogue for integrals®’); but it is not identical with, nor im- 
mediately deducible from, the latter. 


(2) There is a theorem, of the same character as Theorem C, con- 
cerning the trigonometrical series “allied” or conjugate to the Fourier 
series of f(t). 
| We say that the integral 


Γκ(ὺ αι, 


where h(t) is a function integrable (L) over (68, ΑἹ for every positive «, 
‘‘exists in the Cesaro sense”, and has the value A, if 


A(t) = [πι at, H(t) =f H(t) dt, H, (Ὁ = f H(t) at, 
and 
Ac*® 
ki 


Hi, (ε) "Ὁ 


for some value of k. This being so, our theorem is as follows: 


Theorem D. The necessary and sufficient condition that the sertes 
conjugate to the Fourter series of f(t) should be summable(C), [ον ἔτεα, 
ts that the zntegral 


fl@th fea) gs 
F | 


Should exist in the Cesaro sense. 
The proof does not differ in principle from that of Theorem C. 


2”) Ε΄ Landau, Die Identitit des Cesiroschen und Hélderschen Grenzwertes 
fir Integrale. Leipziger Berichte 65 (1913), S. 131—138. 


(Eingegangen am 6. April 1928.) 
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CORRECTIONS 
p. 85. In the formula for y%,,,, the second o (t,) should ο (t). 


p. 87, (4.313). The factor 2 should be deleted from the denominator in front of the 
second integral. 


᾿. p. 88, line 15. For 41, Ory, read ψ,...» Pre 


p. 92, statement of Lemma 16. The in the denominator of the integrand should be 4,. 


Ὁ. 93, statement of Lemma 17. The conclusion should read ‘then φι() (or ,(t)) is 


integrable (C)’. 


p. 94, line 10 from below. The proof at this point is incomplete; a corrected version’ 
is given in 1926, 4, p. 234 ἢ. 


p. 94, line 6 from below. For ψ read yy. 


COMMENTS 


The main results of this paper were communicated to the London Mathematical 
Society at its meeting on 8 June 1922. See Proceedings (2), 21 (1923), xxxi-xxxii. 


§ 1. In the comments below we suppose f € L(—7,7r), we write 


P(t) = p(t) = H(O+2)+f(0—2)}, 
and for α > 0 we denote by 9, the (C,a) mean of 9, defined as in (2) of the Intro- 
duction to the present group of papers. When « is integral, this definition is equivalent 
to the definition (1) in the same Introduction. 

The statement of Theorem C (p. 70) says only that some Ceséro mean of the 
Fourier series of f at θ converges to the sum 8 if and only if some Cesaro mean of φ 
has the limit s. What is actually proved in the text (§ 4; note the correction above 
to p. 88) is as follows: 

(i) 1} φι(ἢ > 8 as t > 0+, where a is a non-negative integer, then the Fourier series 
of f at θ is summable (C,8) to the sum 8 for ὃ = «α- 1. 

(1) Lf the Fourier series of f at θ is swummable (C,8) to the sum 8, where ὃ is a non- 
negative integer, then 9,(t)>s ast>0+ fora = 6+2. 


The cases a = 0, | of (i) were already known, and indeed in the stronger form: 

(111) If « = 0 or 1, and 9, (t) > 8 as t-+0+, then the Fourier series of f at 0 is 
summable (C, δ) to the sum 8 for all ὃ > a. 

Here the case a = 0 is due to M. Riesz, and the case a = 1 to W. H. Young. It 
was known too that the result of (ii) holds also for 8 = —1, this being the theorem 
of Fatou quoted as Lemma 12 (p. 88). 

In 1927, 2 Hardy and Littlewood considered results of type (i) and (iii) for general «, 
and stated the following theorem: 


(iv) Ifa > 0, and 9,(t) > 8 ast > 04, then the Fourier series of f at 6 is summable 
(6, δ) to the sum 8 for all ὃ > α. 


They proved this result only for 0 < a < 1, adding the comment that ‘the proof for 
a > 1 will differ in complication but not in principle’. 
In the direction of (ii), they proved in 1928, 3: 


(v) If -1 « ὃ < Oand the Fourier series of f at θ is summable (C,8) to the sum 8, 


then 9,(t) >sast>0-+. 


All these results were completed by L. 8. Bosanquet, Proc. London Math. Soc. (2), 
31 (1930), 144-64 and ibid. 33 (1932), 561, and R. E. A. C. Paley, Proc. Camb. Phil. 
Soc. 26 (1930), 173-203. Bosanquet and Paley gave proofs of the general case of (iv), 
and proved also: 

(vi) If 8 > —1, and the Fourier series of f at 0 is summable (C, δ) to the sum 8, then 
9,(¢) >sast—>0+ foralla > δ- 1. 


Paley proved also that the bound for ὃ in the case a = 0 of (iv) is best possible. 
Hardy and Littlewood had already proved in 1920, 7 and 1924, 7 that the bound for 
a in the case ὃ = 0 of (vi) is best possible. 

An alternative proof of (iv) and (vi), using a general Tauberian theorem, was 
subsequently given by N. Wiener, Annals of Math, 33 (1932), 1-100 (see Chapter 7). 
In an earlier paper (Proc. London Math. Soc. (2), 30 (1929), 1-8), Wiener had given 
a similar proof of (i) and (ii). Another alternative proof of (vi) is given by S. Ver- 
blunsky, Proc. Camb. Phil. Soc. 26 (1930), 152-7. 

Another alternative solution of the problem of summability (C) is given in Z 11, 
pp. 65-71. 

The result of Theorem Cl] is included in Theorem A of 1926, 10. 

In connection with Theorem B, see also L. 8. Bosanquet and M. L. Cartwright, 
Math. Zeitschrift, 37 (1933), 110-92, 416-28. 


§ 4. The generalization of Lemma 12 mentioned on p. 88 is given in 1917, 10, 1920, 7, 
and 1924, 3. 
A simpler proof of Lemma 19 was given by Hardy and Rogosinski in 1947, 1. 


p. 96. The results concerning the conjugate series mentioned here are proved in full 
in 1926, 4. 
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Note on a Theorem concerning Fourier Series 


G. H. Harpy and J. KE. Lirruewoop. 


Extracted from Records of Proceedings at the Meeting of the London Mathematical Society, 
December, 1922. 

Dr. Marcel Riesz has indicated to us a material simplification in the 
proof of Theorem X of our paper “ Abel’s Theorem and its Converse” in 
Vol. 18 (1918) of the Proceedings (see in particular pp. 229-231). 

It is a question of proving that, τῇ 


4, = 0 (=), 
ῃ 
and XA, converges to A, then | 
S(a) = EA, sin Nag 
γα. 


when α --» 0. 
We may suppose A = 0 and |nd,| « 1 for all values of η. Given ὃ, 
then, we can choose μ so that 


do 4. «ὃ 
. 1 

and 

(2) >A, | <6, 


ifw<v<v’. We write 
| 6=E434 Σ = $,+9,+ 93, 
1 


Btl m+l . 
where m= |= | 
a 
We have first 
1. 5. ἡ 1 2 
(3) 3 al ae me τὸ 


by choice of K. When K has been fixed, the function (sin na)/na has, in 
the range of summation covered by Ῥω, 8 finite number k(K) of maxima 
and minima, all numerically less than unity. Hence |®,| is less than 
the sum of /(K) terms of the type (2); 1.6. 

(4) ld, | << dk(K) <e, 

by choice of ὃ (ἰ.6. of uw). We may obviously suppose d6d<e. Finally, 
when μ is fixed, we can choose a, so that 


(5) [Φ.] « 3A, +e< d+e < 2e, 
1 


for 0<ia< αν, by (1). From (8), (4), and (5) our conclusion follows. 


1924, 3 (with J. Εἰ. Littlewood) Proceedings of the London Mathematical 
Soctety (2), 22, xvili—xix. 


COMMENT 
_ The result of this paper is included in Theorem 1 of 1926, 8. 
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The Allied Series of a Fourier Series 
G. H. Harpy and J. E. Lrrrnewoop. 


Extracted from Records of Proceedings at the Meeting of the London Mathematical Society, 
June, 1923. 


1. The methods which we have applied to the solution of the “ summa- 
bility problem ’”’ for a Fourier’s series day + =(ancosnz+b, sin nz) may be 
applied also to the corresponding problem for the allied or conjugate 
series >(b, 608 22% —G, 810 NZ). 

Suppose that f(t) is integrable (in the sense of Lebesgue) in é. a) for 
every positive e, that 


x= [ῶ δι, χιί = [xledder χε = | aledden «νον 


and that — x,(€) ~ A& 


for some value of k. Then we say that 
[oat = 4 (0), 
0 


or that the integral exists in the Cesaro sense. This being so, the 
necessary and sufficient condition that the allied serves of f(x) should be 
summable (C) ts that 


(1) | fers (--ἢ αι 


should exist in the Cesaro sense. 


2. It is known that any Fourier series is summable (C, δ) for every 
positive ὃ and almost all values of z. The same is true of the allied 
series; but the theorem lies a little deeper and has not, so far as we 
know, been stated generally, though the corresponding theorem for 
summability (C, 1) is proved in a recent dissertation of Plessner.* 

It was first proved by Youngt that the allied series is summable (C, 1) 
whenever (i) the integral (1) exists (as an “elementary ‘generalized 
integral’) and (ii) the integral | 


Cu 
|, |fet+)—fe—# | de 
has, for «= 0, a differential coefficient which is zero; and there is no 


* A. Plessner, ‘‘ Zur Theorie der konjugierten trigonometrischen Reihen’’, Giessen, 1922. 
+ Proc. London Math. Soc. (2), Vol. 10 (1911), pp. 271-272. 


1924, 5 (with J. E. Littlewood) Proceedings of the London Mathematical 
Society (2), 22, xliii-xlv. 
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particular difficulty in replacing 1 by ὃ in Young’s enunciation. The 
second condition is satisfied almost everywhere, and, in particular, in the 
set, whose complementary has measure zero, in which | /f(x)—q| is the 
derivative of its integral whatever be 4. 7 

We may call this set the Lebesgue set. In the Lebesgue set, the 
Fourier series of f(x) is summable (C, 6); but this is not generally true of 
the allied series, since (i) is not necessarily true in the Lebesgue set or 
even at a point of continuity of the function. There is, however, an 
interesting property of.the allied series which is true in the Lebesgue set, 
whether (i) be true or not, and which is the strict analogue of the property 
of the Fourier series. This property is that if the series is summable by 
any Cesaro mean, or, more generally, if it 1s summable by Abel’s limit, 
then vt is summable (C, 6) for every positive 6. 
‘The question remains whether (i) is true almost everywhere, and this 
question is answered by the work of Fatou* and Plessner. It is equivalent 
to the question whether Abel’s limit for the allied series exists for almost 
all values of z; the existence of this limit being, for points of the Lebesgue 
set, a necessary and sufficient condition for the existence of the integral 
(1). This connection was first remarked by Fatou as holding at all points 
of continuity of f(z),+ and is established in full generality in Plessner’s 
dissertation. An equivalent condifion is the summability (C,1) of the 
allied series. This may be inferred from the work of Young, and is 
proved directly and explicitly by Plessner; and the theorem quoted in the 
last paragraph shows that we may replace (C,1) by (Ὁ, δ). To settle the 
main question, however, Plessner has recourse again to Abel’s limit, and 
proves, by a direct adaptation of one of Fatou’s theorems, that this limit 
does in fact exist (though not necessarily in the Lebesgue set) for almost 
all values of z.. Combining these results we reach our final conclusion, 
that the allied series 1s almost everywhere summable (C, 6) for every 
positive 6. 

We should refer in conclusion to two notes of Priwaloff.{ The subject 
matter of these notes is extremely interesting, but the indications of 
demonstrations are insufficient. 


* P. Fatou, Acta Math., Vol. 30 (1906), pp. 885-400. 

T Loc. cit., p. 360. | 

tI. Priwaloff, Comptes Rendus, Vol. 162 (1916), pp. 123-126, and Vol. 165 (1917), 
pp. 96-99. 


COMMENTS 
The results described here are proved in full in 1926, 4. It should be noted that in 
1926, 4 a different, though equivalent, definition of the statement 
a 
[77 dt = Α(Ο) 
is adopted. 
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THE ALLIED SERIES OF A FOURIER SERIES 


By G. H. Harpy and J. EH. LirriEwoop. 


[Received June 3rd, 1924.—Read June 12th, 1924.—Received in revised form 
November 17th, 1924]. 


{Laxtracted from the Proceedings of th the London M athematical Society, Ser. 2, Vol. 24, Part 3.] 


1. Introduction. 


1.1. Suppose that f(t) is integrable in the sense of Lebesgue or, as 
we shall say, integrable (L), and that its Fourier series is" 


(1.11) hag +E (an cos nt-+ ὃ, sin nt) = Ag+ ZA, = DAs: 
| 1 1 
‘Then the series 
(1. 12) E (be 608 nt—a, sin nt) = 2B, = TB, 
1 


is called the allied or conjugate series of the Fourier series. 
The allied series of a Fourier series is not necessarily itself a Fourier 


series. Thus 
O8 22 


log n 


= ° 
. 2 


© sin 22 
Σ ; 
2 logn 


is a Fourier series, while 


although convergent for all values of z, is not a Fourier series, since its 
sum eee is not integrable (L) in any interval which includes the 
“origin.* 


a re ee a eee 


* It has been proved by Young [W. H. Young, ‘‘ The Fourier series of bounded func- 
tions’’, Proc. London Math. Soc. (2), 12 (1918), 41-70 (46)], that Sa, cosna is a Fourier 
series if a, is convex (ἐ.6. @:—2@,4;+@,.220) and tends to zero. 85. Szidon [‘‘ Reihen- 
theoretische Satze und ihre Anwendungen in der Theorie der Fourierschen Reihen’’, Math. 
Zeitschrift, 10 (1921), 121-127] has shown that Young’s condition cannot be replaced by 
Q,~On4:20. Both Young and Szidon give a number of other interesting theorems of a 
similar character. | 

The fact that this particular sine-series is not a Fourier series was first noticed by Fatou, 
and is referred to in Lebesgue’s Legons sur les séries trigonométriques, 124. See also O. Perron, 
+‘ Rinige elementare Funktionen, welche sich in eine trigonometrische, aber nicht Fouriersche 
Reihe entwickeln lassen’’, Math. Annalen, 87 (1922), 84-89; and E. C. Titchmarsh,” ‘‘ Prin- 
cipal value Fourier series’’, Proc. London Math. Soc. (2), 28 (1925), xli-xliii (Records for 
-March 13, 1924). 


1926, 4 (with J. E. Littlewood) Proceedings of the London M athematical 
. Soctety (2), 24, 211-46. 
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The formula for the sum of the allied series is 


(l. 13) ᾿ς (2) = — ἐ er a=) cot 4¢ dt 


or 


(1.14) ΓΞ aN fet OA fed a 

it being, of course, understood that, in (1.14), f(x) 1s defined by 
periodicity outside its original interval of definition. In these formulae 
the integrals which occur are generally not Lebesgue integrals, but 
‘“generalized’’ or, as we shall say, ‘‘Cauchy’’ integrals, defined as limits 
of the type 


- Τ 
lim | : lim | : 
e—>0 Je c—>0, T—Po Je 


1.2. The first accurate discussion of a convergence problem for the 
allied series is due to Pringsheim.* Pringsheim bases his work upon 
the absolute convergence of the integral (1.18), and his criteria are 
therefore much less general than those with which we shall be. con- 
cerned. ‘The more delicate theory of the convergence or summability 
of the series was initiated in two papers of Young,+ though there is an 
implicit discussion of one problem in Fatou’s well known memoir, to. 
which we shall refer further in a moment. Young proves (i) that the 
series is summable (C, 1) if the nvograt (1.18) exists, in Cauchy’s 
sense, and 


(1. 21) \ \f(ce+)—f(e—t)| dt = o(u); 


and (11) that the series is convergent if (1.138) exists and 


ΣΦ |, feto—see—o} at 


* A. Pringsheim, ‘‘ Ueber das Verhalten von Potenzreihen auf dem Convergenzkreise ”’, 
Miinchener Siteungsberichte, 30 (1900), 37-100 (79-100). 

t W. H. Yaung, ‘‘ Konvergenzbedingungen fiir die verwandte Reihe einer Fourierschen 
Reihe’’, Miinchener Sitzungsberichte, 41 (1911), 361-371 ; and ‘‘On the convergence of a Fourier 
series and of its allied series’’, Proc. London Math. Soc. (2), 10 (1912), ἀρ ΕἾ See also a 
lator paper, ‘On the convergence of the derived series of Fourier series’’, ibid., 17 (1918), 
195~236. 

t P. Fatou, ἡ Séries trigonométriques et séries de Taylor’*’, Acta Math., 30 (1906), 
335-400. 
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is of bounded variation, a theorem corresponding to de la Vallée-Poussin’s 
theorem* for Fourier series and including the tests which correspond to 
the classical tests, for Fourier series, of Jordan and Dini. 


1.3. The condition (1.21) is certainly satisfied for all values of ὦ 
in which | f(a2)—q| is the derivative of its integral whatever be 4. We 
shall call this set the Lebesgue set. The set complementary to the 
Lebesgue set has measure zero, so that (1.21) is true almost always. 


In the Lebesgue set the Fourier series is summable (C,1),+ and ᾿ 


indeed ((, δ) for every positive 5,{ so that the series is summable 
(C,8) almost always. It is natural to ask whether the allied series 
possesses the same property. The answer is less immediate, but 1s to 
be found, so far as summability (C,1) is concerned, in a recent dis- 
sertation of Plessner.§ The first step in this direction was taken by 
Fatou, who proved|| that, if x is a point of continuity of f(x), the integral 
(1.18) exists, as a Cauchy integral, if and only if the harmonic function 


Σ (bz COS NZ— Ay Β10 nz) r” 


tends to a limit when r - 1; or, in other words, if and only if the allied 
series is summable by Abel’s limit, or summable (A). Plessner shows 
that Fatou’s conclusion remains valid in all points of the Lebesgue set, 
and so almost always; and that it holds for summability (C,1) as well 
as for summability (A). The problem is thus reduced to that of proving 
that the integral (1. 18) exists for almost all values of «. 

This is in fact true; but it is not necessarily true in the Lebesgue 
set, or even at a point of continuity of f(z); and it has never 
been proved generally and directly. It has been proved directly by 
-Besikovitch** for functions of integrable square, and by M. Riesz and 


* Ch. J. de la Vallée-Poussin, ‘‘ Un nouveau cas de convergence des séries de Fourier’’, 
Rend. di Palermo, 31 (1911), 296-299; see also his Cowrs d’analyse, 2 (ed. 2), 149. 

+ H. Lebesgue, ‘‘ Recherches sur 18 convergence des séries de Fourier’’, Math. Annalen, 
61 (1905), 251-280. | 

+ 6. H. Hardy, ‘On the summability of Fourier’s series’’, Proc. London Math. Soc. (2), 
12 (1913), 365-372. 

§ A. Plessner, ‘‘ Zur Theorie der konjugierten trigonometrischen Reihen’’, Mitteilungen 
des Math. Seminars der Univ. Giessen, 10 (1923), 1-36. 

|| Loc. cit., 360. 

4 Example to the contrary: «=0, f(x) = (logz)-! for x >0, f(x) =0 for ὦ < 0. 

** A, Besikovitch, ‘‘Sur la nature des fonctions ἃ carré sommable et des ensembles 
mesurables’’, Fundamenta Math., 4 (1923), 172-195. The actual theorem, for functions of 
integrable square, is due to Lusin: see N. Lusin, ‘‘ Sur la convergence des séries trigono- 
métriques de Fourier’’, Comptes Rendus, June 2, 1913. 7 
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Titchmarsh* for functions of which any power higher than the first 1s 
integrable; but Plessner’s proof is indirect and based upon the theory 
of analytic functions, and no alternative has yet been found. 


1.4. In §2 we prove first that, in the Lebesgue set, the allied series 
is either summable by every Cesdro mean of positive order or summable 
by no Cesdro mean (nor indeed by Abel’s limit). There is nothing very 
novel in such a theorem, nor in the method of proof, but it is one which, 
as the natural analogue for the allied series of the generalizations of 
Fejér’s theorem, should be stated explicitly and proved. We have only 
to combine this theorem with Plessner’s to reach the main conclusion 
of this section, viz. that the allied series is summable (C,8) for every 
positive ὃ and almost all values of a. 

In δὲ 3-4, which form the most substantial part of the paper, we 
solve for the allied series the problem which we solved for Fourier series 
in a recent memoir,+ viz. that of finding the necessary and sufficient 
conditions for summability of the series by the aggregate of Cesairo’s 
means. Suppose that ¢(t) is integrable (L) in (ε, a) for every positive 
e,.and that 


(1.41) xo = [ φ(ὃ αἱ. 


Then we say that [ p(t) dt 
0 


exists in the Cesdro sense, or is summable (C), if x(e) tends to a limit 
in the Ceséro sense when ε-- 0, i.e. if 


(1.42). 2 | a [ΓΞ τ [ΓΞΞ [χω de, 
0 


€ Jo δὶ Jo € 0 €y—1 


tends to a limit for some value of r.t This being so, we prove that 


* In investigations as yet unpublished. 

+ 6. H. Hardy and J. Εἰ. Littlewood, ‘‘ Solution of the Cesaro summability problem for 
power series and Fourier series’’, Math. Zeitschrift, 19 (1928), 67-96. We refer to this 
memoir as F.S. . 

{ We alter the form of the definition which we gave in our preliminary notice of. this 
paper (Proc. London Math. Soc. (2), 22 (1924), xliii-xlv, Records for June 14, 1923}, in order 
to avoid the questions discussed briefly in our note ‘‘ The equivalence of certain integral. 
means ’’ (ibid, xl-xliii), The theorem is true with either definition. 
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the necessary and sufficient condition that the allied series should be 
summable (C) is that the integral (1.18) should be summable (C). 


Finally, in §5, we discuss, less systematically, certain questions 
concerning the integral 


(1 . 48) [ fer (x) dt. 


0 


There is a striking contrast between this integral and the integral 


(1.44) \ eto fe” at, 


0 


which dominates the discussion of the allied series. The latter is con- 
vergent, for almost all ὦ, for every integrable f, whereas (1.43) may 
diverge for almost all ὦ even when f is continuous. 

The integral (1. 43) is connected with the series 


(1. 45) So 


7. 


where s,, is the sum of the first n4+1 terms of the Fourier series of f(z), 
and s is an appropriate number independent of n, in much the same 
way that (1.44) is connected with the allied series. We give one or 
two theorems to illustrate this connexion, but have not thought it worth 
while to prove a theorem analogous to that of § 3, though such a theorem 
is doubtless true. We conclude by giving a sufficient condition that 
(1.43) should converge almost everywhere, and represent a function of 
integrable square, viz. that 


(1 . 46) x(a? + 6?) (log n)? 


should be convergent. 


2. The summability (C5) of the allied Series. 


2.1. THEoREM 1.—In a potnt of the Lebesgue set, the allied series 
1s either summable by every Cesdro mean of positive order, or summable 
by no Cesaro mean. 


It is convenient to work not with the actual Ceséro means, but with 


175 
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the equivalent Rieszian means.* We write 


ὃ 
(2.11) B= (ι-- 5) Bas 
lgu<w ω 
ὃ 
ΝᾺ lgr<ow @ 


and we have to show that, if x is in the Lebesgue set, and 2B, 1s 


summable by some Cesaro or Rieszian mean, then 


(2.18) B® -> f(z), 


when w—>o, for every positive ὃ. 


2.2.—LemMa a.—If δ 0 and ἃ ts in the Lebesgue set, then 
(2. 21) . Be = o(w). 
We may plainly suppose that 6< 2. We have 


(2. 22) W(t) = $1 f(e+O—f@e—d} ~ ZB, sin nt, 


the series being the Fourier series of the function in t. We multiply 
(2.22) by | 


(2. 28) yi) =F [tC slot}, 


where 
ἐ" { 


| ee ea | er ες -- ee ee 
Gee) LO= Peay | 6 Der) OED ere. το: 


and integrate term by term over the interval (0, ὦ). When wt= wu is 
large, we have 


᾿ς A 1 B sin (u-—-46 1 
w* Cra) = ὅς Ο( δ) + + O(a), 


where A and B are constants, while asymptotic formulae for the 


* See M. Riesz, ‘‘ Une méthode de sommation équivalent 4 la méthode des moyennes 
arithmétiques ’’, Comptes Rendus, 22 Nov., 1909. Riesz does not give all the details of the 
proof: a complete account will appear in the second volume of the second edition of Hobson’s 
Theory of functions of a real variable. | 
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derivatives of the function can be found by formal differentiation.* It 
follows that 


(2 . 25) γί = wets ΕΣ : 1 9 Ci43(u)| 


ὃ 
ΣΝ 


and that its derivative is of the form obtained by formal differentiation. 
Hence y(t) and y/(t) both possess absolutely convergent integrals up to 
infinity, and the legitimacy of the integration results from a theorem 
of Young. t 

We obtain on integration 


(2. 26) | γί(ῦ ψι(ῦ αὐ = =B, | y(t) sin nt dt 
0 0 
= —nB, | ἐ 1-ὸ C,,5(wt) cos nt dt 
0 


= > en —n)> nBn, 


~ 81 (1+6) ne 
since} 
\ t-"C,(Q) cos zt dt = IN Gg) gir: (ee 4). =0 (> 1). 
Hence 
(2. 27) | y= ~ et [ yO dt. 


* The asymptotic expansions for C,(w) and associated functions, for real values of u, are 
easily derived, by standard methods, from the formula 


C,(u) = rr ae | cos ux (1 —ax)"-! da. 


t+ W. H. Young, ‘‘ On the integration of Fourier series ’’, Proc. London Math. Soc. (2), 
9 (1911), 449-462 (454). See also G. H. Hardy, ‘‘ Notes on some points in the integral cal- 
culus (55)’’, Messenger of Math., 51 (1922), 186-192; and other papers of Young there 
sac to. 
t+ W. H. Young, ‘‘ On infinite integrals involving a ΕΓ of the sine and cosine 
feactions ”, Quart. J. of Math., 53 (1912), 161-177 (166). 
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2.3.. We write 
as) ὦ [ yoyod=4("4+45) +5) τεσ 

.Ὁ. ω δ᾿ Ψ ~~ e Jo ae ie oe jy ΦῚ 2 3 
say; and 

t 

(2. 82) x = Ι v(u) ἄπ = o(t) 
(since ὦ is in the Lebesgue set). In J, wt<1 and y(t) = O(w***t),* 
so that 
(2. 88) J, = o(= “π᾿ I(t [dt] 

, = a |, «οἱ. 


ΒΡ. =) ies 
= 0 {u%x (= = 0(w). 
In J,, wu = ot is greater than 1, and sot 
y(t) = Οὐ w?*?(wt)-1-*} = O(wt-*—4), 


by (2.25). Hence 


(2.84) 0, -Ξ O(a? [, [ψ|ἐ-τ-ὸ at) 
= 0f0'>[x@—o'x(=) +040] xworrrae]} 


= Olw'~)+0(a)-+0(al [ pe at) 
1fw 
= O(o'—*)+0(w) = ο(ω). 
Finally 
(2.85) Js = Ow | lw |e? dt = O(@'“*) = o(@): 
1 
From (2.27), (ἃ. 81), (2.32), (2. 88), and (2. 34) we deduce 


B= o(w), 


which proves the lemma. 


* Since t-1-8C), (wt) = Awit?+ Βωδτόξβια 


{ It is here that we suppose ὃ < 2. 
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2.4. Lemma B.—If =B, 1s summable (C,r), where r>1, and 
(2.41) Bi! = o(w), 


then XB,, 1s summable (C,r—1). 
r r—l 1 T=) toe 
For ΒΡ .--- ΒΥΤῚ τῷ -- Be = 0(1). 


2.5. Theorem 1 follows at once from Lemmas « and 8. And if we 
combine Theorem 1 with the theorem of Plessner, that the allied series 
is summable (C,1) for almost all values of x, we obtain 


THEOREM 2.—The allied series is almost always summable (C, δ) for 
every positive ὃ. 


We add one remark before leaving this part of the subject. 
Theorem 1 does not contain quite all that we stated at the beginning of 
§ 1.4, since we have said nothing about summability by Abel’s limit. 
But here there is in reality nothing new to prove, since, after Plessner, 
summability by Abel’s limit, in a point of the Lebesgue set, implies and 
is implied by the existence of the integral (1. 13), and this, after Young, 
implies summability (C, 1). 


3. Necessary and sufficient conditions for the summability (C) of the 
allied series of a function of integrable square. 7 


3.1. We pass to the problem of finding necessary and sufficient 
conditions for summability by some Cesaro mean at a particular point ; 
and, as in our treatment of the same problem for the Fourier series, 
we consider first the case in which f? is integrable.* 


THEOREM 3.—The necessary and sufficient condition that the allied 
series should be summable (C), for a particular value of x, is that the 
integral (1.138) should be summable (C). The sum of the series is in 
this case equal to the value of the integral. 


As we explained in § 1.4, we say that 


ic 
€ 


(8. 11) x (€) = | d(t)dt >A (C,r) 


* Only trivial changes are needed when we are given that ΕἸ "ὁ (8 > 0) is integrable. 
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or that 
(8.12) | d(t)dt= A (Ὁ, 7), 
0 
or that the integral is summable ((ὐ, 7), to sum A, if 
(8. 18) xr(e) = Ὁ} des (ee le des > A. 
€ Jo €&; Jo ἐξ 0 


We shall say that the integral (3.12) is convergent, or that ¢(t) 
possesses a ‘‘Cauchy integral’? down to 0, or is integrable (C), if x (e) 
tends to a limit in the ordinary sense. It is to be understood, in all 
these definitions, that ¢(t) is integrable (L) in any interval which does 
not include the origin. Finally, we shall say that y— A (C,—1), or 
that the integral (3.12) is equal to A (C,—1), if the integral 18 


convergent and 
1 
(t) = 0 (+) ; 


Since ΣΒ, sin nt is the Fourier series of the function W(t) of ὃ 2.2, 
our problem may be restated as follows: we have to prove that, if 
UB, sinnt is the Fourier series of an odd function W(t), then the 
necessary and sufficient condition for the summability of SB, is that 
the integral 


(8.14) = \ yo cot 1 ἐἀί 
WT JO 


should be summable (C), and that the sum of the series is then equal 
to the value of the integral. 

We reduce the problem thus, and then write f(t) for W(t) "and a, for 
B,,, so that now 


(8. 15) f(t) ~ Za, sin nt. 
3.2. Lemma y.—If 
(3. 21) ἘΠ 1} f(t) cot 3 αι 


is summable (C, —1), i.e. if (i) it is convergent and (ii) f(t) =0 (1), then 
Xan is summable (C,1); and its sum is equal to the value of the integral. 

This lemma, which plays the part played by Fejér’s theorem in the 
corresponding problem for the Fourier series, is included in the theorem 
of Young already referred to.* 


* P. 212, (ἢ. + 
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Lemma ὃ. --1} 


2010 a 
“τ Jo t 
1s convergent, as 


T 
lim | : 
ἐ--θ, Tn Je 


then the integral (8. 21) ts also convergent (as a Cauchy integral), and 


the two integrals are equal. 


We have 


0 --» =n )αι-π ἔ 


ΙΝ τ fit) = f (t) 
=34| 7 it ee _, t+Qkr a 


- -- Ι᾿ἡ 


rs) -} Ν 
Σ' denoting lim ( = + Σἢ 
—n Kn \-K 1 


This series converges uniformly in (—z, 7) to the sum 


We may therefore integrate term by term, when we obtain the result 


of the lemma. 


Lemma e.—If La, 1s summable (C, —1), then the integral (3 .21) is 


convergent, and equal to the sum of the series. 


We have 


HO dé = Σα, | st at = Za, | — dw, 


ω | 55) | ε ΐ ne 


€ 


the term-by-term integration being justified by the theorems proved in 


the papers of Young and Hardy referred to on p. 217. Now 


"Ne sin 10 


δε) = Ea, | dw = Lanp(ne) 


0 


exists for every positive ε, and tends to zero with e. 


* The result of this lemma is, of course, familiar. 
+ See footnote 1. 


2 rn ὦ (κε) π 
fe ας -- α] AP at+4 | LO ay 
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For, in the first place, 


p(ne) = ir—| a dw = tr +0(—| 


ἡ 


if ε is fixed, and 


$7 ZLOn; Ea,0(=-) = Eo(~ 9) 
” n 
are convergent. Hence S(e) exists for every e >0. Finally 


S@) = 2 o(= =~) O(ne) +40 Σ ἀῳ ἘΣ o(=) o(=-) 


u< fe n>Ilfe n> Ife 7} 716 
1 iy! 
πε Seen > o (=z) = o(1). 
n <lfe E ndife \N 


Thus S(c) exists and tends to zero. It follows that the left-hand side 
of (38. 22) tends to a limit, and that 


(8 . 28) Ϊ Κὸ dt ΞΞ Ea, | 510 1 dw = 42 Dn. 
0 t 0 WwW 


Lhe lemma follows from (3.23) and Lemma ὃ. 
This lemma plays the part played in our discussion of the Fourier 
series by a theorem of Fatou.* 


3.3. Lemma ¢.—Suppose that o(t) and 
« (1) — mae a = (2)? cee (g™), (3) .... (p), 
(3 ᾿ 31) φ +\ φ du, φ Ὁ t ’ φ ἘΠ t ἢ 


are integrable (C). Then the existence of any one of the integrals 


\ £ at (Gn), | Φ χε (Ο,»--1), 
0 0 t 


(7) (r+1) 
an \ 5 dt (C,0), | a (C, —1) 


implies that of the remainder. 


In the case at present under consideration ¢, ¢, .... are all in- 
tegrable (L), and indeed functions of integrable square.t We state the 


ae 


* See F.S., Lemma i2. 
t See F.S., Lemma 10. 
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lemma more generally in view of ὃ 4. It is plainly sufficient to prove 
that, if r > 0, the existence of either of the first two integrals implies 
that of the other. 7 

Let 


a | a@ 4()) 
(8. 82) i) = | +. dt, ke) = | = dt. 


Then (ὃ =e | # di+e \ Ῥ' αι -- [  dt+e [ Ῥ a, 


where O<e<6<d<a. Choosing first ὃ and then e appropriately, 
we see that 


(8. 88) ε)(ε) = o(1). 
Next, if we suppose 0 <7 «ε, and integrate by parts, we obtain 
je ) = { i= | ἊΝ , a ee | ΒΕ. \ Ὁ d+) did. 
ἢ n u W ε Ὁ η W ἢ 


Making η > 0, and using (8. 38), we obtain 


(8. 84) LO = [ ΓΤ JOtgle. 
Finally 
(8. 35) κῷ = [58 αἱ = HO 4 HOS αι 


and the combination of (3 . 34) and (3 . 35) gives 


(3 . 36) foe Oe 
€ 


a 


It follows from (3. 36) that the assertions 
kA (Cr), jO> A+B! (Cn 


are equivalent, so long as 7 251; and this proves the lemma except 
when r = 0. | 
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If j(e) tends to a limit, so does j,(¢)/e and therefore, by (3. 36), k(). 
Also ¢,(e) = ο(ε), by (8. 84), and so 


(8. 87) a” Ξ 6(3:). 


That is to say, A(e) tends to a limit (C, —1). Finally, if (ce) tends to 
a limit (C, —1), then j,(e)/e tends to a limit by (3. 36), and j(e) tends to 
a limit by (3.34) and (8.87). This completes the proof. 

It will be observed that, in Lemma ¢, there is no reference to the 
actual values of the various integrals considered. For this reason we 
shall find it necessary to modify the form of the lemma in a moment. 


3.4. We proceed to the proof of Theorem 8, for a function of in- 
tegrable square. 
We introduce the functions 


) t 
(3.41) Wo=h wv, =Fcotse | W(u) ἀπ - γι sin? ¢, 


t 
VW. = 4 cot a Wi (u)du+y, sin? t, ..., 


the y’s being constants whose values will be fixed in a moment. These 
functions correspond to the functions 


; Sf; f™, yo, os 


defined as in Lemma ¢. If any v, exists, so does the corresponding 
f®, and conversely, and the difference between the two functions is 
o(t).* We may therefore apply the results of Lemma € to either set 
of functions indifferently. 

In the special case now considered, all the functions yw, are of in- 
tegrable square. We have | 


ἌΣ a a" ~ sinvté,, 1 [τ ¥ 
(8. 42) Στ τς [fox a dt = = Γ ΓΟ) Σ 008 vt dt, 
t 
where — A@O= \ Fw du, 


* See F.S., 85. It is important to observe that this argument holds even when f is 
merely integrable (C). 
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so that fi(—7) =f,(7). Thus 


(8. 48) 
τῆ 1 (7 sin(N+4)t—sin(n—4) ¢t 
a. ee 


Vi 23 1 {* 
are ] βίη nt cot tf, () dt— > [. fi) cos nt αὐ 


= +| YW, sin nt dt— = F,(® cos nt dt— = | sin’ ἐ sin nt dt 


τ -π 
ΒΝ, ὑ! bh" ΒΡ. ὃ 
To αν, n, cr mn, 1 τσ Ant nm, 1} 
ου a i 
say ; so that Qn 1 ΞΕ Σ -- ΞξΞ Ant On τ. 
ε 1: Ρν 


Here a} is the Fourier sine coefficient of the odd function Ψι,(). As 
regards b,,1, we observe first that δ᾽, , (defined for n > 1) 1s the Fourier 
cosine coefficient of the even function —3f,(t). This function 1s an 
integral, and vanishes for t = 0; and its Fourier series 15 


—i > — (1—cos nt) = --ᾧδἂῶἃἈΣ — +4 
1 7 1 72 


Σ = gos nt, 
1 7 
so that its first coefficient 0). ,18 —Za,/n. It follows that 


$b14+26,,1=0 (C, —)), 
1 


(8. 44) Siig 4>— C=). 
1 1 7} 
Next, δι... vanishes except when n = 1 and n = 3, while bY 1 = —3y, 


and b31;=4y,. Hence 2b;,1 is summable (C,—1), to sum --- γι. It 
then we choose y, so that | 


(8. 45) y=>, 
1 


the series 2b,,, will be summable (C,—1) to sum zero. In other words, 
when γι is defined by (8. 45), α,,1 differs from αἱ, the Fourier coefficient 
of w,, by the general term of a series summable (C, —1) to sum 0. 
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We may now (as in F.S., 87-88) repeat the argument, choosing 
Yo Ya --- appropriately at successive stages,* and we conclude that, if 
Gn,, 18 defined as there, then a,,, differs from a”, the Fourier coefficient 
of Ψ. by the general term of a series summable (C, —1) to sum 0. 


3.5. In order to complete the proof, we require one further lemma 
(the modified form of Lemma ᾧ referred to at the end of §3.3). We 
state it, like Lemma ¢, in a more general form than that in which it is 
required immediately. 


LEMMA 7.—Suppose that Wo, ψι, Wa, ... are defined by (8.41) (the 
y's being chosen as in § 3.4), and that ~~, =f is integrable (C). Then 
the existence of any one of the integrals | 


1 τ 
4 \ Vb cotgtdt (C,r—s; O<s<rt) 


wmplies that of the remainder. Further, the values of all the integrals 
are equal. 


As regards the existence of the integrals, there is nothing new to 
prove, as Lemma ¢, and the remark at the beginning of ὃ 3.4, contain 
all that we require. It is therefore only necessary to verify that 


1 wT 
(8. 51) π᾿ [ W(t) cot 4¢.dt = 2 \ v(t) cot dt αἰ. 
If 
(8. 52) qe) = [ 4 οοὐ ξἐ (ὃ ἀέ, k(e) = [ ὦ cot ξέψν,(ὃ dt, 


we have 
(8. 58) jie) = [ 7(ὃ αὐ = [ sec” 3¢7(t) dt -ἰ tan? 47 (t) dé. 
0 


Now tj(t)=0(1), as in §3.3. The second term on the right-hand 
side of (ὃ. 53) is therefore ο(ε. The first term is 


€ d τ π € | 
4 Ἢ (tan 42) dt \ Su) $ cot 4u du = 2 tan de i F(t) ἢ cot 26 at+{ f@adt; 


* Thus | % =F τὺ Ἢ 


_t+ The first integral being summable (C, r), the second (Ὁ, r— 1). 
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and so 


(8.54) —j,(e) = 2 tan de [ fl) cot 8. at+|) f)dt+oe. 


On the other hand 


k(e) = \ + cot? 4¢f,() dt+4y, { cot $¢ sin’ ¢ dé 


= \ + cosec? 4¢ f, (t) dt—4 \ Fi®ddt+4y, [ cot 4¢ sin’ ¢ dt. 
The second term here is | 
—3\ fi) dt+o(e) = —372 = +o(e), 
and the third is 
γι ᾿ cot $2 sin® ¢ ἀἐ- ο(ε) = 5ζπγ, -οί(ε). 


These two terms, in virtue of (3.45), yield o(e). Hence 


(8. 55) k(e) = \ + cosec? 42 f,(d) dt+-o() 


= toot de [ ft αι} 2 cot $t f(t) dt+o(6). 


‘Combining (3 . 54) and (3.55), we obtain 
(8. ὅδ) κ(ε)---ἰ cot $e 7.(ε) = o(1) 
and therefore 


(8. 57) | ka = ofl). 


This equation takes the place of (3.36); and the remainder of the 
proof of Lemma ᾧ now applies to the present lemma. In the present 
case, however, we can assert what we could not assert before, viz. the 
equality of the values of all the integrals considered. 
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3.6. We can now complete the proof of Theorem 3, arguing sub- 
stantially as in F.S.,* and using the notation and the substance of the 
fundamental arithmetic theorem (Theorem Α 1) proved there, in com- 
bination now, however, with Lemmas y, e, and 7. If A is summable 
(C, r), then A,4,; 18 summable (C, —1), and so A’t! is summable 
(C,—1).+ Hence, by Lemma e, 


(8. 61) as [ Wrailt) cot Zt dt 
w Jo 
is summable (C,0); and therefore, by Lemma ἡ, 
(8. 62) + | v,(t) cot $4 dt 
0 


is summable (C,r+1). Further, the values of all the series and integrals 
are the same. On the other hand, if (3.62) is summable (C,r), then 
(3.61) is summable (C, —1), by Lemma y, Hence A’t! is summable 
(C,1), by Lemma y, and therefore 4,,, is summable ((, 1); and so A 
is summable (C,r+2). This completes the proof of Theorem 3, for 
functions of integrable square. : 


4. Proof of Theorem 3 in the general case. 


4.1. In the general case, as in the corresponding investigation of 
the Fourier series, more delicate arguments are required. We begin, — 
as there, by establishing the sufficiency of our criterion. 


ΠΈΜΜΑ 0.—Suppose that ¢ is integrable (L), that 
WW) = | Φ du (t>0), 
t Ὁ 
77) — 1 : (2)(4) — 1 ( Ὁ) 
that 1 (ἐπε το 740 απ, 7 = D(a) du, 
0 0 


t 
"0 —_— = | 7 Du) au 
0 


* F.S., 88. 
1 See the end of § 3.4. 
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exist as Cauchy integrals, and that 
(4.11) | JO -» A, 


when t->0. Then the functions 6, 6, ..., o” of Lemma € exist, 
and are integrable (L), and 


(4.12) pot (t) > 0, 
when t->0. 
We have 
(4.18) © ti) τ εν =j-¢ w>0). 


Now ¢ is by hypothesis integrable (L) down to 0; and so also is 7, since 
(1) 7 is by hypothesis integrable (C), and (11) 


fiilae< [ae [lH au = flaw | at -- { φ] δι. 
0 0 ΔΝ 0 ὦ 0 0 


t 
Finally tj >0, by (8.23).* Hence, integrating (4.13), we find 
° t . : - . 
ἐγ(ὃ = , du—\ φᾶν = ),κ(ἢὴ --- φι(ἢ, 
or 
(4. 14) gO = J). 


Again, j and j® are, by hypothesis, integrable (C). Hence ¢ 1s 
integrable (C). Integrating, and dividing by t, we obtain 


gO = jO— JO, 
Plainly we may repeat the argument. ll of the functions 
g, gL, ge 
are integrable (C), and 


(4.15) | gO = ) 5 --τὸιᾷ Lescn). 


* This is so, in fact, whenever ¢ is integrable (Ὁ). 
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Finally 


t 
(4.16) grt) = = | J(u) du—j(t) > 0 
0 


when t—>0, which is (4.12). 

We can now appeal to Lemma 13 of F.S., which shows that: 
g, 6, ..., gM are integrable (L); and the lemma is completely 
established. 


4.2. There is now no difficulty in proving our criterion sufficient. If 
| LD ay 
οὖ 


is summable (C), the conditions of Lemma 6 are satisfied, when ¢ = f, 
for some value of r. The functions (ἢ, f@, ... are therefore in- 
tegrable (L), and so also are the functions Wj, Wo, ... of §3.4. The 
argument of δὲ 3.4 and 3.5, in so far as the sufficiency of the criterion 
is concerned, is therefore valid as it stands. 


4. 8. We proceed to the proof of the necessity of the condition, for 
which additional lemmas are required. 

We shall, as in the corresponding argument of F.S., use the terms 
‘‘Fourier series’, ‘‘Fourier constant’’, in a slightly extended sense. 
If (i) f(t) is odd, and possesses a Cauchy integral over (0,7), so that 


ee [ f(t) sin nt dt 


exists also as a Cauchy integral* 
(i1) (i o(1), 


we shall say that a, is the Fourier coefficient, and Da, sin nt the Fourier 
series of f(t), and write 


F(t) ~ Xa, sin nt. 


* As tim({“+{") = 2 lim |”. 
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These conditions are, of course, satisfied in particular if f(t) is in- 
tegrable (L). 


LemMMA ..—lf (i) 2a, sinnt is the Fourier series of , (t) (in the sense 
just explained), 


Gi) A= fd fio=\ λαμ, ... 
(iii) Ma, 1s summable (C,71), 

then | 

(4. 81) frsa(t) = οἰ 5. 


As a change in a, alters f(t) by a multiple of sint, we may suppose 
without loss of generality that Xa, =—0. We have 


A@® = is  (L—cos nt), 


this series being, as the Fourier series of a continuous function, uni- 
formly summable (C,1), and so, since a, = o(1), uniformly convergent. 
By further integrations we obtain 


fii) = ΞΞ Σ τΣ 1 2 (nt—sin nt), (ὃ = = ES Ἔ (608 nt —1+4n? ΕΝ 


and 

(4 . 2) Friot) = Σ aay Sp42(nt), 
t Vv 

where s,(t) = (| du) SiN 2. 
0 


It may be verified at once that 
8,..4(1 “Ὁ Aut? 
for small u, and 8...4(0ὺ ~ Aurt! 


for large τὸ; and that 


(4. 88) Δ᾿ 5,.«0νἢ = Ο( 13,15: ριέςκ( 1,0 «(ὦ «. γ- 8), 
(4. 84) Δ s.,o(nt) = Ο(δ t1n7*!-4) (nt ΣΞ 1,0 «ἢ «γ-Ὁ 1 
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Now 


τα 
(4.88  frao(t) = = Ἐπ δγ4.οιδ) ΞΞΣ 4,Δ (εξ as ) 


provided only 

(4. 86) AE AE (222447) +o O<k<n 

when ¢ is fixed and nao, Now dA® = o(n**}), since a, = o(1). Hence 
A* A* is, by (4.34), a sum of terms of the type 


o(n**+) O(n7"~2->) OG ἘΔ ΞΞῷἪο ο(), 


and the condition (4.36) is satisfied. 
We have therefore 


4 r+ 
Fro) = 2A, A" (5:1) = Σ ¢, ἘΣΑ͂Σ AN s,4a(nt)) A! (n--R)-'-?), 


/ h=0 


the ¢’s being functions of r and k only. The typical series here is, by 
(4. 33) and (4. 34), 


> o(n’) Or at) O(n 2-3 +h) Σ 0(70) . OG May tt) , O(n72"-3+k) 
πὶ «(Ἱ ' ut>l 


=O Ge > 1) +o Ge > =) — o(t"*?), 


n<l nut>1 


which proves the lemma. 


4.4.—LemMa κ.--- 1} 
ὃ ~ Xa, sin nt, 
in the sense of § 4.3, and Da, is summable (C), then 
| JOO dt = | Aw dt 
0 ο ἔ 


1s convergent. 
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For 


(4.41) [28 ae = Aa) fe ΠΝ 


= fo δῷ fad feo). 2’ δῷ dt 


=...= Fa@—Ke+r+y! | E20 as 


r+1 
where Fe) = = (k—1)! βαρ, 
k=l 


Since /,(¢) is continuous, every term of ΕἾ) tends to zero; and the last 
integral in (4.41) tends to a limit in virtue of Lemma ε. 


5. We return to the argument of δὲ 3.4 and 3.5. We assume 

(i) that Za, sin nt is the Fourier series of f(t) in the semse of $4.3, 

and (ii) that Sa, is summable (C), and we consider where the argument 
requires reconsideration. 

We observe first that, by Lemma 0, f@(¢), and therefore W,(t), 18 

integrable (C). Hence (3 . 48) will be established if we can prove that 


sin (N-+4)¢ 


sin $¢ ad 


(4.51) J(N) = [. 


when N->o. As Ψι( is no longer given as integrable (L), this 1s no 
longer a consequence of the theorem of Riemann-Lebesgue. 

The integral J(N) is substantially the partial sum of the Fourier 
series of f(t) for t=0. As f,(f 18 continuous, and equal to 0, for 
t= 0, it follows from Fejér’s theorem that 


J(N)->0 (C, 1). 


But the series in question has coefficients o(1/n), since a, = o(1), and 15 
therefore, if summable, convergent. Hence (4.51) holds in the ordinary 
sense. 

Next, our conclusions concerning Yb», retain their validity, since 
fi, though no longer a Lebesgue integral, is continuous, and has 
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Fourier coefficients of the order required.* We conclude then, as in 
§3.4, that a,, differs from the Fourier coefficient of w(t) by the 
general term of a series summable (C, —1) to sum 0. 

It remains to show that the argument may be repeated. For this 
we must show that Ψ᾽ (6) possesses the relevant properties of y(t) οὐ 
f(t). And this is in fact clear from what precedes. For y,,(t) is, as 
we have seen, integrable (C), so that 


5 ὼ : 
= | ᾿ ψγι(ὃ sin nt dt 


is convergent ; and being, as we have seen, substantially equal to Qn, 15 
it tends to zero. Thus w(t) has a Fourier series Sq} sin nt in the sense 
of $4.3. Since Ya, is summable (C), “a,1 18 summable, and therefore 
Za, is summable. These are the properties assumed for. f(t), so that 
our argument 1s one capable of repetition. This once established, the 
proof of the necessity of our condition in § 3.5 stands, and Theorem 3 
is proved in full generality. 


8,-- 
n 


5. The series > 


and the integral | 2 dt. 


).1. In this section we consider the series 


(5.11) Ξε Σ 2. 
n 
where 
(5.12) $= 2A 
0 


The interest of this series lies in its relations to the integral 


(5. 18) | | PO πε, 
τὰν 


--- 


* We take this opportunity of making a small correction of F.S., 94-95. We say there 
(94, 10 lines from below) that ‘‘the proof that b,, 1 = o(1/1) is unchanged,’’ This proof should 
in fact be replaced by that stated in the text, as the original proof (though actually valid for 
6,,1) would not, since it depends on the integrability (Z) of $(t), be suitable for repetition at 
subsequent stages of the argument. 
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where 


(5.14) p(t) = 41 f@tdtfe—)—2s;, 
these relations being very similar to those between the allied series and 
the integral 


(5 . 15) {39 ὦ - {5:59 a 
ο ¢ 0 t ; 


We do not propose to work out these relations in detail, but confine 
ourselves to a few selected theorems sufficient to illustrate the hkenesses 
and differences between the two problems. 


5.2. The most striking difference between the two problems 1s 
embodied in 


‘'HEOREM 4.—There are continuous functions f(t) for which the in- 
tegral (5.18) diverges, whatever be s, for almost all values of a. 


It is plain that, if f(t) is continuous, (5.18) can converge only if 
s= f(x); and that, since (5.15) is almost always convergent, the 
integrals (5.13) and (1.43) converge or diverge together for almost 
all x. 

We take 


(5 . 21) ΚΟ = Στ’ cosa" t, 


where a and b are integers and a> ὃ >1; so that 


(5 . 22) a,= bo” nM=a” =D), G&=O (nFaA)). 
Then 

(5. 28) g(t) = —22b~" cos A,z sin? $A, 4, 

and, if c>0, 


ὁ gin? 2λ, 


(5 . 24) χίε) = | ee dt = —22b7” cos rye | ees dt 


—= —2>b-’ cosA, 2 w, (6), 
where | 


ὁ gin? $A, ¢ aps (* sin? wu du 
U ; 


(5.25) © w,(€) = ] ; 


aA, € 
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If sA,e <1 < 4),¢, we have 


1 Ape oJ 
(δ. 26) w,(e) = \ ein? w du-+s [ i—cos 2u du 
AALE 


wu 
= ἐ log \,+ O(1) = 4a” log a-+ O(1), 


while if 4\,¢ > 1 we have 


. 
(5207). atee 3] 400) = = } log +0(1) = 3 log +00). 


νξ 


It follows that 


(5.28) x(e)=—loga Σ (+) cos A, ἀπῆν = ae or cos A,z-+ O(1) 


ὅλ, < 1{ε ὃ € ἂν» 
= S,+8,+ 0(1), 
Say. 
).3. We take 
1 cei! 
(5 ° 31) —_- = sae - ὅλ... 


ε 


Then S, 1s numerically less than 


(δ) κοορ b+.) = (δ) nea δ, 


and the sum of the terms of S,, other than the first (for which ν = u+1), 
is numerically less than 


: —p—~1 
(a“*# log a—log 2) b= #7} (τ oe) = (at? log a—log 2) — 
We have therefore 
(5 . 82) 
πο ΞΟ" [va Δ [Γ.-11.[.« | 
x) = -- [5) log α |" cos wut % sa ]+[s4]}+0m. 


where [α] denotes generally a number whose modulus is less than «. 
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Suppose now that ὃ and ,/a/b are large. Then it is plain from 
(5 . 32) that, if « and x have values such that 


|cosAysi et | > ἀ, 


x(e) will be large numerically, and will have the sign opposite to that 
of cos A,4:%. Now the set of limiting values of this function, wher: 
μ-» ©, is, for all values of x which do not lie in a certain set of measure 
zero, everywhere dense in the interval (—1,1).* It follows that we can. 
for almost all values of ὦ, so choose e that χίε) is large, and of either sign : 
and plainly this establishes Theorem 4. | 

It may be proved directly that in this case the series (5.11) is 
divergent for almost all 2. 

We add that Mr. E. C. Titchmarsh has gone further in this direction. 
and has proved, by direct construction and without using the theory of 
trigonometrical series, that, if A(t) decreases steadily with t and the 


integral 
| at 
ο λ(ὃ 


is divergent, then continuous functions f(t) exist for which 


f(a t)—f(@) 
Ι ie 


is almost always divergent. He has also given examples which show 
that 


| 7 -Ἐὃ--[( τι} 
|, x) a 


may diverge almost everywhere; and that so also may 


fe+)—fe—d 
\ tu(#) a 


if u(t) is any function which tends steadily to zero with t, so that the 
results of Besikovitch and Plessner are the best possible of their kind. 


* See G. H. Hardy and J. E. Littlewood, ‘‘Some problems of diophantine approxima- 
tion’’, Acta Math., 37 (1914), 155-190 (181). 
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5.4. ‘THEOREM 5.—If the integral (5.18) is convergent, then the 
series (5.11) 1s summable (C,1), to sum 


1 (" 4π--ὶ : 
ἘΠῚ ae a eae 1 
(5. 41) _ \" ( a cob st log| 2 sin 3¢ ) φ(ὃ dt. 


The Fourier series of f(t), for ἐξξ ᾧ, is identical with that of 
g(t)+s fort=0. It is therefore sufficient to suppose that 


SO ~ apt Σ ὦ, 608 nt, 


and that f/t is integrable (C), and to prove that 


(5 . 42) gad δι mF BMH... ας 
1 71 ] 


7ὺ 


ἘΞ ie 4 (== cot 4¢—log | 2 sin 42 ) f(idt (C, 1). 
WT Jo 2 
We have 
S_ = = [ sin (+3) ὁ f(dt 


o  sindt 


y |e 


0 0 


[ ὃ cot $¢ sin nt dt+ 2 [ F(é cos nt dt, 


(6.48) Sf - + ᾿γὼ cot 33 2 ae > [” pnd 208M αι 
1 VY τ 0 Ὶ V T Jo 1 ν 
= Sit, 


say. We consider S, frst. Integrating by parts we have 


(6.44) Ἔξ Σὺ [ ΜΙΟΣ sin νέαι! = 5|-| 8, 
ω ( 1 ν 0 1 j 
say. 
In the first place 
(5 . 45) 85> = Alm) log 3. 


198 


1924. | THE ALLIED SERIES OF A FOURIER SERIES. 239 


Next, we observe that 


Alt) =| A udu =e} LO a O<t < ἢ, 
«0 10 vr ΜΔ 


so that f,(¢) ΞξΞ o(t). Hence 


cos 4¢— cos (2-+4) ta 
sin 4¢ 


(5.46) Si= = [ fA@ 


ΞΞ mal Fi (2) cot ἐξέ dt— 5 ca ἊΝ ἐι(ἢ cot ξέ cos nt dt 


+e \ Ai (é) sin nt dt 


1 τ 
"ὦ τ \ Fi cot Zé dt. 
Finally, writing 
é 
(5 . 47) x) = F(u) cot du du, 
0 ᾿ 


and again integrating by parts, we obtain 


δ, - Ὁ Χ(ΩΣ eos vt dt 


| 


ls [ χῶ sin (n-+4) ¢—sin at 


sin δέ 


= Ξ} x(t) dt— an agi x (2) cot 3¢ sin or x(t) cos nt dé. 


The last term tends to zero, since x(t) is continuous; and the second 
term tends to zero (C,1), by Fejér’s theorem, since x(t) 18 continuous 
and vanishes fort=Q. Hence 


(5 . 48) Sh \ x(t) dt (C, 1). 


From (5. 43)-(5 . 48) we obtain 


1 1 (τ i Gs 
(5.49) S= ἘΠῚ Fi (zr) log 2+ 5— [ AO cot ἀέ dit 5— ᾿ χί(δ αέ (Ο, 1). 
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If now we make the transformations 
ἘΠ Ιορ 2 = ΜΝ log 2 | fd dt 
15 1 ΄ 9 ᾿ 


3 exo g log |sin ἐξέ αἱ 
υ dt 


τ 


ΠΝ ba ΜΡ 
δ. [ 0) cot δ dt = 
1 {" : 
=—— \ log | sin $¢| f(t) dé 
Ww JO 
i \ (dt = 1 | dt i F(u) cot 4u du 
Qa > * Qa Jo 0 | oo. 


way F(w) cot du du~ 5 \ u f(w) cot du du, 
we are led to (5.42). These partial integrations present no difficulty. 


9.9. THEOREM 6.—If the series (5.11) is summable (C, —1), then 
the integral (5.18) is summable (C,1). 


To say that (5.11) is summable (C,—1) is plainly equivalent to 
asserting its convergence and also that of the Fourier series of f(t). 
If e>0, we have 


τ τ᾿ p(t) cot4tdt = DA, \ cot 4¢ cos ntdt—s|" cot 3¢ at 
0 € 


= 2S, | cot $¢ {cos nt—cos (n+1) ἐ! dé-+2s log sin de, 
0 € 
since 5 cot 4¢ cos nt αἱ > 0 
when e is fixed and no. Hence 


(6.51) Je) = Es, {sin (n+1) ¢+sin nt! ; dt-+ 2s log sin de 


cos (2+ De) 
m+1 1 
+s =r ΞΟ dg, log sin +e 
" ” n(n-+1) 8 = 


1 


Ἔ 


= COS 72 
= Sy cose+2 5, a 
Ἰ 7 
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If in (5.51) we replace s, and s, by s, it is easily verified that the 
coefficient of s reduces to zero, so that 


(5 . 52) J(e) = 59, -Ἐσ,00, 
where 
(5.58) 9,00 = (5)—8) coset ΣΟ το) «S28 cone 4 coe l, 
and 
a τι. (53:1 
(ὅ. 54) Jy(e) = (S>— 8) — 2isn—8) SOREL 
is independent of e. 
Now 
sin ε sin ne , sin(n+1)e) 


1 ε 
τ} Ty(n) dy = (9---) BEE (5,9) | HME 4 SEO 


UN Ne sin (2-+1)e 


ΠΈΣΟΙ 8) —(n+1)e 


te 
= * (s,—s) τος - 


Each of these series is of the form 


51 71ε 
1 ne 


where dé, is summable (C, —1); and so each tends to the limit Σέ,, by a 
theorem of Fatou.* Hence 


δ... Su τ S» =<" § 


Tos εἴ Ὁ τι —s-+25 n -Σ πη ἘΠῚ (C, 1); 
ee Ss Sea § Se 1+(—1)” 
(5.55) J(e)— 2(syp— ΩΣ ἘΠ τῶ ~ (Su s) aa (C, 1); 


which proves the theorem. 
We note an obvious corollary which will be useful later. 


LemMa A.—If f(t) ts of integrable square, and s = f(x), and the 
series (5.11) 15 almost always summable (C,—1), and to a function of 
. mtegrable square, then the integral (5.18) is almost always summable 


(C,1), and represents a function of integrable square. 


* F.S., 88 (Lemma 12). 
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This is obvious from (5 . ὅδ), since the three terms on the right-hand 
side are of integrable square. 


5.6. Theorems 5 and 6 are plainly the first of two scales of theorems, 
the next theorem of the scale begun by Theorem 6, for example, being 
that, if the series (5.11) is convergent, then (5.18) is summable (C, 2). 
It is doubtless true that the necessary and sufficient condition for the 
summability of (5.11) is the summability of (5.18); but we have not 
attempted to work out the proof in detail. 


5.7. We have seen that (5.13) does not necessarily exist almost 


- always even when f(t) is continuous, and we know of no very illuminating 
additional criterion, sufficient to ensure that it shall do so, which is not 


obviously trivial.* It is, however, comparatively easy to find a sig- 
nificant criterion that (5.13) shall converge almost everywhere to a 
function of integrable square. 


THEOREM 7.—A sufficient condition that the integral (5.13) should 
exist as a Cauchy integral, with s= f(x), for almost all values of z, 
and represent a function of integrable square, is that the series 


(5.71) Σ([ an |?-+1 δ. |?) dog 2)? 


Should be convergent. 
We require three additional lemmas. 


LEMMA u.—If Ya, is convergent+ to the sum s, and XA, logn is 
summable (C,1), then 
Σ Sus 


n ’ 


where Sy = a+ag+...+an, is convergent, 


a St eS, 

* Obviously, if f(t) satisfies a Lipschitz condition f(t+h)—f(t) = O(|h|*), where a>0, 
‘uniformly in ¢, the integral is uniformly convergent (as a Lebesgue integral). We mean by 
an ‘‘ illuminating ’’ criterion one which would throw light on the possibilities of non-absolute 
convergence. | . 

Τ This condition is really unnecessary ; but it simplifies the proof, and the lemma is as 
it stands sufficient for our purpose. If Sa, is not convergent, it is any rate summable (C, 1), 
and s must be taken to be its Cesaro sum. 
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We may plainly suppose, without loss of generality, that a, = 0, 
s=0. We write 


tn = dg log2+...tanlogn, Tr = tot... ttn, 


ot 1 $y Syn 
T a Po = PA 
re 2 CO pau Dy be ἫΝ 


We have then, by partial summation, 


: hatin. te 
et) aS 2 logy Tit og nN 
and 
(5 . 78) Tr = Sn logn—tr+=s,,, 
1 | 1 
where ων = — +A logy = o(). 
V 


From (5.72) and 5.73) we deduce © 
n—1 
(5 . 74) tv, = Trlogn+ = s,,. 
2 


The last series is plainly convergent when continued to infinity, so that 
what we have to prove is that T, log n tends to a limit. 
We observe first that 


᾿ " n—1 1 = n— 2 1 
(5.75) T,= 2 Πα τ 2 T, A? ig es log (7— 1)" 


Now T,,~ an, where a is the (C,1) sum of Xa, logn. Hence the 


second term on the right of (5.75) tends to zero, and the first series 
is convergent when continued to infinity; so that 


Τι +t, A —=T, 
ΠΣ 
say. But T must be 0, by (ὅ. 72); for s,—>0, and ἐ,-» ἃ (C,1), so 
that 
tn 
log n 


-»ὸ (C, 1), 


* The operator Δ is defined by the equation _ 
Sf) = flv) -fv +). 
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from which it follows that T,—0 (C,1), or that T=0. We may 
therefore write (5.75) in the form 
1 


_ Ὁ“ oy ΠῚ 1 ς- 2 1 
Τ, ἘΣ ον “ τα. τ OE ΣΊνΔ log ν᾿ 


Here the first term is 0(1/logn), while the second is asymptotic to 


- 1 ote a 
--- Pe ~~ .-- iT .. --- 
δ: log v a v(log v)" log γι 


Then T,, log » tends to a limit, and the lemma is proved. 


5.8. LemMMA y,—In order that 


where 8, 1s the sum of the first v-+1 terms of the Fourier series of f(t), 
for t= 2, should converge in mean to a function of integrable square, 
it 1s necessary and sufficient that the series (5.71) should be convergent. 


A function y,(x), defined fora - ὦ < ὃ, is said to converge in mean if | 
b 
lim | Γχ,(α)--- χνί(α)} " ἀ = 0 


when « and ν tend to infinity. There is then a function x(x), of 
integrable square, such that 


b 
ima | χ,.(α) --- χία)} άπ = 0 


when n->«. And it is possible to choose a sequence 21), 1, ... of 
values of n so that yn,(z)—> x(x), when io, for almost all values 
of x.* 

The problem is immediately reducible to the corresponding problems 
for an even and odd function, which may be treated similarly. We 
suppose then that f(x) is even and, as plainly we may without loss of 


A A .-...... ὁ... 
rt ee 


* The notion of convergence in mean is due to E. Fischer (‘‘ Sur la convergence en 
moyenne’’, Comptes Rendus, 13 May, 1907). For a simple account of the fundamentals of 
the theory see Δ, Plancherel, ‘‘ Contribution & l’étude de la représentation d’une fonction 
arbitraire par des intégrales définies’’, Rend. di Palermo, 80 (1910), 289-335. 
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generality, that ag = 0, so that 


78. Sa, cos nz = ΣΑ͂, ἡ πε COO τς, 


We have 
= Sn f(@) _ Ay... Ay A,t+...tAy _ 
τ ἘΞ Tah ἜΤ ; Son,» 
ΞΞ A, σι vb. -ἘΛΑ,σ,,, ν- 4... Cutten FA oy, ν-τσ,, v9 
v 1 
where T., = 2. 
an it 


Squaring, integrating, and performing some simple reductions, we obtain 


(5.81) = Γ (5,---5... 545 = cs [ (Σ ἘΞ ΒΘ ae 


-π 


= 2 pO Ha oe athe FOO, atte t...)o7. 
Suppose first that (5.71) is convergent. Then 
αἱ, +a it... = o( asa) Tu,» = O(log ν) 
vtl v+2 eee (log y)? 9 4, ¥ 3 


so that the last term in (5.81) tends to zero. The remainder of the 
right-hand side of (5.81) 18 


ν 2 v 
οἵ Σ αἱ (log *) _ ο( Σ a? (log n)?) — 0. 
w+] μ ) w+ 
‘Hence the integral (5.81) tends to 0, and the suffictency of our criterion 
is proved. Its necessity is obvious from (5.81), since o,, ~ logAr 


when μ 1s fixed andA>o. 


LEMMA o.—If «x is in the Lebesgue set, and the integral (5.13) 1s 
summable (C,1), then it is convergent as a Cauchy integral. 


It is plainly enough to show that, if 


70 =| ἢ dt, 
ι ¢ 


then j@—-+ {jew du = jo—-he— 0, 
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when ὦ is in the Lebesgue set; and this follows at once from (8. 34), 
since 


gif) = [ φί(μ) ἄτι = Ο ( plu) | du) = o(t).* 


0.9. We can now prove Theorem 7. If the series (5.71) is con- 
vergent, then XA, logn is almost always summable (C,1), and 2A, is 
almost always convergent to f(x).t 

Hence first, by Lemma μ, the series 


Sa 5222 a) 

1 ν 

is almost always convergent. It converges in mean, by Lemma ν, to 

a function of integrable square, so that the square of its sum function 

a(x) 1s integrable. Since s,-> (x) almost always, it is almost always 

summable (C, —1); and hence, by Theorem 6, the integral (5.13), with 

s= f(x), 15 almost always summable (C, 1); and therefore, by Lemma a, 

almost always convergent. Finally, by Lemma \, its value is of in-~ 
tegrable square. 


* Obviously we do not use the full force of the condition that x is in the Lebesgue set; 
and the Jemma might be generalized in many ways. 

+ That =, converges almost always follows from a theorem proved by Hardy (loc. cit. 
p.213,f.n.{ Recently Kolmogouroff and Seliverstoff (‘‘ Sur la convergence des séries de Fourief’’, 
Comptes Rendus, January 14th, 1924), have proved more, viz. that > (| @y |? + | by [?)(log }} δ is 
convergent for any positive ὃ. 


CORRECTIONS 
p. 215, line 5 from below. Read (C, δ) for (C8). 
p. 218, line 5. For J read Jj. 
p. 229, line 12. For (3.23) read (3.33). 


COMMENTS 
§§ 1-4. In the following comments we suppose f € L(—7,7), and we write 


p(t) = ψι() = Hf(0+t)—f(0—2)}, 
x(t) = Xol(t) = - [ ψ() cot 4 αἱ, 


a _ 2 (? ψιὴ 
E(t) = ἔκ) = = | ° HE) as 


‘We write also ys, for the (C,«) mean of ψ, where « > 0, and similarly for y and &. 

The statement of Theorem 3 (p. 219) says only that some Ceséro mean of the 
conjugate series of f at θ converges to the sum 8 if and only if some Ceséro mean 
of y has the limit s at 0. What is actually proved in the text is as follows: 

(i) If x, (t) > 8 ast + 0+, where α is a non-negative integer, then the conjugate series 
of f at θ is summable (C,8) to the sum s for ὃ = «+2. 

(ii) If the conjugate series of f at θ is summable (C, δ) to the sum 8, where ὃ is a non- 
negative integer, then x,(t) -» 8. ast—>0+ fora = 6+. 

These results were improved and completed by R. E. A. C. Paley, Proc. Camb. 
Phil. Soc. 26 (1930), 173—203, who proved: 

(iii) If « > 9, and E,(t) > 8 and b(t) > 0 as t > 0-4, then the conjugate series of f 
at θ is summable (C, δ) to the sum s for all ὃ > a. 

(iv) If ὃ > —1, and the conjugate series of f at θ is summable (Ὁ, δὴ to the sum 8, 
then &,(t) > 8 and w(t) > 0 ast—>0+ for alla > +1. 

The case « = 0 of (iii) was already known, this being essentially the result of 
W. H. Young quoted as Lemma y (p. 220). . 

It can be shown that if « > 1, then the conditions that ἔ ,(ἐ) > s and ,(¢) > 0 are 
together equivalent to the condition that €,_,(¢) > 8, and that this is in turn equivalent 
to the condition that y,_,(¢) > 8. The results (i) and (ii) of Hardy and Littlewood 
are therefore included in (iii) and (iv). 

Paley showed also that the bound for 8 in the case a = 0 of (111) and the bound 
for « in the case ὃ = 0 of (iv) are best possible. 

An alternative proof of the case « > 1 of (iii) and the case 6 > 0 of (iv), using a 
method similar to that of Wiener for the Fourier series case (see the comments on 
1924, 1), has been given by G. I. Sunouchi, Téhoku Math. J. (2), 1 (1950), 167-85. 


p. 213. Direct proofs of the existence p.p. of the integral (1.13) do now exist. See, 
for example, Z I, p. 131. 


p. 235. The result of Theorem 4 was strengthened by Kaczmarz and Mazurkiewicz, 
who showed that there exist continuous f such that the integral (5.13) diverges for 
all x (see ZI, pp. 133-4, 378, and P. L. Ul’yanov, Vestnik Moskov. Univ. Ser. Mat. 
Meh. Astr. Fiz. Him. 1959, no. 5, 33-42). 


207 


208 


NOTES ON THE THEORY OF SERIES—IT: THE FOURIER 
SERIES OF A POSITIVE FUNCTION 


G. H. Harpy and J. E. Lirrtewoop*. 
[Extracted from the Journal of the London Mathematical Society, Vol. 1, Part 3.] 


1. In a memoir published in 1924 in the Mathematische Zeitschriftt 
we proved that the ‘‘summability problem’’ for Fourier series admits, 
when appropriately defined, of a definite solution. If we ask whether 
the Fouriér series of f(t) is summable, when t = 2, not by a particular 
Cesaro mean (such as the first mean), but by the aggregate of Cesaro 
means, that is to say if we ask not whether the series is summable 
(C,k) but whether it is summable (C), then there is a complete answer 
to the question. The series is summable (C), to sum s, if and only if 
some one of the functions ¢,(t) defined by 


(1. 1) p(t) = po) = 41 f(e+tot+fe—)—2s}, 
(1 . 2) p(t) = oa [ φο(μ) ἀν, p(t) = oa \ φι(μ) du, 


tends to zero when ¢—>0. | 

For special classes of functions, and in particular for bounded 
functions, we can go further. If f(t) is bounded in a neighbourhood of 
ἐ = x, and in particular, of course, if it is bounded in (—z,7), then the 
summability problem can be solved in whatever sense it is proposed. In 
this case all Cesaro means are equivalent; the series is either summable 
(Ο, δ) for every positive 6, or summable by no Cesaro mean; and the 
necessary and sufficient condition for summability, by any mean or by 
all, is that φ,(ὃ -Σ Of. 

In the present note we extend this theorem to functions bounded on 
one side only, 1.6. functions which satisfy one or other of the conditions 


where A is a constant. The condition need naturally be satisfied only 
ἴῃ a neighbourhood of t= a. The special interest of the extension lies’ 
in the fact that the class of functions considered includes the class of 
positive functions. 


* Received 28 February, 1926; read 11 March, 1926. 
{| Hardy and Littlewood, 5 (Theorem C). The functions $9, $3, ... are defined, in the 
t 

first instance, by means of ‘‘Cauchy’’ integrals of the type lim | ; but we show that, when 
e—»0 Je 
1s integrable, in the sense of Lebesgue, and (as in the cases which we have to consider) some 
¢, is continuous, then every ¢, is also integrable in the sense of Lebesgue. 

1 Hardy and Littlewood, 5 (Theorem C1). 


1926, 10 (with J. E. Littlewood) Journal of the London Mathematical 
Soctety, 1, 134-8. 
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THEOREM A. Suppose that f(t) is integrable, and that 
(1 . 3) JO > —A, 
in a neighbourhood of t= «a. Then the Fourier series of f(t), fort=2, 
is either summable by every Cesdro mean of positive order or summable 
by no Cesdro mean. The necessary and sufficient condition for 
summability, to sum s, 1s that 
(1. 4) | φι(ἢ > 0. 


2. We base the proof of the theorem on certain preliminary proposi- 
tions, in part known, which we state in the form of lemmas. 


We shall say that g(t) = o(1) (C,7) 
if ¢,(é)—>0, and that p(t) = Ο()] (C,7) 
lf ¢,(t) = O(1). 
[LEMMA 1. 1 
φ(ὴ ΣΝ --4ά, φ(ὃ -ξ ο(1) (C, 1), 
then | p(2) |= Ο(1) (C, 1). 
We write φ- φ' --φ-, [φ|- φ' Ἐφ', 


so that ¢* and φ are non-negative functions of which always one is 
|| and the other zero. Plainly ¢~ <A, and so 


" " φ[αι = i pdu+2 \ p- du < 2At+o(t), 
which proves the lemma. 
Lemma 2. If g(t) 2 —A and 
p(t) =o(1) (0,7) 
for some value of r, then p(t) = ο(1) (C, 1). 
We may suppose r > 2, and it is plainly sufficient to prove that 
g(t) =o(1) (6, r—), 


or that pr—2(t) = o0(1) (C, 1). 
Now pr-a(t) = o(1) (C, 2), 
and the equations (1.2) show that 
φι(ῦ > —A, φι(ῦὃ Σ5 --4, ..., drolt) > —A. 


It is therefore sufficient to prove that the lemma is true for r = 2. 
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If r=2, and ¢1(t) does not tend to zero, there is a positive H such 
that one of the inequalities 


(2.1) φι(ἢ 5» ΗΠ, φι(ἢ « --Η, 


is true for a sequence of values οὗ t whose limit is zero. If the first 
inequality is true for such a sequence, and 


H 
0<6< Min (3,55), 


1 t+nt 1 tint 
then oy (t-+ yt) = —— { odu = ἘΠῚ (ἐφι Ἐ| φ dau) 


t+nt Jo 
(H—An)t Η.. 
> tbat 7 6:8" ὅΠ' 


when 0< ἡ <6 and t belongs to the sequence. Hence 


ἐπ δ 
(ἐ- δῶ φα(ἐ-ἰ δὴ) --- φα(ἢ = [ δ δὰ > ΞΗδί, 


which contradicts go(t) = o(1). Similarly, considering an _ interval 
(t—dt, £), we can prove the impossibility of the second inequality (2.1). 
It follows that ¢,(t) +0, which proves the lemma. 


Lemma 3. If every Cesdro mean of a series Sc,, of positive order, 
is bounded, and the series.is summable by some Cesdro mean, then it is 
summable by every Cesaro mean of positive order. 


This is well known*. 


3. The preceding lemmas are of a quite general character. In what 
follows g(t) is the function (1.1), and the series is the Fourier series 
of f(t) for t= a. 


Lemma 4. If 
(8.1) Ι φ(ἢ 1 ΞΞ- Od) (CG, 1), 
then every Cesdro mean of the series, of positive order, is bounded. 


This is also well known}. 
as Ὁ Si δ | 


* See Andersen, 1, 56~59. So far as means of integral order are concerned, the result is 
included in Theorem 19 of our paper 8 (since there β may be 0). 

+t Hardy, 2, The result is proved there in the sharper form that the series is summable 
when |¢| = ο(1) (C, 1). 
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Lemma 5. The necessary and sufficient condition that the series 
should be summable (C,k), for some k, is that 


(8. 2) g(t) = ο(1) (ὁ, 7) 
for some Υ. 


This is the principal theorem of our memoir in the Mathematische 
Zeitschrift already referred to. 


4. We can now prove Theorem A. If the series is summable, by 
any mean, then (3.2) is true, for some στ, by Lemma 5. But f >—A 
involves ¢ > —A—s = —A,, say, and therefore (3. 2) 1s true for r= 1, 
by Lemma 2. Hence, by Lemma 1, (8. 1) 1s true, and therefore, by 
eemma 4, every Cesaro mean of the series is bounded. And therefore, 
by Lemma 3, the series is summable by every Cesaro mean of positive 
order. ‘Thus all such Cesaro means are equivalent to one another. 
Finally, the necessary and sufficient condition for summability is that 
(3.2) be true for some 7, in which case, as we have seen already, it is 
necessarily true for r= 1. 


5. We state without proof another theorem which gives a generaliza- 
tion of our earlier result* in a different direction. 


THEOREM B. If p>1 and | d(t)|?= Ο(1) (ὦ, 1), 1.6. if 
5.1) [ | p(x) |? du = O(0), 


then the Fourier series of f(t), fort =a, 1s either summable by every 
Cesaro mean of positive order or summable by no Cesaro mean. The 
necessary and sufficient condition for summability is 


(5. 2) φί(ἢ-»0 (CC, 7), 
where r is any number such that 
(5.3) r>1lp (p>), r>1 (p=). 


Here (5.2) means 


as [ (t—u)’—' φ(ὃ dt > ΟἹ. 


tr . 


rr -.-.. 


* Theorem C 1 of our memoir 5. 

+ The definition agrees with our previous definition when 7 is a positive integer. This is 
not obvious and, so far as we know, no general proof has been published, though our note 4 
contains a statement of the facts concerning the equivalence of these and other integral means. 
The question is not important here, since the only case in which the definition (5.2) is really 
interesting for our present purpose is that in which r « 1. 
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In particular we may take r=1, when (5.2) reduces to (1.4); when 
r<1, (5.2) states more. 

The case p=1, r=1 is particularly interesting, as the theorem 
then also generalizes the criterion of Lebesgue* and Hardyt for 
summability, viz. | 


|e@|=o(1) (C, 1). 


It is easy to show by examples that the bounds assigned for r in (5 . 3) 
cannot be improved; while in Theorem A we cannot replace (1.4) by 
(5.2), with any value of r< 1. 
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CORRECTIONS 


p. 137. The inequalities (5.3) should be replaced by r > 1/p (for all p > 1). A proof 
of Theorem B (as corrected) is given in 1931, 5. 

p. 138, ine 1. After ‘particular’ insert ‘if p > 1’. 

p. 138, lines 3-6, This passage should be deleted. 


Notes on the theory of series (111): On the summability of the 
Fourier series of a nearly continuous function. By Mr G. H. 
Harpy and Mr J. E. LITTLEWoop. 


[Received 4 January, read 31 January 1927.] 


1. The theorem which we prove here seems obvious enough 
when stated, but it appears to have been overlooked by the 
numerous writers who have discussed the subject, and the proof is 
less immediate than might be expected. 

We say that ¢(t) is continuous (C, a), where a> 0, if 


0 
tends to a finite limit | when t~0. We shall also say that 
(t)->1(C, a). To assert continuity (C, a), for a small a, is to 
assert a little less than ordinary continuity. 

If f(t) is periodic and integrable, and 


φ(ὃ Ξ ἐξ} τὸ τώ -- ἢ -- 2s} +0, 
then the Fourier series of f (¢), for =, is summable (C, 6) to sum 
s for every positive 6.* If ¢(¢)—0(C, 1), then the series is 
summable (C, 1+ 6).+ It is therefore natural to expect the truth 
of the following theorem. 


THEOREM. If $(t)->0(C, a), then the Fourier series of f(t), 
for ἔτεα, is summable (C, a+ δ) to sum s for every positive ὃ. 

We prove the theorem in the most interesting case when 
O<a<l1. The proof for a>1 will differ in complication but not 
in principle. | 

2. We suppose and 6 positive and @+6<1. The(@+6)-th 
Rieszian mean of the Fourier series, for terms whose rank does 
not exceed o, differs from s by 


va 6 2rd δ) (ὃ 
᾿ cae Ja+3(h, o)= meee te) | ; CTP Chipss (t) φ (=) dt, 


where C,(t) is Young’s function} 
{1 ? t4 
c \=parp tl apes tisp asp} 
πτα τοὶ ατφατῳ TF. GH 


. we [ςὉ 
Since Cjiig43(@u) = ΤΟ) | : C143 (ων) (ὦ -- vd, 


* M. Riesz, 4, δ; Chapman, 1. See also Hobson, 3. 
t+ Young, 6, 8. t Young, 7. 


1927, 2 (with J. E. Littlewood) Proceedings of the Cambridge Philo- 
sophical Society, 23, 681-4. 
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we have 


Tass (ᾧ, 0) = 0-8 [WFC 4948 (ou) (u) du 


--Ξ ἐπ | ' ub ¢ (u) du ; ᾿ Ομ (wv) (ὦ -- vP— dy 
w= f” δι 

=T@) | ᾿ C145 (wv) du | ᾿ μι β-ὸ (μ — υ)8- ᾧ (u) du 

= 5) | ᾿ v8.3 (ων) + (υ) dv= ra Js (Ψ, ὦ), 


where Ψ' (v) = vit? | “yet (u—v)P h (u) du. 


There is no difficulty in the inversion of the order of integration, 
since O43(t) 1s bounded, and O(¢'**) for small t, and the double 
integral is absolutely convergent. 

Assume for the moment that it has been proved that ψ' (υ) 
tends to zero with v. Then Js(, #) 0 when w->0, this being 
indeed the kernel of the proof that the Fourier series of a con- 
tinuous function is summable (C, δ). Hence Jgis(¢, w)->0, and 
the Fourier series of f(¢) is summable (C, β -- δὴ) fort=a. The 
theorem will accordingly be proved if we can shew that y(v)-»0 
with »v whenever 8 >a and 6>0. 


3. We may suppose without loss of generality that «=0, that 
s=0, and that the Fourier series of f(t) has no constant term, so 
that the mean value of ᾧ ({) is zero. It is in fact easily verified 
that y(v)->0 with v when f(£) is ἢ (Ὁ) Ξε αὐ -- (αὐ --- 8) cost, and 
we may consider f— /, instead off Our hypothesis is that 


a(t) = A | φ (u) (6 — u)* du τε ο (5), ....... (8:1) 


A being, here and in the sequel, a constant (a different constant 
in different places), From (8.1) it follows that 


φῶτα | Γ an ΠῚ (82) 


* See Young, 6,7; Hardy, 2. Here y will play the part of the ¢ of the ordinary 
proof. The genesis of y is really irrelevant, and it is not important that y is not 
periodic ; but we can, if we please, replace y by the periodic function y* equal to y 
in (0, 27), it being easily proved that the difference between Js (y, ὦ) and Js (y*, w), 
for any y integrable in (0, 27), is O (w—5) and therefore trivial. 
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say, for almost all ¢.* Also | 


φι (ὃ = [ oa Mie 00) εἰναι, (83) 


for small ¢, while, being the integral of ¢(¢), it is O (1) for large ¢. 
We write 


and we dispose first of y,. This is 
τς υἱτὸ (Qy)-1-8-8 8-1 g, (30) — vit? | ᾿ df; (ὦ) ΕΖ u--#-5(u — v)P} du 
The first term is 0(1), by (8.8). The second is 

oe | x (w) O {u-2-8-8 (u — vf} du 


1 
+ yité | o (wu) O {u--8-8 (wu — v)8-*} du 
2v 


+ υἱτὸ | ᾿ 0 (1) Ο (uy du 
. 1 


=0(1)+0(1)+ O(v'"*) =0(1). 
Hence Yro-> 0. 


4. It remains to prove that y,-»0. We observe first that _ 


if0< E<n& 2€, then 


[° 6 (w)du=o[e 8). 
We have in fact 
bin—giO=4 [oO aA [6.0 Oem - ena tt 
The first term here is 


0 fe : a rr =0 ie (a ΕΝ ; 


and the second is 


[6 {πὲ aaa dt] sol OE 


which is of the same form; and this establishes our assertion. 


* This is simply the solution of ‘ Abel’s integral equation ’. 
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We have now 


| 2 yes (u—vP  (u) du = jue (u— rn (| : $ (t) as) | 
= [PF era oy [6 at} du 


2 
= 0 (u*, yi, y-1 8-8 | 8-1) 


Ῥ | a O ju 8 (u — oP} + ut 8-8 (u — oP} ὁ (υ (ὦ -- υ}.-} du 


2v 
= | 0 ἰυβπδια(μ — y Po 4 yl B—S40 (y, — yP-e—1) dy 
2 


Ξε 9 (ye Boo te γβπαν 4 yi B—Ste | of—2) <= 9 (y-I-8), 


or ,=0(1); which completes the proof. 
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COMMENT 


See the comments on 1924, 1. 


NOTES ΟΝ THE THEORY OF SERIES (IV): ON THE STRONG 
SUMMABILITY OF FOURIER SERIES 


By G. H. Harpy and J. HE. LitTLewoop. 


{Received 5 May, 1926.—Read 29 April, 1926. ] 
(Extracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 26, Part 4.} 


1. We proved in 1913* that the Fourier series of an integrable function 
f(t) is strongly summable (C, 1) at any point of continuity a, 1.6. that, if 
Sin = Sm (x) is the sum of the first m+1 terms of the series for t = a, then 


(1.1) | §n— fle) | = o(n). 


More generally and more precisely, we proved that, if f(t) 1s of 
integrable square in a neighbourhood of z, and 


(1 . 2) | Πφω "δι = o(0), 
where p(t) = $4 f(etodtf(e—)—2s}, 
then 
(1.8) Se =n. 

0 


and a fortiort 
(1.81) S| sm—s | = 0(n). 
1 
In particular when f(t) is of integrable square in (—z,7) the series is 
strongly summable, to sum f(x), for almost all values of 2. 


The classical theorem of Fejér and its generalization by Lebesguet 
show that, in these circumstances, | 


Σ (Sm— 8) = o(n). 


* Hardy and Littlewood, 4. 
+ Lebesgue, 9. 


1927, 3 (with J. Εἰ. Littlewood) Proceedings of the London Mathematical : 
Society (2), 26, 273-86. 217 
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The interest of our: theorem is that it shows (for example) that, when 
the Fourier series of a continuous function is not convergent, its sum-' 
mability is not merely a consequence of the cancelling of the various 
deviations summed in Fejér’s mean, but rather of the comparative small- 
ness of the deviations. 

Our original results were completed and simplified in various ways 
by Fejér* and Fekete+. A wider extension was made in 1922 by Carle- 
man}, who showed that, if 


(1.4) | {peo }2au = 0 
and 

(1.5) [19 [du = o(, 
then 

(1.6) Σ | 8ι.-- 8.1 = o(n) 


for all positive values of qg. The conditions (1.4) and (1.5) are cer- 
tainly satisfied if (1.2) is satisfied, and (1.6), by Hélder’s inequality, 
says the more the larger q is, so that Carleman’s theorem generalizes 
ours in every direction. His proof is also more direct. 

More recently, Sutton§ succeeded in simplifying Carleman’s proof 
considerably by the use of certain inequalities due to Hausdorff, He 
also replaced Carleman’s condition (1.4) by the less restrictive con- 
dition 


t 
(1.7) [loco du = O(t), 


_ Where p may be any number greater than 1. He also stated another 


theorem, viz. that, if Carleman’s second condition (1.5) is replaced by 


t 
(1.8) [ φί(ι) ἄτν = ο(), 


-,7.ὦὥὖρΨ,(Ὃ... 


* Fejér, 2. 

t Fekete, 3. 

t Carleman, 1. 
§ Sutton, 12. 
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then 


(1.9) Σ | om—s |? = ο(η) 


tae every 4, om being now the m-th Fejér mean. 

The state in which the theorem has been left by all these investiga- 
tions is, however, still not entirely satisfactory. In § 2 we prove a theorem 
which has more the air of finality. Roughly, we show that Sutton’s 
most general hypotheses (1.7) and (1.8) involve actually not merely 
(1.9), but Carleman’s conclusion (1.6). We then, in § 3, prove the 
corresponding theorem for the allied series. Finally, in §§ 4-7, we prove 
two theorems which may be called the ‘‘reciprocals’’ or ‘‘transforms’’ 
of the two earlier theorems. 


2. THrorrM 1. If p> 1 and 


(2.1) {i p(u) |P?de = Od), \ o(u) du = o(0), 
0 


n 
then > [5,.--. |! = o(n) 
0 


for every positive 4. 


We begin by making certain standard simplifications of the data. We 


suppose that 
f(t) ~ 2 An 608 Nt 
1 


is an even function with zero mean value, and that = 0, s = 0, so that 


p(t) = f(t), 8m = a tagt... tam: 


If the theorem is proved in this case it will (as is usual in the theory 
of Fourier series) be true generally. | 
Following Carleman and Sutton, we write 


™ sin (rn +4) ¢ 


(2.2) 18, = [ nae Sat 


= Ont Batya, 


ἣ sin nt cot ζέ f(t) at+|" sin nt cot ἐέ f(t) at+\" cos nt f(t) dt ὁ 
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say. It is plain that γα -—>0, so that 


n 1/4 
(2. 8) (Σ | Yn ἢ < ε}.͵ 
0 
for 2 > ;(e). 
k : 
Next, if aa F(t) = { F(u) du, 
; 0 


we have 


ἢ 
αη 3ΞΞ sin ny cot 47 Fw)—| (n cos nt cot 4¢—4 sin nt cosec* 2 ὃ F(t) dt 
0 


nN nt 


ἫΝ 7 ((π, nt = 
=o +f"o1 (4 ve a) ¢| dt = o(1) > 0, 
when k is fixed. It follows that, when k is fixed, we have 
v 1ᾳ 
(2. 4) (5 ΤῈ ) < ent 
0 


for n > m(e) = na (e, k). So far we have made no use of the first of our 
hypotheses (2.1). 
In discussing 8, we assume that* 


’.. 4 


this being legitimate because the conclusion is stronger the larger be 6. 
We denote by c,(r) the n-th Fourier sine coefficient of the odd function 
x(t) which is equal to f(t) in (0, τὴ and to zero in (τ, πὴ. We have then 


(2-5): Be | sin nt cot $¢ (ὃ) dt = | cot ἐέ (4 | sin mu f(x) du) at 
ἢ ἢ 0 


π 


= —4$7 οοὐ 3 Cn(y) +47 | cosec” 4 Cm (t) dt. 
, ἢ 
From (2. ὅ) it follows, by Minkowski’s inequality, that 


n 14 n 1/q π n 1/ 
(2 | Bm : < 47 cot 2η (= δνι(η) ") +in \ cosec” 4¢ (= | en (6) :) * dt. 
ἢ 1 


* We write generally 7’ for r/(7—1) when r > 1. 
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But, by Hausdorff’s inequality*, 


n 14 1 (τ Ρ 1{η’ 
(Σ1.,}} < (2 J" ᾿χωγ au) 


1 ft WY ᾿ 
- (Σ [ ἱγω τἀ) < 40m, 
= 


where A is a constant, since the first condition (2 . 1) is satisfied a fortiort 
when p is replaced by the smaller index q’. Hence 


he 1/4 ie 
(2.6) (ΣΙβ,.,) <SeaA \ tM dt < Ag 
1 4 ἢ 
= Ak“ Nyt = εκ na, 


where εἰ 18 a function of k only which tends to zero when k>o. 
From (2.2), (2.3), (2.4), and (2.6) it follows that 


n l/g n 1f/q n lfq n 14 
τ(Σ]..}) «(Σ| 1} Ἐ(Σ18.1) +(Zl yl) 
} ] 1 1 


< (ε,.- e) 1/4, 


if n is greater than m or me, and our conclusion follows by choice first 
of k and then of n. 


3. The corresponding theorem for the allied series is : 


' ΠΉΒΟΒΕΜ 2. If 3, 18 the sum of the first m+1 terms of the series 
allied to the Fourter series of f(t); tf 


Wh) = £1 f@t+d—f@—d}, 


and Ν ψίὼ |\?du = Ο( (p> 1); 


and ¢f =| u(t) cot $t dt 
WT Jo 

exists, as a Cauchy integralt, and has the values; then 
Σ | Sm—s \¢ — 0 (72) 
0 


for every positive q. 


---μ---,,..ὄ. eee tee ee 


* Hausdorff, 8. 
+ See Hardy and Littlewood, 7, 212. 
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We may reduce the problem in the standard manner to the special 
case in which 


f@~ b, sin nt 


is an odd function, z = 0, oan gs=0. The allied series is then Σύ, and: 
W(t) = f(t). We have 


τ ἐς 1γλ3 
πῇ, = (+d, +...+b,) = κα | RECOM ED! γὴν 


a sin δὲ 
.ς __ |" cos (n-+4) ¢ 
\ sin $¢ LOO: 


kn 7 τ 
= -| cos nt cot st f(é) a—| cos nt cot $¢ f(t) at+| sin nt f(t) dt 
0 dfn 0 


= ant B, + Yn 


say. It is plain that y,—0. 

Writing, as before, η for k/n, we observe first that cos nt has less 
than Ak turning values in (0, 7), so that we may divide the first interval 
into less than Ak pieces, in each of which cos nt is monotonic. If we do 
this, and apply the second mean value theorem to the integral over each 
piece, we see that |a,| is not greater than the sum of Ak terms of the 


type 


\ cot 3 Κὸ dt : 


whereO< (<0 <y. It follows that a, —>0O when k is fixed and no. 
Thus a, and Yn Behave asin §2. The remaining term 8, may be dealt 
with just as in § 2, the only difference being that c,(r) must now be de- 
fined as the Fourier cosine coefficient of an even function; so that the 
theorem requires no further proof. In particular, the allied series is 
strongly summable at any point at which f(t) is continuous and the 
integral which expresses its sum exists. 


4. We shall now apply to Theorems 1 and 2 a process of formal 
transformation which is fruitful in the generation of new theorems in 
the theory of trigonometrical series. The genesis of the principle is natur- 
ally to be found in the theory of ‘‘Fourier transforms’. Taking 
Theorem 1 in the reduced form 


4 : t n. 
(A) “af [Isl ae = O(t),, Fit) =| fau = o(t), then 2 | Sm [1 = o(n)’, 
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we replace t by n, f(t) by a», integration over (0, £) by summation over 
(1, n), and conversely, so that s, becomes F(t). We thus obtain 


(B) “if >| Am |? = O(n), Σ dn =o(n), then (Fr du = o(t)”’. 
If now f ~ Za, cos nt, then 
eS 5 oe sin nt = Xb, sin nt, 
say; and, when we express (B) in terms of 6, and Ε΄, we obtain 
(C) “af Σ (πη "}» = O(n), Emm =o(n), then \ | F |\?du = o(f)”. 
Finally, passing from a ‘‘reduced’’ to a ‘‘general’’ form, we are led to 
formulate 


THEOREM 3. If p>1 and 


(4. 1) B, = ὃ, cosnz—ay sin nz, 
(4. 9) Σ (m | B, |)? = O(n), Σ mBn = o(n), 
} 1 


then there is a function f(t), belonging to the class ΤΑ for every 4, whose 
Fourier series 1s 


(4.3) ΣΑ͂, = Σία, cosnt+b, sin n#) ; 
and f(t) satisfies the equation 


(4. 4) \ | Wr(ae) [4 ἄτι = \ 44 f(a+tw—f(a—w} |¢du = ο(ἢ 


for every q. 


The last of our tentative enunciations was, in substance, the special 
case of Theorem 3 in which ὦ =0. The hypotheses of the theorem are 
fulfilled, for example, whenever na, = 0(1) and nb, = ο(1), or, again, 
whenever na, = O(1), nb, = O(1), and the allied series 2B, 1s convergent 
or summable. 

It may help to elucidate the relation of Theorem 3 to known theorems 
if we return for a moment to the reduced form (C), and suppose, in par- 
ticular, that nb, = 0(1), when the conditions are obviously satisfied. The 
conclusion involves a fortiori 


\ Fdu = Xb, 1a e0n tt o(t) 
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or (changing ἐ to 2¢ and writing a, again for nb,) 


2 nt 


Σ ας ae = o(t). 


7} 


That this is so whenever a, = Ο(1) is a familiar theorem of Riemann‘. 
This theorem is the ‘‘transform’’ of Fejér’s theorem, and Theorem 3 is 
a development of the one as Theorem 1 is of the other. 


5. In proving Theorem 3 we may confine ourselves to the case in 
which ὦ = 0, B, = ὁ.. We require some simple lemmas. 


LEMMA a. If 


(5 . 1) S(m!| Cm |)? = O(n) 
1 


for any positive p, then the same equation is true for any smaller 
positive p. 


This is an immediate corollary of Hélder’s inequality. 


Lemma β. If (5.1) is true fora p>1, then Z| c,|? is convergent 
for every gq>1, and 


(5 . 2) = | Cm |¢ = O(n)-9) 
forl<q<p. 
If Yr,m = = (v| ¢,|)%, 


then yn,m = O(m) if gq<p, by Lemma a. And 
N .  N-l 
>| Cm \q = 2 Yn, τὰ Am~?+¥,, nN? 
‘s . 
= Ο(Σ m1) +0(N-) = O(n'-4). 


This proves (5.2). If the series is convergent for any q, it is natur- 
ally convergent for any larger q. 


* See, e.g., Εἰ, W. Hobson, Theory of functions of a real variable, second edition (1926), 
2, 647. | 
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ΤΙΕΜΜΑ - y. If c, is real and satisfies (5.1) for a p>1, then there 18 
an f(t), belonging to every Lebesgue class L', of which c, is the Fourter 
(sine or cosine) coefficient. 


This is an immediate corollary of Lemma # and Hausdorff’s theorem*. 


6. Passing to the proof of Theorem 3, we may suppose, as in § 2, 
that 4 >2 and q’<p (orq>p’'). By Lemma γ, 


f ~ 2b, sin nt 


exists and belongs to L% for every 4. And if 
Jn = Xb, 8in mt, 
1 


then, by Hausdorff’s inequality and Lemma 8, 


7ὺ 


(6.1) [\p-feltdt <A(E 10.) <4), 


the A’s here being positive numbers depending only on qt. 
We suppose that O<u<t,0<h< kt, and write 


m =hit, mg =k/t, 
fw) = Σ basin mu+ ΠΠΠέ ν᾿. 
mtl 


—_ Si+S,+ ΝΡ 
say. We have first 


1 51| « «δ ι]ῦ,} « < Anu < Ah, 


t 
[ 51:4 ἄμ « Ah't; 


t 
and next | | Ss |? du < = a ἜΣ 
0 No k 
by (6.1). Finally 
sin mu 


S, =u 2 m0m ——— 


mu 


* The original form due to Young (14) would be sufficient. 
+ It will not be necessary to distinguish between A’s which depend or do not depend on 4. 
+ h is to be thought of as small, & as large. 
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The range of integration may be divided into at most Ak pleces in 
which the last factor is monotonic. Applying the second mean value 
theorem. to each piece, and using the second condition (4.2), we see 
that 
Sg = 0(ung) = o(1), 

when h and k are fixed and t > 0. It follows that 

= 

ISi<e | isidu<ee 
0 


for 0 «ἐ - ἐι Ξξ tle, h, k). 
Hence 


(| | F(2e) |2 ἀμ) i < ( |S, |2 du) ᾿ + ({ S, |! ἀμ) εὐ at (: 5. ὯΝ 
< BM A4h+Ak M4 +6), 


for 0 «ὁ -- ἐι. Our conclusion follows by choice of e, h, k, and ἐϊ. 


7. The theorem which corresponds to Theorem 2 as Theorem 3 
corresponds to Theorem 1 is 


THEOREM 4. If 
(7.1) Σ (| 4...) = O(n) 
1 


and XA, ἴδ convergent to sum 8, then there is an f(t), belonging to 1,1 
for every q, whose Fourier serics is SA, ; and f(t) satisfies 


(7. 2) \ p(u) [1 ἄτι = ο(ὃ 


for every q. 


If we suppose that = 0, A, = a,, and replace (7 . 1) by the stronger 
hypothesis na, = O(1) and (7. 2) by the weaker conclusion 


\ φί(μ) du = oft), 
0 


we obtain the theorem that 


“af na, = O(1) and Xa, 1s convergent to sum 8, then 


τὰ gin 2t 
Σ An 
nt 


when t—>0”’. 
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This theorem, which is in its turn a generalization of a theorem of 
Fatou, we proved in our paper 5*. It is the ‘‘transform’’ of Young’s 
theorem concerning the summability of the allied seriest. 

In proving Theorem 4 we need consider only the reduced case in 
which «= 0, ¢ = f, and we may suppose alsos = 0. We now write 


nr : 
f~ Xa, δοβ πέ, fn = Σ Am cos mt, 
1 


fu) = Σ pos Am(1 — 608 mu)— Σ Am(1—cos mu) +f (u)—fr.(u) 
1 1 ny+1 


= S,+8,+So4Ss. 


Here Sy = o(1) and 
[ 5. « hu? ~ Sm? | dm |< Awn? « Ah’; 


and the rest of the proof follows the same lines as that of Theorem 3. 


8. There is another lemma which enables us to generalize the con- 
ditions of Theorems 3 and 4, but which we include rather on account of 
its intrinsic interest. 


Lemma ὃ. If c, satisfies (5.1), and dc, 1s summable (C), then Xe, 
ts convergent. 


The conclusion is indeed true whenever Xc, is summable by Abel’s 
limit, and the lemma may be deduced, in this stronger form, from R. 
Schmidt’s extension! of Littlewood’s converse of Abel’s theorem. As 
stated, it is a generalization of Hardy’s theorem concerning Cesaro 
eee and it is interesting to give a direct proof. In order that 


that =b,, where now 


, my Cn Cn+1 ὡς τ 
(8 he 1) b, τς n+l .-. (ὦ, 7 1), 


* Hardy and Littlewood, 5. 
+ See Hardy and Littlewood, 7, 212. 
t Schmidt, 11. For a more direct proof, see Vijayaraghavan, 13. 


should be summable (C, r), where r > 0, it is necessary and sufficient 


227 


228 


284 6. Η. Harpy and J. E. Lirrtewoop [April 29, 


should be summable (C, r—1)*. In the present case the series (8. 1) is 
(absolutely) convergent, and if q<p, 


< eat)" Em)" = 08) 


by Lemma 8. Hence b,, is convergent and Xc, is summable (C, 1). 
Also, if s, =¢,+...4+c,, we have 


n+édn n+én 1» snt+én 1/p 
[Sn+su—Sal< Σ leanl< ( > m | om |?) ( > nm") < 65, 
where es 15 a function of 6 only which tends to zero when ὃ-» 0. The 
convergence of 2c, now follows by the argument usual in the proof of 
Hardy’s theorem. It is of interest to observe that the result is not true 
when p = 11. | 
It follows that, in Theorems 3 and 4, we may replace the hypotheses 


nh 
Ly ΞΞ οὐ), DA ἴδ convergent’’ , 
1 


by “2B, (Cor DA,) is summable by some Cesaro mean’’. 


Additional note (8 March, 1927). 


We have recently found an alternative proof of Theorems 1 and 2, 
which seems to us in some ways preferable to that given in the text. 

We take Theorem 1 in the ‘‘reduced’’ form, and suppose, as we may, 
that g>2andq>p’. It is plainly sufficient to show that 


Si = Z| 8n]/ = o(n), 
1 

where i \ 0 sin nit dt, 
0 


We write: 


n Ἵν 
Cm = | 8m eo sgn Sins C(O) =2 Cy» SIN mt, ἐν = ΣΙ Con |. 
1 1 


* Hardy and Littlewood, 6, 75. 

+ This may be shown by an example due to Neder (1, 180). 

t sgnz= 2/|2| if 2.0; sgn0=0; and Ζ is the conjugate of z. Note that S, (which 
alone occurs in the sequel) is a different symbol from s,. | 
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Then 
(1) gt = ΓΕ LO ow dt τε " +\" = = σι Εὖ, 
say. We have clearly 
[Ο.(Ὁ} «Τὼ [C.O|<ntT,, | Cad|<nrt.. 


Hence 


aa _PFOC OT PM a, (CuO _ AG) 
Fem [ROAOPM I O80 


Ξ ΤΗΝ o(t) Ιο(5 1 +0("")| dt 


=.o0(C,) = οὐ} gi), 


by Ho6lder’s inequality. 
On the other hand 


| π ΗΠ π q 1f/q’ 
(3) \Jal< (| | Cu(t) ["adt) i a at) 
0 cfr 
γὺ . 1[η΄ T 1{π΄ ; 
- (τ Σ] Cm “ (| % at) ᾿ ας πϑαι ry, 
1 hin 


where ~W =| f |", so that 


vit) = [ Wu) du = {1 Fe αι « At 
0 


where A is a constant. But 


Ψ ΓΤ 4+ , a | ¥@ dt 
(4) = — " {π΄ dt = ἐπ jm {1 +1 
4.-- ᾿ 
< P+ ἐς (F) <jod)texjn™™, 


where ες is a function of k only which tends to zero with k. From (1)-(4) 
we deduce 


S'4 <|J, [ia 7. < 1e,+0(1)} mila gue 
Sn < {exto(1)} 21%, 


and the theorem follows. Theorem 2 may be proved similarly. 
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COMMENTS 


§ 1. For a general account of strong Ceséro summability, see T. M. Flett, Quart. J. 
of Math. (2), 10 (1959), 115-39. 


§ 2. More precise results than Theorems 1 and 2 can be obtained by the introduction 
of fractional integrals (see T. M. Flett, J. London Math. Soc. 33 (1958), 311-26, and 
references given there). For example, for the Fourier series Flett has proved: 

Le l<p<2,a> 0, and | 


B=0 (0<a<1-I/p), B>a—l+1/p («> 1—1p). 


Let also φ, be the (C, α) mean of φ(() = i{f(9-+t)+f(8—t)}, and σβ(θ) be the (C,B) mean 
of the Fourier series of f at 0. If 


t 
| lba(u)—e|? du = O(t) (1) 
0 
as t-—>0-+, then either . 
Σ |o8(0)—s|7/2— = o(n), (2) 
m=0 


or the Fourier series of f at θ is not summable (A). When (1) 28 satisfied, a necessary 
and sufficient condition that (2) holds is that, for some positive μ, ᾧ, () > 8 as t > 0+. 
The result of Theorem 1 is false when p = 1; a counter-example is given in 1935, 5. 


NOTES ON THE THEORY OF SERIES (VII): ON YOUNG'S 
CONVERGENCE CRITERION FOR FOURIER SERIES 


By G. H. Harpy and J. E. LifTLEWoop. 


[Received 16 July, 1927.—Read 10 November, 1927.] 


[ Extracted from the Proceedings of the London Mathematical Society, Ser, 2, Vol. 28, Part 4.] 


1. The Fourier series of an integrable function f(t) converges to s, 
for t = @, if and only if | 


Pee ας gsin(2-+4) ¢ 
where p(t) = £{fie@t+o+fe—d)—2s;, 


tends to zero when n>. 
One of the most interesting of the more modern criteria for con- 
vergence is that of Young: it is sufficient that 3 


(1.1) φ(ὃ > 0 
and 
(1.2) x(t) = [ [ἀ(μφ}} = O(8) 


for small t [i.e. that the variation of u@(u) in (0, t) is O(t) for small t]. 
The theorem was proved in this form by Young in the Proceedings in 
1916+; in an earlier note in the Comptes rendus he had stated the 
criterion a little less generally{. The condition (1.2), which we shall 
refer to as Y, may be stated in alternative forms, such as (a) that the 
variation of ἐδῴ is O(¢), for some (or any) positive ὁ, or (δ) that the 
variation of @ in (t, 2t) is O(1); and it plainly includes (and is more 
ceneral than) the ordinary (Jordan’s) condition that ¢ is of bounded 
variation in some interval (0, ὃ). : 


7 Young, 18. 
t Young, 16. 


1928, 3 (with J. E. Littlewood) Proceedings of the London Mathematical 
Society (2), 28, 301-11. 
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It is natural to ask whether the εὐπδτ βοὴ (1. 1) cannot be ngeneralZed: 
If we write 


(1.3) φι(ἢ) = i pu) du,  p3(t) = ᾿ p(w) ἅτ, ...., 
we may say that 

a . 4) p(t) >0 (ὁ, ») 

‘if 

(1. 5) ¢,(t) = o(t’). 


It is stated by Young, in a later note in the Comptes rendust, that 
(1. 1) may be replaced by (1 . 4); but apparently no proof of this theorem, 
in its general form, has been published. The case r= 1 has, however, 
been dealt with recently by Pollard, who gives a concise direct proof, 
and also shows that, in this form, Young’s criterion may be deduced ° 
from a generalization of the well known criterion of Lebesgue$. 

There is another direction in which the criterion may be developed. 
We may strengthen Y by demanding that (1 . 2) shall hold, not merely for 
small t, but for all ἐ of (0, x): we shall call the more stringent condition 
ΥῈ It is plain that ¢ satisfies Y* if, and only if (1) it satisfies Y, and 
(2) it is of bounded variation in any interval O<d8<t<-a. It was ob- 
served by Young|| that Y*, together with (1.1), implies more than con- 
vergence, and in fact summability (C, —1+6) for every positive ὃ, 
though he gives only a very summary indication of the proof. 

All these writings have points of contact with our own recent re- 
searches. Our first object here is to prove a theorem (Theorem 1) which 
includes comprehensively all the results to which we have referred. We 


also prove (Theorem 3) what may be described as the ‘“‘transform’’ of 


Young’s theorem in its most general form, and some other theorems 
which dispose of points of incidental interest. 


2. THEOREM 1. If ¢(t) satisfies Y, then the Fourier series is con- 
vergent whenever it is summable by any Cesdro mean. The necessary 


and sufficient condition for convergence (to sum 8) 18 


(2.1) y(t) = o(2). 


t+ Young, 17. 
+ Pollard, 13. 
§ It had already been shown by Hardy (8) that Young’s criterion, in its Seana form, 


- can be deduced from Lebesgue’s. 


ἢ Young, 18, 211. 
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If, further, (t) satisfies Y*, then the sertes 18 summable (C, —1+9), - 


for every positive δ, whenever it is summable by any Cesaro mean. 


If ¢ satisfies Y, so that (1.2) is true (say) in (0, ), f* 18 equal to 
f in (c—€, +8) and to 0 outside, and ¢* is the ¢ of f*, then ¢* 
satisfies Y*, The Fourier series of f—f* converges to Ὁ for t= Ζ. 
Jt is therefore sufficient to consider a function subject to Y*, and to prove 
that the series is then summable (C, —1+-8) if summable at all, and that 
(2.1) is the necessary and sufficient condition for summability. 


We use four known theorems which we state as lemmast. 


Lemma 1. If.a series is summable (C) and bounded (C, k+6), where 
k>>—1, for every positive δ, then it is summable (C, k+-6) for every 
nositive ὃ. 


Lemna 2. If g(t) is bounded and g(t) > 0 (ΟΣ, then p(t) +0 (C, 1). 


LemMa 3. The necessary and sufficient condition that the Fourier 
series should be summable (C) is that g(t) > Ο (Ὁ). 


Lemma 4. If —l<y<1, φ(ὃ ~ 4a,+2a, cosnt, and s® is the 
(C, y) mean of Σα,, then 


(2.2) “ὦ -- Eb [ p(t) Q(t) dt, 

wT JO 
uhere 
(2. 8) Ω = O,()+2,(0), 
ρα LADY T+ y) sin 101-0 6-Ὁ ἐγ) έτ--ἐγπὶ 
2a NO a Tin+i1+y) (sin Ὁ) 
(2.5) A0|< An, |%MO1< 4, 


and the A’s are independent of nand ἰδ. 


ee ee - 


SO ee eS ὧν PE deme rageneain 2 a ices 9 cee ge a = 5 A TW 


-----..-.--«--.. 


+ Lemmas 1 and 2 are propositions of a well-kaown type. Lemma 1 is proved, in the 
form required here, by Andersen, 1, 56. For Lemma 2, see Hardy and Littlewocd, 8, 83. The 
result is proved there for means of φᾷ) of ‘‘ Hélder’’. type, but the equivalence of these to 
those of Cesdro type is familiar. See Landau, 11: in any case the proof is easily adapted. 

Lemma 3 is the main result of our memoir 8. It is not actually necessary here to use the 
full force of this theorem; we only need Lebesgue’s theorem that. φι = o(t) involves summa- 
bility (C, 2), and Riemann’s theorem that convergence implies o. = o(t’). 

Finally Lemma 4, which we quote from Zygmun4d, 19, is due substantially to Kogbetliantz, 
10. The most natural proof is that of Kogbetliantz, by Cauchy’s theorem ; but a proof by real 
analysis is given by Szegé, 14. 

t That is to say, p> 0 (C, 7) for some γ΄. 

§ It should be observed that we must not replace sin Σέ by δέ in the denominator of 2,(t). 
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3. We prove first that 5.) is bounded for any y>>—1. We write 
. ῳ 1 1{π 1 τ 1 7 
3.1) sPv=— | ¢Qdt+—) g¢Q)dt+—)\ 9¢0,dt = J,4J,4ds. 
7 Jo W 71[π . W Jifn 


Since ¢ satisfies Y* it is bounded, and so, by (2. 5), 


(3.2) J,= O(n Γ at) OG; Jeo (= { =) — O(1). 


1{π t” 
Hence we have only to prove that J, is bounded. 
We observe first that Y* is equivalent to 
t | | 
3 | ad (sin gu p(w) ) | = O(f). 


If now we write 


A=Am)= [: sin {(n+4+hy)u—syr} ro 


(sin 4u)?*7 
we have A= O(n"t-?-), 
by the second mean-value theorem. Hence 
(8. 8) Ty= O(n 


say, where 


Ἂ sin Σέ φ( αἀλ ) = O(n 


K = (sin ἐφ ATin+| Ad(sin }¢¢) = K’+K" 
Here | 
(8. 4) Κ' = O(n") + O(n one t+) = O(n), 
Also, if we write 


| | 
snlid=y, = lay = Οὐ, 


we have 
π 4 (7 adv AT wy A (- Wdt 
" ΟΝ . ἃ A 
(3.5) [A I<’ jallayl< \" ἜΣ ἜΝ ἢ \" ΠΣ 
A Ψι 1 (* dt 
<p τοί J, ὅτ) = OW 


From (3. 8), (3. 4), and (8. 5) it follows that Jz, and so s™, is bounded. 
The proof of Theorem 1 is now immediate. The series is bounded 
(C, y) for all y>> —1, and therefore, by Lemma 1, summable (C,y) if 
summable at all. The necessary and sufficient condition for summability 
(C, y) is therefore the same as for summability (C). This condition is, 
by Lemma 3, that ¢->0 (C). But ¢ is bounded, and therefore, by 


Lemma 2, it is cia and sufficient that (2.1) be true, 
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4. It is of some interest to observe that (2.1) is a consequence of 
the summability of the series by some negative mean, whether Young’s 
condition be satisfied or not. It is known that it 1s not a consequence 


of mere convergence}. 


THEOREM 2. If Xa, is summable (C, —k), where 0 «Ξ k<1, to sum 
s, then 
gin nt 
-» 
nt 


S() = 2a, 
when ἐ-- Ο. 


This is naturally equivalent to (2.1) when g(t) and a, are defined as 
in Theorem 1. We suppose that s = 0, αὖ = 0, and write 


—_ - ὃ — —k 
CC, = sf = o(n } 


_ ΓΘ  _ oy, '- 
γι π ΓΟΩΦΘΓ ἘΠ Om), 


sin nt 
Aun — Una Un +15 φι() - Δ nt 
Then! $e = Ay +e thay SS iets 
7 v=1 
and 
4.1) Sit) = Σ sugall) = Σ gult) Σ γι-νο, 
ἨΞΕῚ n=1 v=l1 


= 2 Cy Σ γη-νφη() = Σ να» 
v= n= yl 


say, if we may invert the order of summation. This inversion is not 
entirely trivial, since the double series is not absolutely convergent. We 
have, however, 


N n N N 
Si = lim + 2 = lim = 2. 
. N->o n=1 y=1 N-—>o v=1 n=v 
Now, for a fixed t> 0, we have 
Σ γμινφι(ῦ = O {(N—y-+1) Max Σ φε( 1 
n=N+1 m>N | N+ ) 


+ See Hardy and Littlewood, 4, 224-227, and 5, 255-261. 
Φ Andersen, 1, 6. 
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and | 
1 Sy μὶς οἱ Σ γε πῆ κε "ἢ 
WZ lolW— ta = O17 Σ Wy} = Ο(ζ)). 
N 
Hence >. τς 
v=1l n= - Ἰ 


exists and tends to zero when N --» οὐ, so that 


N ὦ na ὦὉ 
SO) S]<hm:. 2-2 SD 
N->x vp=1 n=p vr=l n=p 
We have this proved (4.1) 
We shall now prove that 
(4.2) ΠΡ ΞΕ Ξ wt< 1, Τι = οὐ "ἢ ot > 1), 


uniformly in v and t. If this be granted, the theorem follows, since 


Do ξξε Ο( "ἢ Σ ov ΄-Ο(Γἢ Σ ov FY) = o(1). 
vS lft v>l1ft 


To prove (4.2) we write 


+ es i. . 
= ΓΙ Ἔν f 2. ULE Κ.. 
v vt+tp+1 
Vhen, first, 
: I 1)¢ ~ sin(2-+1)¢ 
Vi = = yn-vdrl(d = sinv+ptrl)t es Ain 
ee Oe Gee a an 


— oi for ὌΠ - }Ξ = (f— 6 - is 

= reed ἘΣ, ἐπι, ? 1+ vt ° (itn 
and so satisfies inequalities like those in (4.2). Secondly, in U,, we use 
the inequalities | | 


da(t) = O(n") (nt >1), galt) = O(né?) (nt < 2), 
according as vi >lorvt <1. If νὲ ΣΞῚ, then 


v+ 
U, = Σ yn, orl) = ο[1 Σ (nv)! = οὐ!) = OWE. 
If wt <1, then (v+p)t < 2 and 
fal 1 
U, = ον Σ mn—v-+ 1) = οὐ (Ὁ et = O(t-4, 


Thus U, satisfies (4.2), and this completes the proof. 
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5. We now apply to Young’s theorem the heuristic process of ‘‘trans- 
formation’’ explained in ὃ 4 of our fourth note+. The theorem to which 
we are ultimately led is one concerning the summability of the allied 
series of a Fourier series, viz. 


THEOREM 3. uppose that the Fourier constants of f(t) satisfy 
(5.1) Σνί a, |+| b, |) = OM). 


Then the scries SB, = D(b, cosnx—a, 51. πα), the allied serves of the 
Fourier series of f(t) for t= x, is summable (C, δ) for every positive ὃ 
or not summable (C), and the necessary and sufficient condition for 
sunumability is that | 


(5. 2) \ fato— Lad 
; 0 


should exist as a Cauchy integral. 


e 


Tt is sufficient to prove this in the “‘reduced’ > form 


THEOREM BA. If W(t) is an odd function whose Fourier series 1s 
Sa, sin nt, and 
n 


(5 . 3) : Σ y|a,| = O(n), 
1 


then Xa, is summable (C', δ) for every positive 6 or not summable (C) ; 
and the necessary and sufficient condition for summability is the exist- 
ence of 
(5.4) [ LO 4, 

o ἔ 
as a Cauchy integral. : 


We again require certain known theorems, which we state as lemmas. 


Lemma 5. If Za, is summable (C), and satisfies (5.3), then it is 
bounded, and summable (C, 8)8. | 


Let ¢ be the r-th Cesiro sum formed from Sna,. Then (5. 3) 
involves a fortiori 


i = Σ να, = O(n), 
1 


,.,.,.......-...........---.---.-Ἑ..ς--ο-.»3».ς-...--ς-.--τ----ς----.--ς.ς-ς-ς--- 


+ Hardy and Littlewood, 7. 

+ Cf. Hardy and Littlewood, 9. 

§ But not necessarily convergent, as may be shown by an example due to Neder, 12, 180. 
On the other hand (as may be seen from the proof which follows) the hypothesis (5.3) of 
Lemma 5 may be replaced by 


Σνα, = O(n). 
1 
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and so ¢? = O(n"t?) for r >0. Butt 


ΕΝ = otrtt: Sn ΓΙ 
nit τ γ} ==? 1) yet’ 


Hence Xa,, if bounded (C, r+1), is bounded (C, r). It is therefore 
bounded (C, 0), and therefore, by Lemma 1, summable’ (C, δ). 


ΠΈΜΜΑ 6. The necessary and sufficient condition that Sa, should be 
summable (C) is that the integral (5.4) should be summable (Ο) 1. 


Lemma 7. If 
t 
(5 . δ) { F(a) du = o(8), 
- JO 


then the integral (5.4), if summable, is convergent. 
We prove first that, if (5.4) is summable (C, 1), it is convergent. 
We write 
ae _ 
\ u du = x(0). 
Then, if ὃ is any number between t and 7, we have 


n= tf Lautel Lau = fau+e) £ oa 


where ¢ <7 <6, and we can make this as small as we please by choice 
first of 6 and then of t. Hence ty->0. It then follows by partial in- 
tegration that 


El xae =F watt [γα -- +4) fa 
προ a cai ma 


or i ae a 
(δ. 6) v= τ fdu = =| x du—x. 
t 0 t 0 


Since ψΨ-» 0, by (5.5), y tends to a limit in the ordinary sense if it 
tends to a limit (C, 1). 

It is plain, moreover, that (5.6) contains a proof of the lemma in its 
general form. For from (5.6) it follows that 


du 1 
+f ψΨ du =;\2 i \ χάω--- | x du, 


so that y, if it tends to a limit (C, 2), leads to one (C, 1); and so gener- 
ally. 


I pp, a re A eg 


1 Hardy, 2, 304. 
; This is substantially the principal theorem of our paper 6. See p. 214 for the definition 
of summability of the integral. 
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6. Passing to the proof of the theorem, we observe first that the 
sufficiency of the condition results immediately from Lemmas 5 and 6, 
since La, is summable by Lemma 6 and summable (C, δὴ) by Lemma 5. 
We have thus only to establish its necessity. If Da, 15 summable, the 
integral is summable, by Lemma 6, and its convergence will follow from 
Lemma 7 if we can prove (5. 5). 

Now (5.38) and the summability (C) of Sa, imply (by Lemma 5) the 
boundedness of s, and the summability of the series (C, 1); and 

| fir Dae 1—cos nt 
0 


n 


Hence everything is reduced to the proof of the following lemma. 


Lemma 8. If s, == O(1) and s;+so+ ... +s, = o(n), then 


—cos nt 
-.---.ὃἣ.  . ee al 


ee 1 
S() = 2a, 7 0. 


7. We choose positive numbers h (small) and H (large). O’s are 
uniform int, h, H. We write 


S= 2 + 2 


n< Hit a> Alt 


—~ τὰ ς A Leos nt Σ Δ Laos nt 


n<hft ᾿ς net h[t< se: nt Ἶ . 
1— cos —cos nt 
+s, pe COBYE = Ay Pe Os S,+8,+83+S,, 
vt "Σὴμ nt 
say, Where v= [H/t!. Since (5.3) involves 
=| αι ( 1 ) 
τ ΝΣ mpr 
| ; 1 ἐ 1 
we have δὲ. ΞΞ ( 2 Leal) = (+ —) = [3} 
cas a> Hye net t ΠῚ , Η 
. i 7 
— and S; = O & 
because s, 1s bounded. In S, 
, l—cosnt _ 
A nt = O}, 
and so δι =O (4 Σ 1) = O (ε.-) = O(A). 
᾿ " ΞΕ ἢ [4 t 


t See Hardy and Littlewood, 9 (Lemma a.) 
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We can therefore choose h and H so that S,+S 3+, is as small as we 
please independently of t, and we have only to show that 8. tends to zero 
with t when ἢ and H are Πχθα; 


Now 
l1—cos nt 1 1—eos nt 608 re n .., sin nt 
A = - σ΄" — 
nt: | m+1 nt a et ee τὰ n+1 ate nme. 


This equation decomposes S_ into three parts, of which the last is 


ea sin nt 


2 aera 
n 


: | nm —sinnt 
as t = } 
Ὁ ΠΟΙ πὶ n+1 Sn TE = ol ies 


), 


where | and m vary in the range (ἢ Π{, H/t). We can aisle up the range 
of summation (1, m) into O(H) pieces in each of which the coefficient 
of s, 18 monotonic. Applying the second mean value theorem to each of 


them, we obtain 
) ΞΞΞ ὃ (at. =) = o0(1). 


O (Ht Max 
The same argument is applicable with trivial variations to the other 
sums. Hence S;= (1), which proves Lemma 8, and so Theorem 3a. 
Theorems 8 and 34 should be compared with Theorems 2 and 2a of 
our note 9. There more is assumed, and the conclusion (the con- 
vergence of the allied series) is correspondingly stronger. 


m 
Se 
" 


8. We conclude with two remarks οἱ a negative character. It is easy 
to prove that the Fourier constants of a function subject to Y* are 
O(log n/n). It is natural to ask whether they are not, like those of a 
function of bounded variation, O(1/n), since in this event Theorem 1 
would become much more trivial. A Gcegenbeispiel is given by the 
function f(t) which is equal to 1 in the intervals (+107%-1a, +10-**a), 
where k= 0, 1, 2, ... and a is chosen appropriately, and otherwise is 
equal to 0. The Fourier constant a, of this function ‘is a multiple of 


sat 
sin na-— sin | 5 tin Gop ἘΣ 
n 


and it is easily proved that, for appropriate a, the series in brackets is 
not bounded in ἢ. 

It is also natural to ask whether the condition (2.1) cannot be re- 
placed by the continuity of ¢(t). The answer is easily seen to be nega- 
tive. An affirmative answer would imply that Y* and (2.1) necessarily 
involve the continuity of p(t). 
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But suppose, for example, that 4, is the interval 
(Dotan 4 O-): ΞΕ νὼ 


that f(x) is 0 outside the intervals 5,, and that in each interval it risés 
symmetrically and linearly from Ὁ δῦ the ends to 1 in the middle. Con- 
sider now the point = 0, and suppose that s = 0. Then for t>0 we 
have p(t) =4$f(t). The variation of g(t) in (2-’-*, 2-”) is 1, and its varia- 
tion in any interval (t, 2t) is less than 2. Hence g(t) satisfies Y*. Also 


φι(ἢ «« Σ ¥.2°%= Ο(ῶ = ο(ῶ, 


2-τν <= 2 
so that #(t) satisfies (2.1). But ¢(t) is plainly not continuous at the 
origin. This Gegenbeispiel is adapted, by the transformation process, 
from Neder’s, quoted abovet. 
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ὃ 4. Concerning Theorem 2, see the comments on 1924, 1. 


241 


242 


‘THE SUMMABILITY OF A FOURIER SERIES BY 
LOGARITHMIC MEANS 
By G. H. HARDY 
[Received 18 February 1931] 
1. THERE is a simple necessary and sufficient condition for the Cesaro 


summability of the Fourier series of a bounded function. Suppose as 
usual that f(t) is integrable in (—z, 7) and that 


S(t) ~~ 4a,+ Σ (a,, cos nt - b,, sin nt). (1.1) 
I 


Further, suppose that f(t) is bounded near ¢ = x, and that the question 
is that of the summability of the series, for t= 2, to sum s. Then 
the condition 


t 
| ¢(~) du = 0(t) (1.2) 
J | 


or f(t) = 0(1) (C, 1), (1.21) 
wheret>Oand  ¢(¢t) = Uf(x+-t)+-f(x—t)— 2s}, | 
is necessary for summability by Cesaro means of any order, and 
sufficient for summability by Cesaro means of every positive order.* 
There are simple bounded functions which do not satisfy this con- 
dition. Suppose, for example, that x = 0 and 
f(t) = cos(alog |t!), (1.3) 
where a > 0. Then ὁ, = 0, while a, behaves like 
A cos(a log n)+- B sin(a log n) 
ee 
where A and B are constants, and > a,, is not summable (C). The 
condition (1.2) is naturally not satisfied; all means of f(t), round t = 0, 
oscillate, substantially like f(t) itself. 
The series Σ᾽ a, is, however, summable by Riesz’s loparithmic 


means;¥f if 8, = }ay+a,-+a,+...+4,, (1.4) 
then 
S 1 So 8 
n — 3 -----. -- eae mow 1.5 
log n ea(t et ἘΠῚ | 


tends to a limit 8 when n—> oo, in which circumstances we write 


* Hardy and Littlewood (3: see also 4). 

+ For the general properties of Riesz’s ‘typical means’ see the tract by 
Hardy and Riesz, and various papers by Zygmund in the Math. Zeitschrift 
and the Bulletin de l’ Acad. Polonaise. 
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$y t+ > a, = 8 (A, 1). (1.6) 


These facts suggest that we should try to find some general theorem, 
of the type of that just quoted, concerning the Rieszian summability 
of the Fourier series of a bounded function. Actually Theorem A 
below covers a rather wider class of functions. 

Some theorems concerning the Rieszian summability of trigono- 
metrical series are known already. In particular Zygmund* has 
shown that the Fourier series of any integrable function, bounded 
or not, is summable (R, 1) whenever (1.2) is satisfied; and he and 
Jacob} have investigated more general theorems of the same type. 
But none of these theorems covers such a function as (1.3), or is 
quite of the type desired.t 


2. THEOREM A. Suppose that 


t 


@(t) = Ι 9() du = o (tog >) (21) 


(a condition satisfied whenever φ() = o(log ἢ and wn particular when 


f(t) is bounded near t= x). Then a necessary and sufficient condition 
that the sertes should be summable (R, 1), for t= <x, to sum s, is that 


w(t) = [5 du = o(log 7) (2.2) 


when t+ 0. 

It is easily verified that (2.2) is satisfied whenever (1.2) is satisfied, 
and that the function (1.3) satisfies (2.2) but not (1.2). In proving 
the theorem we may make the usual simplifications, supposing that 
f(t) is even and that a, = 0, x = 0, 8 = 0, so that A(t) = f(d). 


* Zygmund (7). 

+ Zygmund (8), Jacob (5). 

+t Though in other respects they are more general, since they apply to series 
which are derived series of Fourier series but not Fourier series themselves. 

It may be useful to recall that (1.2) 1s not, when f(t) is otherwise unrestricted, 

a sufficient condition for summability (C, 1), though it is sufficient for sum- 
mability (C, 1-Ἐ δ), for any positive δ, or (in virtue of Zygmund’s theorem) for 
summability (R, 1). A series summable (C, 1) is necessarily summable (R, 1), 
but a series summable (C, 1-Ἐ δ), for every positive δ, is not, so that Zygmund’s 
theorem is not a corollary of the known results concerning Cesaro summability. 
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(i) Proof that the condition is sufficient. It is known* that if (as 
here) f(x) is even and integrable, and a, = 0, then 


x(x) = | fe) 4 cot du du (2.3) 
is also even and integrable, and 
x(x) ~~ 465+ > b,, cos na, (2.31) 
: 1 
where δ᾽, = Car aL a (2.32) 


| for n >0. It is plain in the present case, from (2.2), that 


x(x) = 0 (108 (2.33) 
for small positive z. 
We write 


Sy = Ay tdg+...F4,, σι, = 8ytSot...+8,)-1 (2.41) 
ἔ0 ΞΞ 4b), ἐμΞ- 46)>+0,+...+6, (n>9), τ, Ξξ both Ἐ τε μα (2.42) 
Then 


lf. sin? 1 
= — ΞΞΞ - --- . 2.43 
ue | 76) 512} sad ἢ - | x(®) 5121. ἼΩΝ... 
0 

From (2.32) and (1.5) 

Sn ΒΕ b,+0("), S,, = t,-+0 (log 7). (2.5) 
n n 
From (2.33) and (2.43), 


1/n ζω 
m=z | o(log=)n* de ἘΞ | o(loe: )\o 
π hy 7 
0 


l/n 


= 0 (nt. log n) +o(nlogn) = 0 (nlogn). 


Combining this with (2.42) and (2.5), we obtain 


S,+S,+...4+8, =T,+0 (nlogn) = 0(nlogn). (2.6) 
But (m+ 1)S8,,—8,—S9...—Sy = Sy +S8e+-- T8y5 
and so, by (2.6), 
ΝΕ S,+8,+...4+8, OR. a | l 2.7 
ek πὰ Ὁ = 5 + odloen) (2.7) 
* Hardy (2). 
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On the other hand 


a= | fla) 2 de +-0(1) = J+0(1), 
0 


say, and 


vic [te ee ae + = : ( Wed dx =J,+Jp 


sa 
say. Here in 


by (2.1), and 
5 ees "oO" 8) an a aie ) dxe+0(1) 


I/n μ 


(rss) dx +0(1) =o(logn). 


1/n 
Collecting our results, we see that 


On — 
= te (log n), 


and so, from (2.7), S,, = ο(]ορ' ἢ), the result required. 

3. (ii) Proof that the condition is necessary. We now assume that 
δ. = 0(logn) and deduce (2.2). We begin by showing, without using 
(2.1), that 


x(2)=0(log2) (0,3), (3.1) 
x " 
i.e. that Xo(v) = { du | x(v) dv = 0(atlog ). (3.11) 
0 
The proof is much like that of Riemann’s classical theorem. We 
Beye (x) sin $nzx\? 
gp A2\" X2 2 
ἊΝ soot Σ" { ina 
= 2 tnig(na)—g[ (n+ lx ]}, 
7 2 
where g(u) = (=) ; 
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and so 
(n+1)zx 


nl flo du => 0,11, (3.2) 


NX 


ΟΡ 


say. But g’(u) is O(u) for small uw, and O(u-?) for large τ; and so 
I, = O(nx?) (nx < 1),  — ο( τς (nz > 1). 
nx 


Substituting in (3.2) and observing that, after (2.5), ¢, =o(logn), we 


obtain (a) : 
χοῦ), 
3 = Zz o (log n)O(nx?) + Pa o (log n)or aa} 
1 log n if 
—- 2 _— — —_ 
0(2 2% n| ὍΣ τὸ ) 0(Iog τ : 


which is (3.1). 3 
It follows that p(x) =o (2* log Η (3.3) 


(suffixes denoting, as before, integrations from 0 to x). On the other 
hand it is easily verified* that | 


gxp(x) = bo(x)— ὁ ,(α)--- ὁ f(z). | (3.4) 
The last two terms are 0( 240g Η , by (2.1); and it therefore follows 


from (3.3) that 
ΠῚ 


which is (2.2). This completes the proof of the theorem. 

4. We might naturally express (2.2) by saying that f(é) is ‘con- 
tinuous (R, 1)’ for t=2; Theorem A then asserts that, if (2.1) is 
satisfied (and in particular if f is bounded near t= 72), continuity 
(R, 1) ts a necessary and sufficient condition for summability (R, 1). 

It is natural to ask what happens when the condition (2.1) is 
dropped, and the answer suggested by the analogy with Cesaro 
summability is as follows. We must begin by defining summability 
(R, k) and continuity (R, 1). We may then expect a double scale of 
theorems like those investigated first by Littlewood and myselff, and 
then, more precisely, by Bosanquet and Paley.t None of these 
theorems, however, will be of the ‘necessary and sufficient’ type; for 


* For example by differentiation. { Hardy and Littlewood (3). 
t+ Bosanquet (1), Paley (6). 
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that, it will be essential to close the cycle by some such condition as 
(2.1). It might be worth while to push the analysis a little farther 
(though hardly to develop it in full detail), but I confine myself to 
what seems to be the simplest and most interesting case. 
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NOTES ON THE THEORY OF SERIES (XIV): AN ADDITIONAL 
NOTE ON THE SUMMABILITY OF FOURIER SERIES 


G. H. Harpy and J. E. Lrrrirwoop*. 


{Extracted from the Journal of the London Mathematical Society, Vol. 6, Part 1.] 


1. We prove here a theorem which we stated in an earlier notet, but 
without proof, and with a fault in the enunciation which we correct. We 
use our former notation. 


THeorem. If p>1 and 


(1. 1) [ p(u)|?du = O(t), 


* Received 10 June, 1930; read 19 June, 1930. 
t Hardy and Littlewood, 1. 


1931, 5 (with J. E. Littlewood) Journal of the London Mathematical 
248 Society, 6, 9-12. 


10 G. H. Harpy and J. E. LirtLeEwoop 


then the Fourier series of f(t), for t=, is either summable by every 
Cesaro mean of positive order or summable by no Cestro mean. The 
necessary and sufficient condition for summability is 


(1.2) φ(ὃἢ -»0 (C, 7), 
where r 1s any number greater than 1/p*. | 


We use Lemmas 8, 4, and 5 of our earlier note, and another lemma 
due to M. Rieszt, viz.: 


Lemma A. If 
g(t) =O) (Cr), φίῶ =o) C, γὼ), 
where 0 <1, <1, then 
p(t) =o(1) (C, 7) 
for 1 <r<r. 


Granted these lemmas, the proof of the theorem is simple. If (1.1) 
is true for a p > 1, it is, by Holder’s inequality, true for p= 1. It there- 
fore follows in any case, by Lemma 4, that any Cesaro mean of the series 
of positive order is bounded ; and therefore, by Lemma 8, that the series 
is summable by all Cesaro means of positive order or by none. 

If (1.1) is satisfied for a » > 1, we have 


lt) = ges | ἀττι) φῶ d 


t la ( t ifp’ 
— o[ || | p(w) |? dee i{ (ἐ--- ἰὴ τ Ὁ» ἄμ, iF 
(Jo J (Jo 


where p’ = p/(p—l1), and this is 

O(ele, ¢-1 +P) = OCF), 
if @—l1)p' > —1, ἐδ if ry >1/p. Hence 
(1.3) φί(ὃ = Ο() (Ὁ, 7) 


for r 1. By Lemma 5, the necessary and sufficient condition for the 
summability of the series is that (1.2) should be true for some 7, and 
then, by (1.3) and Lemma A, it is true for r > 1/p. | 


* This is Theorem B of 1, except that we there say ‘‘r>1/p if p>1, r21 if p=1.” 
We are unable to explain how the error (to which our attention wae called by Dr. J.J. Gergen) 
arose ; in our manuscript notes on the theorem it is stated and proved as here, and the case 
p=1, r=1 is explicitly rejected. 

+ M. Riesz, 3. 
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so that (1.1) is true with p = 1. 


AN ADDITIONAL NOTE ON THE SUMMABILITY OF FOURIER SERIES. 11 


If (1.1) is satisfied for p = 1, then ὦ fortior? (1.8) is true for 7 > 1, 


‘and the proof may be completed as before. 


In particular the conditions 


[Ιφὶ Ξε 00) (6,1), ¢=00) (6,1) 


are sufficient for summability (C, 1 A direct proof of this has been 


given by Pollard*. 


2. We conclude by showing by examples that the condition * > 1/p 


cannot be improved, whether p > 1 or p= 11. 


(i) Suppose that ὦ = 0, 8 = 0, and f(t) is even, so that g(t) = f(); 
that p> 1, l/jp<a<1; and that ¢,, €, 6, are sequences which tend 
steadily to Ὁ when n— ©; and take 


FO) = Σ ὀα ψε(ῦ, 


where 


—a 


Vn (t) = | ἐ--ἔ, [" 


poten = 

St &, | 
in the intervals (€,—0n&., ἔξω -Ἔ δὲ ξ) and Wp(t) = Ο elsewhere. It is plain 
that 


ey 


᾿ p(t) |? dt = ο(), 


when the sequences tend to zero with sufficient rapidity. A fortiori (1.1) 
is satisfied and φ() -» Ο (C, 1). But 


Pip) = IY [ (ἐ---1 "Ὁ - : p(u) du = ©, 


when ¢ = &,, 80 that (1. 2) is certainly not true for r = 1/p. 


(1) Take x = 0, 5 = Q, f(d) even, and 
f(t) Ξ-- ΩΝ (Q-"—47” < ἐ « 27"), ue) = — yr (τ " < t< Q-"+ 47"), 


and f(t) = 0 otherwise. Then 


{loca lau Ξε ο( Σ "4 1") = - ο( Σ 2-) = O10), 


2°" 4τὸὴ κι 4."π| 


* Pollard, 2. . 
+ So that the statement referred to in foot-note *, p. 10, is definitely false. 
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Next, since ¢,(t) is zero except in the intervals (2-"—47", 2-"4 47"), 
and does not exceed 2”4~-" in such an interval, we have 


a(t) = οἕ Σ αν. 4 1.455} = 0.2 s-*) = O(¢) = o(f, 
9-. τῆ κι τ; 
and, by the theorem, the Fourier series is summable. 
Finally, when t = 2~", φι(δ is equal to 2".4-" = ¢. Hence (1. 2) is 
false when 7 = 1, so that (1.2) with 7, = 1 cannot be a necessary condi- 
tion for the summability of the Fourier series. 
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NOTES ON THE THEORY OF SERIES (XV): ON THE SERIES 
CONJUGATE TO THE FOURIER SERIES OF A BOUNDED 
FUNCTION 


G. H. Harpy and J. E. Lirrnewoopt. 


[Extracted from the Journal of the London Mathematical Society, Vol. 6, Part 4.] 


1. Mr. Prasad proves} that the allied or conjugate series associated 
with a bounded function f(z) is summable (C, 6), for every positive ὃ, 
whenever the integral 


(1.1) g(x) = |, 1 )-ὃ-- [(ὦ ---ὸῦ cot 4t dt 
is convergent§. The point of the theorem is that, when f(x) is unbounded, 
we can usually only assert summability for ὃ > 1]}. 

Theorem A below in a certain sense completes Mr. Prasad’s theorem, 
and corresponds to one concerning the Fourier series of f(z) which we 
proved some years ago{i. 

THeorem A. Suppose that f(t) is bounded in the neighbourhood of 
t=x2. Then the allied series of f(), for t= 2x, ts either summable by 
Cesaro means of every positive order, or summable by no Cesaro mean. 


+ Received 6 August, 1931; read 12 November, 1931. 
t See his note preceding this. 
ἢ As a Cauchy integral, t.e. as 
--- lim 
ΤΠ e—v0 Je 
‘The sum of the series is, of course, (5). 
| Paley, 4 (Theorem 2, with a = 1). 
{| Hardy and Littlewood, 2, 71 (Theorem C 1). 


1931, 7 (with J. E. Littlewood) Journal of the London Mathematical 
Society, 6, 278-81. | 
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A necessary and sufficient condition for summability 18 the convergence of 
the wntegral (1. 1). 


2. We shall in fact prove rather more than is included in Theorem A. 
We denote by A the set of values of x for which 


t t 
Ι ψ( ἀκ = [᾿χατξω--λαττω [ἅν = Ο(ὃ, 


and by A* the set in which the same integral is o(¢). Plainly A includes 
A*, and A* includes what, in our paper 3, we called the Lebesgue set, so 
that all these sets include almost all z Also x belongs to A whenever 
f(é is bounded in the neighbourhood of t = a. 


Turornem B. (i) If x is in A, then the allied series, if summable (A), 
and a fortiori if summable (C), 1s summable (C, ὃ) for every positive ὃ. 


(ii) If « is in A, then a necessary and sufficient condition for the 
summability of the allied series is that the integral (1.1) should converge 
an some Cesaro sense. 


(iii) In particular, if f(t) ts bounded near t= ἃ, it ts necessary and 
sufficient that (1.1) should converge in the ordinary sense. 


It is clear that Theorem A is included in Theorem B. Our proof of 
she latter depends upon a chain of theorems most of which we have used 
repeatedly before and the remainder of which we state here as lemmas. 
We use the letters B and 8 in the same senses as in 3, so that, for 
example, 

ὃ ῃ \* 
BS ΟἿΣ (ι-- -Ἱ Br, 
W 


1<nr<w 


ὃ 
δι: Σ (1—~) nBn; 


1< nw 


where B, = ὃ, cosnt—a, sinnt is the general term of the allied series of 
f(t). We also use “ summable (C, +0)” as meaning “ summable by any 
Cesaro mean of order greater than 7”. 


Lemma 1. If x is in Δὲ andd> 0, then B = oe). 


This is what we proved in Lemma a of 3, though we stated the result 
there @ little less generally. 
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Lemma 2. If xis in A, then 
Bi = Ow). 
The proof is a trivial simplification of that of Lemma 1. 
Lemma 3. If 2B, ts sunvmable (A), and | 
Ci B,+2B,+...+nB, = O(n) (C, 1), 
then xB, ts summable (C, 1+0). 


‘ 


This (a Tauberian theorem of purely ‘ arithmetic ” character) is 
included in Theorem 8 of the note which follows. 


3. We can now prove Theorem B as follows. 


(i) If g is in A then 38ὲ = O(w), by Lemma 1. Hence 
BL—By' = —+ 85" = 00) 


forr>1. It follows that =B,, if summable (C), is bounded (C, ὃ). But 
a& series summable (C), and bounded (C, 6), is summable (C, 6)+; and 
therefore © B,, if summable (C), is summable (C, δ). 


(ii) A necessary and sufficient condition that 2B, should be summable 
(C) is that stated in clause (ii) of the theorem}. It follows from (i) that, 
when z is in A, this condition is necessary and sufficient for summability 


(C, 0). 
(111) If in particular f(t) is bounded near ¢ = a, then 


fe+t)-fle—0} cot 3 = 0(4) 


when ¢~0. In this case (1.1), if convergent in any Cesaro sense, is 
convergent in the ordinary sense§. 


(iv) We have now proved Theorem B except for the reference to 
summability (4) in clause (1). For this we require Lemma 3. If we take 
6=1,#=n-+1, in Lemma 2, we see that 


B+ Pet... +8, = O(n’) 


+ Andersen, 1 (Theorem 8, 56). 
{ Hardy and Littlewood, 3 (‘Theorem 8). 
§ By the integral analogue of the ‘‘ Ceséro-Tauber ’’ theorem for summable series. 
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when z isin A. This is the second condition of Lemma 8, and it follows 
that 2B, is summable (C). 


[We take this opportunity of observing that (as was pointed out to us 
by Mr. Prasad) the criterion for the summability of a Fourier series 
proved by Pollard in Vol. 1 of the Journal (p. 288), and attributed by him 
to us (as the case p = 1, r = 1 of a theorem which we stated on p. 187 of 
Vol. 1, and proved on p. 10 of Vol. 6), is really due to W. H. Young. See 
Young’s paper “On the convergence of the derived series of Fourier 
series’, Proc. London Math. Soc. (2), 17 (1917), 195-236 (207, Corol- 
lary 4).| | 3 
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The strong summability of Fourier series. 
By 
G. H. Hardy and J. E. Littlewood (Cambridge). 


§ 1. Introduction. 
1.1. A series 


Ay-+ A, + 4, +... 


may be said to be strongly summable, with index & and sum s, if k>0, 


aay Cae Oo es eee οι, 


and 


1 - : 
(11.1) ati ol > 0 


when n->oo. It follows from Hiélder’s inequality that (1.1.1) says 
the more the larger ἢ. 


Suppose now that /(¢) is a periodic function of the class L’, 
where γ 1, that 


(1.1.2) Ay ἜΣ, 4=5 Ay + 3’ (a, cos nt +- ὁ, sin κ ἢ) 
1 1 


is the Fourier series of f(¢), that 


(1.1.8) φία, ἢ τε Σ (fe+)+fe—)—29, 
(1.1.4) Φ(α, t) = J p(x, νὴ du, 

and | 

(1.1.5) O* (2, ὃ = ἡ [φία, u)|" du. 


1935, 5 (with J. E. Littlewood) Fundamenta M athematicae, 25, 162-89. 


163 G. H. Hardy and J. E. Littlewood: 


If | 
(1.1.6) @ (x, t) = 0(t) 


and 
(1.1.7) ΦῈ (x, t) = O(t) 


for small t, then the series (1.1.2) 18 strongly summable, to sum s, 
for every k'). The conditions (1.1.6) and (1.1.7) are satisfied for 
almost all « when s = f(x). In particular 


(1.1.8) OF (x, ἢ = 0(f), 


which includes both (1.1.6) and (1.1.7), is a sufficient condition for 
strong summability. 

The proof fails when r= 1, and this case of the problem has 
remained unsolved 5). 


1.2. Our main purpose here is to settle this unsolved problem. 
Our solution is (as was to be expected) negative; (1.1.8) 18. not 
sufficient, when r= 1, for strong summability with any index k ὃ). 
We prove, however, a good deal more. If & >0, and 


(1.2.1) χ = u(r) = 0 (Vlog n), 
then (i.1.8), with r= 1, does not imply 


(1.2.2) β. [8, — s/t τὸ ο(η x). 
0 
We state the proof primarily for the case « ΞΞΞ 1. 


1) Hardy and Littlewood (4, Theorem 1). The first theorem of this char- 
acter appeared in 3, and the theorem stated here is the result of successive gen- 
eralisations by Carleman (1), Sutton (8), and curselves, 

Still further generalisations were made by Paley (7), Thus (1.1.6) may be 


replaced by 
φία,ἢ-». (6,4) 
with any J, and (1.1.7) by 


t 
SP p % u)|)du = O(2), 
where #(w) may be, for example, any of 
| w (logt το) δ, wlogt w (logt logt w)!+4,... (> 0). 


2) See, for example, Zygmand (9, 240). 
5) However smail. 
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This negative result raises a further problem. The proof suggests 


that the function log should be, in a sense, a ,best possible“ 
function; and in § 3 we prove that, substantially, this is so, since 
(1.1.8) implies 


(1.2.8) > |8.— sit = 0 (n(log nF) 


at any rate when ὦ < 2. 

This result completes the main purpose of the paper. In § 4 
we discuss, more cursorily, some further problems left open bv 
our work. 


 § 2. Negative Theorems. 


2.1. In § 2 we suppose that f(t) is even and 


x= 0, s = 0, 
so that 


φ (2, t) = f(?). 


A, 8, C.... 


The numbers 


are positive ,world-constants“, which preserve their identity 
throughout the argument, unless the contrary is stated expressly. 


2.2. Theorem 1. Suppose that y=x(n) is an increasing function 
of n, and that. 


(2.2.1) 1 (n) == 0 (Vlog n). 
Then there is an integrable function f(t) Jor which 


(2.2.2) fires) du = o(t) 
and | 
(2.2.3) > |s,| ΞΕ 0 (n x). 


We begin by transforming the theorem. We may suppose that 


2 “΄. 
waza [7 αι --ὸ 


168 G. H. Hardy and J. E. Littlewood: 


and then (2.2.3) is equivalent to 


n 


D> ltl Fon) 


1 
where 


1 
ee ee ee 
Now 


where ὁ, is the Fourier constant 


9 wt 
b, = = fos nt g(t) dt 


0 
of the even and integrable function 4) 


wt 


g(t) ἘΣ footzusl du. 


f 
Since 


ae 
g(t) = — 5 cot 5 tf(0, 


(2.2.2) is equivalent to 


t 


(2.2.4) f u|g'(u)| du = ο (ἡ). 


0 


Hence Theorem 1 is equivalent to 


Theorem 2, There is a function 


g(b) ~ 5 be ἘΣ b, cos nt, 
1 


satisfying (2.2.4), for which 
(2.2.5) D>» [2.| + οὐ). 
1 


It is in this form that we shall consider the theorem. 


4) See Hardy (2). 
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Lemmas for Theorems 1 and 2. 
2.3. Lemma 1. Suppose that 
(2.3.1) n= 104, k => 3, ἰ = [log k}. 
Then there are positive constants A, B, and an even Junction 
fO=f,@ 
possessing the following properties. — 


(a) f(t) =e,, where ε, τς +1, in the intervals 


7 7 


and f(t)=0 if t>i0“n or 0OSt< 10x. 
(b) f(t) satisfies 


(2.3.2) "γώ αι (0 -Ξ ἐξΞξ πὶ), 
(2.3.3) filafey| =o [Ὁ Ξε ἐξ io) 


0 


(c) The Fourier constants c,—=c,(f) of 7 satisfy 
(2.3.4) 2 v|e,(f)| = Bn Plog n. 


This is the critical lemma; when it is proved, the remainder 
of the proof of Theorems 1 and 2 will be a matter of routine, 
Tn the first place, (2.3.3) is obvious. 
Next, /(#) is a step function with discontinuities, of magnitude 2, 
at some of the ends of the intervals 6,. If 
10°C nr St=<= 10x ¢@=s<hk) 
then 
τ % _2n 10 2002 
<2 ee eee eee 
πάγω ΞΞΞ 10°- 10° 9 = 9 t, 


which proves (2.3.2). 
It remains to prove that, if the e are selected properly, c, sae 
tisfies (2.3.4). 


167 G. H. Hardy and J. E. Littlewood: 


2.4. Now 
k-1 | 107" 7 
cy( ἢ = c,_f 08 vt dt, 
real 10—-"-1, 
k—1 
(2.4.1) ve,(f) = δ' ε, A, y, 
real 

where 

. vn . VT 
(2.4.2) A, ΞΞΞ sin τὸ 2 yor 


Suppose, if possible, that 


n 


(2.4.3) > vl|e,|= Cn Vlog n 


1 
for every set of ¢,; and let 
‘A vy 


denote an average taken over the 2*~’ sets of ε,. Then, after (2.4.3), 


(2.4.4) Pa Av(v|e,|) S Cn Plog n. 
i 


But 5) there is a D such that 


k—1 “k-l 
Ses.)ao)/ ¥ a 


rol rol 


(2.4.5) Av(v|c,|) = Av 


and therefore, after (2.4.4), 


(2.4.6) Σ Vy a o< τ log n. 


yal ref 


If we can prove that (2.4.6) is false, for some C, we shall have 
proved that (2.4.8) is false for at any rate one selection of the ε;; 
and this will complete the proof of the lemma. 


8) Littlewood (6, Lemma 4). 
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2.5. We suppose now that 
O<ry<cn=10, v4, Wy... ἐς 


(in the decimal scale), and consider the conditions under which it 
is possible that 


1 
[Δ] = |4,,| <F00 "<* 
If r< k then 
᾿ ᾧ VIU 
A = sin τὸ; -- 518 ges 


τ τς eS ee ΠΕ 
== (— 1) sin | τὸ amet + ik) 


—(—aersin (2. th) ἢ 
= -+ sin 6 + sin g, 


say; and |sin 6| and |sin g| differ by more than τ unless ἔς. κμὶ 


has one of the 6 values 
hry Gr — 1, & +1, 19—%_,, 10—4,_,+1, 10—%_,—1 9). 
Hence , 
|A| > F600 

unless ἐς. κῃ satisfies this condition. 

We may regard each of the 10*—1 values of » as determined 
by successive choice of the digits 

ee eee ern eee 

In general there are 10 πων choices οὗ i,_,4,; but if i, 4, is to be 


chosen so that [Δ] - i then there are at most 6. 


8) Divide the angle π into ten equal sectors, Then lies in ἃ sector which 
is not the same as or adjacent-to that containing 6, nor supplementary to such 
a sector; and 


ἐπ᾿ 

Ὁ gts. ἡδεῖ ἦγ δ: ay eer ee 

[|sin 6] μα gil > f conn ἂν 1 €08 τὸ > ipo: 
yu— por 
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Suppose now that, for a particular », 

(2.0.1) y Ary SM, 
where h= h(n) isa ides ad n (or of k) to be chosen later. Then 
A> 


for at most 
A = (104 h?] 


values of r. At most 4 of the choices for » are unrestricted, and 
the remainder, at least &—1—A, restricted. The 4 unrestricted 
choices can correspond to at most 


ke 
A 
sets of positions, and the total number of values of » which satisfy 


(2.5.1) is at most 


(2.5.2) m = 10’ ; 


) rot 
We take 


h= EVlog n 
and find an upper bound for m for large n. We have 


A = (104 #? log n] = yk, 
where 


is small with £. Also 
(ἢ--ἰΞ 9... 65 5ῈΣ 


A A\ 
kA ΚΡ εγὲ 
μὰ --- 10δκ — 78 
<7= iy byt 10% — n°, 
where 
_ ¥— ylogy 
log 10 
is small with Z and y. We can therefore choose £ so that 
(2.5.3) i < n80 
7 
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and 
(2.5.4) 102 == 10% == nv < 30 
for sufficiently large n. Finally 
(2.5.5) 10! = 10M24 — 30 
for large nm, and 
log 6 
(2.5.6) GAIA << Gt -- log 78 — IO. 


and these four inequalities and (2.5.2) show that 


m< sotto - 10 
for large n. 
It follows that 


k—1 


2 Aa >h? = 23 log n 


4v?o= 
: για 
for at least 
to I 
7 --- n>" > Ὁ n 


values of m, and therefore that 


n a ὁ 
ΣΥ " ΔῈ, = = blog. 
ι ; 


yen] rom 


This contradicts (2.4.6) when 
C< DE; 


and the contradiction proves the lemma. 


2.6. Lemma 2. Sujpose that n, k, 1 satisfy (2.3.1). Then there 
are positive constants H, K, and an even function 
GE) = σκ(), 
with the following properties. 
(07) g(t) satisfies 
f 
(2.6.1) fo |g’ (w)| dus Ht (0 ΞΞ ἐξ πὶ, 


ὃ 
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t 


Ἶ Ζ 
(2.6.2) fe ig'(u)| du = 0 (o<'< ὦ} 
0 


(c’) The Fourier constants c, = ὁ, (9) of g satisfy 


(2.6.3) >? \¢o(9)| & Kn Plog x. 


1 


The f of Lemma 1 has discontinuities at some of the points 
10-"1; we construct g by smoothing away these discontinuities 
appropriately. If, for example, 1<r<4—1, and f jumps from 
—1 to +1 at 10°‘, then we join the points 


(10"2 — n-3, — 1), (10π΄π- n-8, 1) 


by a straight line, and take this as part of the definition of g. 
A jump from +1 to —1, or a jump of half the height when r 
is 1 or K—1, is dealt with similarly. Since g is stationary except 
along these lines, and 


107”: a+n—8 107" 7-+n7 8 
fulg@lau= falas), 
107 γπ--π 8 10. 7.--π 3 


g has the properties (2.6.1) and (2.6.2). Also f and g differ by at 
most 1, and that in a set of measure at most 


2k log 
ra 1, a: 
Hence 
logn 
lef) — e4(9)| < Ls 
aDG 
ΝΥ ¥ 
δυο, leg 
1 1 
differ by less than 
L log a 


}ὲ 


so that g has the property (2.0.8). 
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2.7. In this paragraph we vary our notation a little. M is a 
world-constant wherever it occurs, but the constants in different 
places are not the same. 

Lemma 3. The function g of Lemma 2 has also the properties 


mm 


(2.7.1) Σν [e,(9)| S Umlogn, 
(2.7.2) Sr, (9)|<Mmlogm, 
for m>1. 

(i) Since 


v|c,(g)| S MV(Q), 
where V(g) is the total variation of g, and V(g) is less than Mk 
or Mlogn, g has the property (2.7.1). 
(11) We have 


t 


Ισ] ΞΞ1, G@i= fulg' (| dus At. 
nae nl | 
(2.7.3) cy (9) = = (f+ f)omvea dit=J,+J,, 
say. Here i " 
᾿ς is, floes? 


since [9| ΞΞ 1. Also 


3. 2 ( 
ΒΝ ee 


aly πίν 


Mf MCG 
@16)  Als> figwlaaZt fas 


πὶν aly 


=5 (- “πὴ += 


π m/v 


"G0 gy 
v 
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From (2.7.3), (2.7.4), and (2.7.5) we deduce 


[6,(9}} ΞΞ μ΄ 58: 28” 
and so (2.7.2). 
Proof of Theorem 2. 


2.8. We can now prove Thecrem 2 (and so Theorem 1). 
We define g(t) by 


= Ze In,(t) = = LF 


5Ξι1 δεῖ 


where 1; >> 0 and nm, = 10* are sequences, to be chosen later, which 
tend to infinity, when s—>0oo, with great rapidity. It is plain that, 


if the increase of », is sufficiently rapid, at most one g,. differs 


from Ὁ for any ἐ. Also g, = 0 if ἐς 10-*s πὶ == πίῃς, and 


t 
frulgiu\au= 00 
0 


uniformly in 8. Hence 


fu (u)| du <>)’ ὙΠ (u)| dee τες o( Ys J=00 


1074s st 


which is (2.2.4). It remains to verify (2.2.5). 


We have 
Cy (9) = ἊΝ Cyn); 


‘ : ; Ἶ Ὕ : 
eG! Lo οί, }} — Δ ξ, 1ο,(9,.}}-- > ξ, Ἰον(9,}}} 
5(σ 5.» 6 


Ng πο 


(2.8.1) S= » vy |c,/9)| = 6, Yr \¢.(9,)| 


y=l p=! 


Ng 


—~s.. Yor, Ing)! — 3d ¥ |e n,)| 
γε ard s>a gol 
ΞΞΞ S* Ἐπ ὧδ) τ Dee 
say. 
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In the first place, by (2.6.3), 


(2.8.2) S* > KE, n, Vlog ng = ng x (m4) ἢ 
if 
log it, 
(2.8.3) oe > 1, 
Next, in &,, s<o and. by (2.7.1), 
Ng 
Ν᾿ ν]ο (σα, 1 ΞΞ Mn, log n, ΞΞ Mn, log n,_1, 
so that 7 
δι S Mn, log vgs δ᾽ ξ, ΞΞ Mn, log ngs, 
and 
(2.8.4) δὲ - tty Z (Ng) 
if 
(2.8.5) log Ng-1 < % (7g). 


For this it is only necessary that n, should tend to infinity with 
sufficient rapidity. 
Finally, in S,, 5.» σ and. by (2.7.2), 


ny 


δ “ ley (Gn,)| == M Ng log Nos 


pul] 


Hence 


S, = Mn, log Ng (Sots ΞΕ Cote + μὰν .) = Mn, log Ng Cott 


if ¢, decreases with sufficient rapidity. It follows that 


(2.8.6) ὃς πῆς %(”,) 
if 

logn, . 
(2.8.7) ΙΕ ας se 


1) We write p =~ w if φίψ -ὸῦ when the variable involved in ῳ and wp 
tends to infinity, and p<y if p/p—>0. 
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Collecting our results from (9.8.1), (2.8.2). (28.4) and (2.8.6), 
we see that | 


"gq 


S= δ᾽ ν]ς,(9)} & m4 x(n.) 


1 


if mn, and 7, tend to infinity both with sufficient rapidity and in 
such a manner as to satisfy (2.8.3) and (2.8.7). Since we can satisfy 
these conditions by successive choice of 


{41} nN, Nes Ng y gy: “7 
the theorem follows. 


We have supposed that the & of § 1 is 1. It is plain that the 
sane argument proves that 


> Isl = o(n xt) 
fur any positive ὦ. 


§ 3. Positive theorems. 


3.1. The notation of this section differs from that of § 2. 
We suppose that «(6) is periodic and integrable; that 
1 . oh -Τῇ δ 
κ(θ) ~ 5 ας + Sa, cosn6-+ ὃ, sin nd) == Ay +> A, (8); 
1 1 
that 
τς ἢ 
φίθ, ἐ) = 5 {με({0 +. ὃ + μ(θ --- ἐ) — 2s}; 
and that 
1 : 
5, = 8,(8) = 5 Ἂς ἘΣ A, (9). 
1 


We also suppose that 
1 oo 
u(r, θ) = 5 Ay +S A, (8) 7" 
ΟΠ 


is the harmonie function associated with μ(θ), or Poisson integral 
of u(@); and that 


I (2) = f(r &) = > C, 2" =>’ ὁ, γα eX, 
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where 


1 
CO =F ἀρ; C, == a, —1b, (n > 0), 


is the analytie function, regular for γ « 1, whose real part is u(r, 6) 
and whose imaginary part vanishes at the origin. 

The A are positive world-cuonstants, different on different occas- 
ions, while C is a positive number which remains the same 
throughout a proposition and its proof. 


Theorem 3. If 


t 
(3.1.1) f [φ (8. w;|dw = o(b), 
then : 

(3.1.2) Pa (8, — s)? = 0(n log ἢ) 
and ᾿ 

8.13) Js — |= on aga 


0 
We need only prove (3.1.2), since (3.1.3) then follows by 
Cauchy’s inequality. The theorem shows that the condition (2.2.1) 
imposed on y(m) in Theorems ! and 2, is the ,best possible“ 
condition of its kind 
The series 


5 As - 8 ἘΣ A,,(@) cos nt 
1 


is the Fourier series in ἐ of the even function q (6, #), and converges 
to zero when s, converges to s. We may therefore suppose, without 
real loss of generality, that 6 = 0, 8 -ξ 0, and that u(t) is an even 
function of ἐ. In these circumstances ᾧ (θ, ἐ) τε u(t). The letters 6 
and g then disappear from the theorem, and there will be no 
inconvenience in using them in other senses. 


Lemmas for Theorem 8. 
3.2. Lemma 4, If ὃ is positive, and 6 revl, then 


ς ὃ ἜΝ 
ee Sorminnr (+ φῇ) (ὅν τ (φ Oy “Ὁ “-Α. 
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- 514i |p| 
a Sor P+ φῇ (5 -Ὁ ~— “Ὁ <* 
(i) Since φῆ < 6*-+ g*, we have 


δὰφ es 
Sormerr- ae ates fee a” 


(ii) We may suppose @ positive. It is then sufficient to consider 
the integral over (0,00), the otker part being smaller. 


We write 
oo ὃ io 
aotecmenf [ef-s 
- Ξ- yf 5 Ae 
ΟΣ al εν ani 
In J,, 
52 1 1 
ἘΦ O> 9-8 4M 56 φ 
so that 
dd 
n<2f go 
In J,, 
1 
P+ φὴ φὴξξ - θφ, 
so that 
r dd at 
n<2f πη τ on™ 


Finally, in J,, OSS 59 and so 
| 1 
δ Ἐφ τ > GO +o 


δῳφδάφ 1 
ΕΣ Fey 2” 


21] 
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3.3. Lemma 6. If 


(8.8.1) | fiocoias < C6}, 
for all 6, then , 
(3.3.2) | ln 914: -- 409] 
Sor rl. 
We may suppose that 
0<@ ΞΕ 
We write 
6=1—r, 


so that O61. Then 


ay (1 — r*) u(y) 
ie ed i—fresip—parn’” 


ππ 


ὃ 
[π|(γ7 ἢ} ΞΞ af 63 we! t)? ἀφ, 
(3.3.8) fi Iu(r, ὃ] 4 Ξξ A fi iu(p)| χίφ, 8, δ) ἃ φ, 
where ° δὼ 
6d 
(3.3.4) 4 (9, 6, δ) = a oe ah 


It will be enough to prove that 


(8.85) J=IG,A)=f|u(—)l χίφ, 9, δ᾽ ἀφ SACO. 
If 
φ 
ὕ (φ) = | |u@| dts Cg, 
Ἵ 
then 


(336) "ες [Ux δ) dp =U(n) x(n, 6, »- [σῇ ἀφ. 
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The first term is plainly less than AC6. In the second, we have 


ϑχ. d [ 6 ΕΣ 6 ὃ 
ap ὑ αι Fp) — «OF - φ' d8#-++ (φ — 6)” 
NO | ge OU I) x te 
lap] = — (8 + φῦ) (δὲ + (φ — 4)?)’ 
9% δθφ᾽- δθηφ 
J YP) 39 πα TF φὴ τὸν τ HHP SA 
by Lemma 4. 
3.4. Lemma 6. If 
0 
(B41) Ὁ J |u(t)| dt = 0((41) 
then | 
θ 
(3.4.2) f int ἢ] dt = 0(|6]), 


uniformly for 1—rs|6|. 


We may suppose @ positive. The conclusion then asserts that, 
given a positive e, we have 


9 
fim, t)| di € 6 
for 


6=1—r<6<C¢(e)%. 


8) We state and prove what we shall actually require. The restrictions on ὁ 
and 6 are no doubt stronger than is necessary. 
It is of course not true that 


θ 
J Gs ΒΈΞΞος 9.) 
uniformly for <1; in fact 
0 
J |u(r, ἢ] dt ~ 6 u(r, 0), 
0 


for a fixed r, and u(r, 0) is not generally 0. 
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It is enough to show that the integral J(0, δὴ of (3.3.5) satisfies 


such an inequality. 
We transform J(6, δὴ as in (8. 3.6). Then 


U(x) 4 (x, 6, δὴ = -ῦῷ fgg at ἣν 


is less than a multiple of 66, and is 0(@) in the sense required. It 
is therefore sufficient to prove that 


__b69U(y) 
a fa (py (8 + (φ -- 8} Ὁ =) 


and 


66: U (φ) _ 
os Serseteom + φὴ (δ8 Ὁ (φ -- 65). Ὁ“ 4 


The argument is, after Lemma 4, the same for either integral. 
We choose ἢ = η(ε) so that 


U(p) See (0< pS»). 


Then (taking the first integral for example) we have 


569 Ug) a ὃ 6g 
4. 5 SE Pa a ROME eee s 
@. ΤΕ (δε φ--θ}) PJ (LPH Hy" PSA 


But, if 0< 5% we have also 


940 fore eroman oe f ree = 4086 on 
ῃ 


p*) (δξ.  (φ---6)}) 


ῆ ῆ 
and (8.4.8) follows from (3.4.5) and (3.4.6). 


3.5, Lemma % If u(t) satisfies the condition of Lemma δ, then 


861) firoears 42 
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It is enough to prove that 


(3.5.2) | | u,(r, » di= Ξ 
(8.6.8) -: ΞΟ 


for 6 >0, 6 <5 . Here the suffixes denote partial differentiations 


with respect to r “a t 
These inequalities are corollaries of those occurring in the 
proof of Lemma 5, For 


1 ἢ ὃ 1 .--- »,3 
a 2π fo or [ — 2r cos (φ -- 2) Ἐπὶ ἀν; 
-π 


and 
9 1. ,3 2a —n— 4( Ὁ Ἵ sin? — 5-8) 
ate cos (p — #) +r? —)|=' 


(a -- η73- 4r sin* | 5 (φ — ) 


A e+p—t _ A 
(δ5 -Ἐ (p — ἢ" #4 (φ — ἢ 


- 9 
J Iu,(r, Ὁ] dt 


is majorised by an integral which is, apart from a factor 6, that 
occurring in the proof of Lemma 5. And similarly 


2 an ΒΕ Ik de 
dt \1 — 2r cos (φ --- ἢ - ἢ} (1 — 2r cos (p — #)-++ r?)3 


is less than 


is less than 


Hence 


_ dig—t] . _ A 
(δ5 + (φ — #8)? δὲ + (φ — ἢ» 
Lemma 8. If ao satisfies the conditions of Lemma 6, then 


| Bb) ἢ Prenat = o( 18), 


uniformly for 1—r=|61. 
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This follows in the same way from the proof of Lemma 6. 


3.6. Lemma 9. If 


(3.6.1) | s u(at < 619), 
for all 0, and a fortiori if u(t) satisfies (3.3.1) then 
6 AC | 
Se) i 4 = 1. »" 
and if ς 
(3.6.3) f u(t) dt = ο (|8)), 
and a fortiori if u(t) satisfies (3.4.1), then 
θ 1 
(3.6.4) pee) = 0 (—) 


when z tends to 1 from inside the unit circle. 


We shall need only one clause of the lemma, viz. that (3.3.1) 
implies (3.6.2); but it is as easy to prove the stronger form of 
this proposition, which has some independent interest. 


It is familiar that 


AC 
|e (7, 6)| = 1 mie r? 


and we may therefore suppose, in the first part of the lemma, 


that o<exi π. Then, if 


2 
U,(p) = f u(t) dt 


«τ f__ @=r)u@) 
εὐ 35 J i=arente DFA 


we have 


1 1 — r*) U,(9) 
20 ΕΕΞ ἜΣ ΣΝ 


τς {ἘΞ sin (φ — 6) 1, (φ) 
1 — 27 cos (φ — θ) +r)! 


re 
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The first term does not exceed AC. The second has a majorant 


δ᾽φ]|]φ -- δ(φ — 6)? 
ἴδει 10 ἐφ στα, =H 49S 40 fete oF 95» Φ 


ὃθφ -- 
ΣΟΙ͂Σ 


say. Here 
δάφ 
J; -αο ας Ἐφ ΞΡ Ὁ 
and 
AC@ 
4400 fotos δ 
Hence 
Jsc(i+4), 
and so | 
u(r, t) AC AC_AC 
i—a=[1—-at@¢=s° 


This proves the first half of the lemma. The second (with 0) 
is not wanted here, but we sketch the proof for the sake of comple- 
teness. It is enough to show that 


1 f2r(1—r)sin(p—O)U,(y) , Ὥ 
2n, (1 — 2r cos (φ — 6) +- r?)? dp =0(l) +0 (5). 


We choose €=(€(e) so that [Ὁ] (φ)ὴ] ΞΞ εἰφ| for [φ[Ξ3Ξ ξ. The 
argument which precedes then shows that 


&f sae ΓΞ pp 4φ S Ae (1453), 


and the rest of the integral tends to zero with ὃ and 0, for any 
fixed ¢. 

It will be observed that here we need not make any reservation 
about the relative magnitudes of 6 and 0. 
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3.7. Lemma 10. If u(t) satisfies (3.3.1) then 


any a 
and if u(t) satisfies (3.4.1) then 

ΤΊ: 1 
διε, ΓΞ 5-- (a=): 


We prove the first clause only; the second is not required, and 
the reader will have no diffienlty in making the appropriate modi- 
fications in the proof. 

It is enough to prove that 


u u,(r, §)) — Ug (r, A)| — 
1—2z|> = | 1—2z|> = 
But 9) neither |w,| nor |w,| exceeds the sum of 
[μ(φῳ] _U® ,9.4( ὕφφ) ιφ-- 6) 
JFL oo“ HT 4 fete: P+ o— Hy 


and a similar contribution arising from negative values of g. The 
integral here has a majorant which differs from that of Lemma 9 
only in the absence of a factor d, and the conclusion follows. 


Proof of Theorem 3. 
3.8. We may suppose (as we explained in § 3.1) that 


1 οο 
u(t) “- 5 % “F Σ a, COS nt 
is even, and that θ--Ξ 0, s=0. 


We write 


f@a= > 6,2", co = 5 Mey ὃ: = Ay (nm > 0), 


wan(N=atateten oma f= ttt ts, 
so that 


ae . at?a +.. +e, __ 8,(77}) 
Ra π | n+ 1 5 ° 


8). See § 3.5. 


[ΠῚ 
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Then 


Saco 


by the theorem of Fejér and Lebesgue, and it is sufficient to 


prove that 
>) Ὁ} ΗΒ o(n log 7) 


or, what is the same thing, that 


(3.8.1) D> (5,(f"))* = 0(n? log η). 
0 
Suppose now that 
é=1—r= Ls 
n 


Then 


x (FS (1— ἮΝ 2 (5, f))* o™. 


The first factor is less than A for n => 2, and 


1—z 


(3.8.2) s (2,( fr = 5 {3 (2) 49. 


Hence (3.8.1) will follow from 


(3.8.3) On Ξ) ἐξ; ἀθτεο 5 log 3): 


It will be sufilciont to consider the part of the integral in which 6 
is positive. We write 


π ; 6 π 
(8.8.4) ram f|f2,lee=/+ ᾧ- +a; 


and show that J, and J, are of the form required. 


θ 
if F(6) = J if (re)idt then 76) = 0 (5), by Lemma 7; 


and f fe — = (5 zi) by Lemma 10. Hence 
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wn ftom fi 
1\f FG) 6 F (6) 
ofa) {τ 4 ont + f- rar πιὰ 


ὃ 


= {5} + 9(5 πὰ 0 (55) = (55 8 5} 


On the other hand 


(3.8.6) | =0(5 ii} J ee ΠΝ 


The integral here is 

F(a) Ζ2 (δ᾽ 47. 6 F (6) 

(d? + ns) (2 (2 428 (6? +. ἘΠΕῚ ὦ 

The first two terms give 0 (1) and O(1/6). In the last, since 686, 
we may use (3.5.4), so that 


9.8) 34 _, * 99d0 ut du ial tet, 
i (61+ 9) Ψ ore τὰ sf (Ἐκ τ (ae) 
Hence, after (3.8.6) and (3.8.7), we obtain 


1 1 
(3.8.8) J. ΞΞΞ 0 [᾿ Ιορ 4) 


and the theorem follows from (3.8.5) and (3.8.8). 


(3.8.7) 


§ 4. Conclusion. 


4. 1. We conclude with a few miscellaneous remarks, in part 
concerning problems left open by our analysis. 

(1) There is no difficult in proving that, under the conditions 
of Theorem 3, 


5, = Σ' | 8 — 81} = ο(η (log n)*~) 
" 


for k ΞΞ 3. We replace (3.8.2) by 
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D») al StS (5 Sif LET ae), 


and repeat the argument with the obvious 


k 
where kb’ = pa 4 ἢ 


changes. The argument of 8 2 shows that S, may be nearly as large as 
n (log n)s" : | 


but the gap between (log n)e and (log n)*! remains open. 
On the other hand Theorem 3, together with Hdlder’s inequality, 
shows that 


S, = o(n (log ny") 
when k = 2; and this, after § 2, is the best possible eat 


(2) It: is natural to ask whether the Fourier series of an inte- 


grable f(6) is strongly summable for almost all 6. Our theorems 
do not settle this question, though they may suggest that the answer 
is negative. The series is not necessarily strongly summable in the 
»Lebesgue set“ of f(6), but it may conceivably be so in some other 
»full* set of 6. Thus, after Kolmogoroff, Seliverstoff, and 
Plessner, 
8, ΞΞ 0 (Vlog n), 

when /(6) is L*, for almost all 6; but this is not necessarily true 
in the Lebesgue set or even at a point of continuity. 

This is no doubt the most interesting question still left open. 

(3) We have asked ourselves whether 


ῃ p(x, u)| ( + logt φίω, u)|) du = off 


is a sufficient condition for strong summability 1), but without 
result. 

(4) We might define a weaker type of ,strong summability“; 
we might define it, for example, 


(4.1.1) > Peal = 0(log n) 


10) This is effectively one of the Hausdorff inequaliies. 
11) Compare the results of Paley referred to in‘). 
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282 


Summability of Fourier Series 188. 


or 


ὩΣ os == 0 (log log 2), 
or by similar equations with |s,—s|*. The most interesting of these 
notions is (4.1.1), which may be called ,strong logarithmic sum- 
mability“; and we may ask whether this property is a consequence 
of the conditions of Theorem 3. The answer is again negative, as 
may be shown by an appropriate modification of the argument of § 2. 
_ There is therefore some interest in our final theorem, which 
follows. 7 


Theorem 4. If 


γὼ = So, 2" 


8 @ power series of the complex class L, and 


9 
(4.1.2) J Lf(e*)| dt = 0(/4}), 
then 
(4.1.3) Σ el == 0(log ἢ). 
We say that 


9 (2) = δ᾽ ὃ, 2 


1 4 
Mra) τος {Πσ(ν δ}, a6 


belongs to L if 


is bounded for r<1. It is known 13) that then 


(4.1.4) > a mSAu(r, 9). 


Suppose now that f(z) satisfies the conditions of Theorem 4, 
and apply (4.1.4) to 


g (2) = 79 τὶ» 


1 Hardy and Littlewood (5, 208, Theorem 16). 
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on the circle r=1—d=—1 —< Then 


Woes f(z) 
ΣΧ 1-- 


0 


ὦ 6. 


An argument like that of § 3.8 shows that the last integral is 
0 (log 4) and (4.1.3) follows. 


Here then there is a difference between Fourier series and 
power series: it is the only one which we have found connected 
with this particular problem. 
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COMMENTS 


p. 176. Simpler proofs of Theorem 3 have been given by T. Kawata, Proc. 
Imp. Acad. Tokyo, 15 (1939), 243-6, and O. Szész, Trans. Amer. Math. Soc. 
48 (1940), 117-25. F. T. Wang, Duke Math. J. 12 (1945), 77-87, has shown 
that the hypothesis (3.1.1) in Theorem 3 can be replaced by (1.1.6) and (1.1.7) 
with r = I. 


p. 182. The results of Lemmas 9 and 10 give the estimates 
|1—re**| 


\u(r,8+t)| « AC = 


1—re*t| 
Hpei@tit [1 πήγε 


where A is an absolute constant, and 


t 
C= sup Ff μιθ: wi. 
0<\t|<a rs 


Combined with the maximal theorem ‘Real Max’ (1930, 1), these estimates 
have proved useful in the theory associated with the Littlewood—Paley g func- 
tions (for a generalization of Lemma 9, see T. M. Flett, Proc. London Math. 
Soc. (3), 7 (1957), 118-41, Lemma 4). 


p. 187. The question (2) whether the Fourier series of an integrable f is strongly 
summable for almost all @ was answered affirmatively, by Marcinkiewicz for 
index 2, and by Zygmund for general index (see Z IT, p. 184). 

The question (3) whether the condition 


t 
f lP(az, u)|(1-+logt|p(x, u)|) du = 0 (ἢ) 
0 


implies strong summability was answered affirmatively by Εἰ. T. Wang, loc. cit. 
p. 188, Theorem 4. Zygmund, Bull. de l’ Acad. Polonaise, 1924, 243-50, had 


θ 
shown that if τὸ belongs to the real class L and f u(t). dt = 0(|@|), then 
0 


Σ ϑνίν = o(logn). 
1 


Reprinted from Duke MatTuematicaL JOURNAL, 
Vol. 2, No. 2, June, 1936 


SOME MORE THEOREMS CONCERNING FOURIER SERIES AND 
FOURIER POWER SERIES 


By G. H. Harpy anp J. E. LitrLtEwoop 


1. Introduction 


1.1. The principal theorem in this paper is Theorem 10: if u(@) is periodic, 
with period 27, and integrable, s,(xz) is the partial sum of the Fourier series of 
u(@), for @ = x, s(x) is arbitrary, 


(1.1.1) b(z, 0) = z{u(x + 6) + ule ~ 6) — 25(4)}, 
and 

(1.1.2) | ᾿ς: Ὁ) Ὁ» I, 

then 


ω ΔΚ ᾿ 5 ἣν 
(1.1.3) (> fa) = 0) < K(p, k) ( [ eo ao) 


This theorem is, in a sense, a theorcm of ‘strong summability’.!. It is known 
that, if 


(1.1.4) [ i d(x, 4}}» dt = ο(θ), 
for some p > 1, then 
(1.1.5) py | 85(2) — s(x) |* = o(n), 


for every positive k. In Theorem 10 both hypothesis and conclusion are 
stronger. In fact (1.1.4) is equivalent to 


(1.1.6) f° oe OF at = ο(1), 

and (1.1.5) to 

Ags St La) = s@)* gy, 
pe ᾿ a Ὁ 


Τὰ 


and (1.1.6) and (1.1.7) are plainly consequences of the convergence of the 
integral and the series in (1.1.3). 


Received November 8, 1935. 
1 See Hardy and Littlewood (2, 4, 8), and Zygmund (15), 237-241. The bold-faced num- 
bers refer to the list of references at ile end of the paper. 
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There are other points of difference between Theorem 10 and the theorems 
about strong summability. Thus (1.1.4) says the less the smaller p, and 


_ (1.1.5) says the more the larger k, in each case because of Hélder’s inequality. 


There are no such obvious relations of inclusion between different cases of 
Theorem 10. The convergence of 


(1.1.8) > naz 


for given positive a, and r, does not imply its convergence? for any other 7; 
and the integral and series in (1.1.3), for different pairs of values of p and k, 
are similarly independent, so that no case of the theorem implies any other 
case in any trivial manner. 

Finally, (1.1.4) is satisfied for almost all 2, if u(@) is L?, while the integral 
in (1.1.3) may diverge for almost all z. 

1.2. In §§2-3 we prove some ‘pure inequalities’ which we require later; the 
theorem essential for our applications is Theorem 3. In §2 we deduce this 
theorem from a very general theorem (Theorem 1) which we have proved 
elsewhere ;? but, in view of the length and difficulty of the proof of Theorem 1, 
we add a direct proof of Theorem 3 in §3. 

In §4 we prove our main theorem for a special class of functions, those which 
are boundary functions of analytic functions f(re) regular for r < 1. The 
Fourier series of such functions are ‘Fourier power series’.4 In this case we 
can (as in general we cannot) include the value p = 1. - 

In §§5-6 we complete the proof of Theorem 10, for general u(@). In §§7-9 
we give a more direct proof of an analogous theorem for Fourier cosine trans- 
forms; and we conclude, in §10, with a few miscellaneous comments. 


2. Inequalities 


2.1. Our argument depends upon a number of special cases of a very general 
inequality® which we proved in 7 and restate here. 
We suppose that 


O<psq, r>0, y=a+s-—1, 
1 1 1 1 1 1 1 
--:. — ™y eae -- - —y βυ ΞΞ 1 -- -- - 
: ong 9 πῶ: 0 pe 
a = 0, 2200; a, =0, b, =0, 


Cn => aob, + a16,-1 + 28,58 + Anbo, 
* Thus (1.1.8) is convergent, witha, = (logn + 1)~2, ifandonlyifr >1/a. Onthe other 
hand, if 
Qn= nF (n = 25), | a,=O0 (n # 2”), 
then (1.1.8) is convergent if and only ifr < 1/8.. 
3 Hardy and Littlewood (7), Theorem 1. 


* For fuller explanations see Hardy and Littlewood (δ). 
δ Hardy and Littlewood (7), Theorem 1. 
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and 
AP = >) n-\(n2a,)?, Bt = Σ᾽ n-“(n*b,)4, Ct = >) n-(nre,)". 
1 1 ἷ 1 


We allow infinite values of p, 4, or 7; if, for example, p = οὐ, then A is to be 
interpreted as | 


(2.1.1) lim lim (> n-"(ne a,)*) ” = max (n2a,). 


N-*00 »-- 1 


The fundamental inequality is 


(I: 2.1.2) C Ξ ΚΑΒ, 
where 
(2.1.3) K = K(p, q,7; a, 6). 


We say that a set of conditions is necessary and sufficient for (I) if, when the 
conditions are satisfied, (I) is true for some K of the type (2.1.3) and all ay, ba, 
and, when they are not satisfied, (I) is false for every such K and some ay, dn. 

In stating the theorem we distinguish between ‘ordinary’ and ‘exceptional’ 
cases. A case is ordinary when 7, g, r.are finite and p ¥ 1, and otherwise 


exceptional. 
THEOREM 1. 4) It ts necessary for the truth of (I) that 
(2.1.4) p2il. 


(2) [Ordinary cases.] It is necessary and sufficient for the truth of (I), in an 
ordinary case, that (2.1.4) should be satisfied (so that p > 1) and also one of the 
four (mutually exclusive) alternative conditions 


(2a; 2.1.5) Trepp, a <1, B<1; 
(2b; 2.1.6) p<rsq, a<l, B S By; 
(2c; 2.1.7) 721, q<r, aS αὖ, B & Bo; 


(24; 2.1.8) 7 <1, q<rs>—, a <a, BS Bo. 


(3) [Exceptional cases.| The only case’ in which p = © and (I) is true is 
the case 


P=q=r=T= ο, a<l, B <1. 


When p 1s finite, all exceptional cases except four are normal, in that the con- 
ditions appropriate to them can be derived from those catalogued under (2) by 
substitution of the special values of the parameters p, q, r and interpretation of 
B and C, if necessary, in accordance with the convention (2.1.1).7 


6 In fact, all cases with p = οὐ are normal (in the sense defined below). 
7 The four cases (2a)—(2d) are mutally exclusive even when exceptional values of p, q, 7 
are allowed, so that the definition of ‘normal’ is unambiguous. 
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The four abnormal cases are® ἃς 
(3a) p= q=r= 1. In this case the conditions area S$ 1, β S 1 (instead of © 


a<1,8 <1). 

(3b) p=1<r<gq. In this case the conditions area < 1, B < Bo (instead of 
α «1,85 Bo). | 

(3c) p= 1<r=dq. In this case the conditions area S 1, 8 S Bo (instead of 
a < I, B < Bo). 


(3d) p>1,7r>I1,r= «. In this case the conditions are a < ao, B < Bo (in- 
stead of a S ao, B S Bo). 
It may be observed that a < lifr >qand®& <1lifr>p. Thusa «1 
and 8 < 1 in all of the cases (2a)—(2d). 
The case g = ὦ 


2.2. We now specialize the theorem by supposing that g = © (so that τ = p). 
In this case 


B = max (n®b,) , 


and B < « means ὃ, = O(n-); and there is no real loss of generality in sup- 
posing that ; 


say. 
We shall specialize a little further by supposing that 


ΝΙΝ a<l, B<1l, wo=I1-—B>O0. 
Then 
(2.2.1) Ci > (n — 8s)", = a) 


0O<s<n 


is effectively the Riesz or Cesaro sum,’ of order w, formed from the series >> ay; 


and (I) becomes 


(I,: 2.2.2) oy n(n a )r)lr Ξ Καὶ (> n(n a,)?)"? , 
with 
| (2.2.3) | K= K(p, r, Qa, a) ὃ 


Making these specializations in Theorem 1, and rearranging the results in 
a more convenient manner, we obtain 
THEOREM 2. Suppose that 


lsp<o, a<l, wo >O0. 


8 The order in which these cases are catalogued is not the same as in 7; and there is no 
parallelism between them and (2a)-(2d). 

9 In fact C, is Riesz’s mean, with integral n, multiplied by a factor T(w). 

Riesz admits non-integral values of n, and this is important for some of the more delicate 
properties of his sums; but the οὐδε τ is not significant here. 
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Then it is necessary and sufficient for the truth of (li), with a Καὶ of type (2.2. δ 
that one or other of the sets of conditions 


1 D 

Ἢ ὡς ἀξτ ek, 
(2.2.4) eae ΡΞΕΥ͂Ξ 1 — wp’ 
(2.2.5) was, pir<o, 
(2.2.6) o>, psrsn 


should be satisfied; except that the last < in (2.2.4) must be changed into <, and 


the last < in (2.2.5) into S, when p = 1. 
Finally, if we specialize still further by supposing 


w=a>d, = 0, 
(I,) takes the form 
(I,: 2.2.7) (>> n-"U(al®)r)r < K (>, παντὶ a?) te 
with 
(2.2.8) | K = K(p,7, 0); 


and we obtain 
THEOREM 3. If 


lsp<o, 0O<a<l, 


‘then it is necessary and sufficient for the truth of (12) that one or other of the sets 
of conditions 


1 1 
του piri] (andr < - +. when p = 1); 
(2.2.9) as, pSr< ©; 
ee psrso 
Pp 
should be satisfied. 


3. Direct proof of Theorem 3 


3.1. We have deduced Theorem 3 from Theorem 1, whose proof occupies 
some thirty pages of 7; and the deduction by specialization, though straight- 
forward, requires a good deal of attention. We therefore add a direct proof of 
Theorem 3, or rather of its positive clauses, which give sufficient conditions for 
the truth of (Is). | 
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We suppose first that 


(3.1.1) l<p<r<co, 

and that 

(3.1.2) a 

| 1 — ap 
ἴα <1/p. We write” 

1 1 

(3.1.3) B=pa—l, γε (1. ἢ), 
(8.1.4) ϑρ- >inba?, Tr= Yona) | 


so that the inequality to be proved is 
(3.1.5) T = KS. 


We can choose p and a so that 


(3.1.6) ΠΡ tae 

Pp Ρ 

il 

(3.1.7) Pica pe ΠΣ 

0 r 
Then | 

P Ziod3i Σ: 
(3.1.8) aS = Σ᾽ εν αἱττ΄. ge—(n — 5)στατι, s(n — 8)γσ αἱ SU? "Vv? WW’, 
δ" 


where p’ is defined as usual by 


Py aD 1.1 
p p m= 1 ) p + ρ' ΣΝ 1 3 

and 
(3.1.9) U = gf αἴ - S? ; 

s<n 
(3.1.10) V= >» gle—y) p* (n = 8) (στα--1}»! : 

s<n 
(3.1.11) W= >> s-r(n — 5)-’ a? , 

s<in 


It follows from (3.1.6) and (3.1.7) that 
(ρ — vy) p’> --Ἰ, (¢+ta—1)p’>-1, 


10 There will be no disadvantage in using β and γ in senses different from those of §2. 
11 Observe that this choice of ¢ presupposes (3.1.2.). 
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and so | | 
(3.1.12) V s Knierrtetantett 
with 7 
(3.1.13) K = K(p,1, a, p, 2). 
Combining (3.1.9).and (3.1.12) with (3.1.8), we obtain 
(3.1.14) | τι πη (αἰ 5)» Ss K S-? n'W , 
where | | 
(3.1.15) tar(o—yteta-14+4)—1, 
Hence | 

T = Dna) Ξ Καὶ Sv? So nt DS s(n — 8). a? 
(3.1.16) : ee. ae 


= KS? δὲ sera? >) n(n — 8). 


n>s 


But or < 1, by (8.1.7), and 
t—er=r(o—yta-1)-1< τ; 

by (3.1.6), so that | 

(3.1.17) > n(n — 8). < K sith , 


“> 98 


with a K of type (3.1.8). Finally 
t—or—pr+1= my far 2 = B, 


by (8.1.15) and (38.1.3); so that (3.1.16) and (3.1.17) give 
TS Καὶ δ δ᾽ sa? = KS. 


Here Καὶ = K(p, r, a, p, σ)ὴ, and Καὶ = K(p, r, a) when suitable values, satisfying 
(3.1.6) and (3.1.7), are given to p and σ. 
3.2. Suppose next that. 


l1—a 
We choose p and σ as in §3.1, so that 


0<p—y<l—a<e<-, 


29] 
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and | 
s(n — g)etel < ne-rtetenl | 
Thus (3.1.8) may be replaced by | 
a‘) < ne-ytete—1 {71|τ’ Wir , 
where U is defined as before (with p = 1), and r’ like p’. The proof then 


proceeds as in §3.1. 
There remain the marginal cases, 


1 
r=), p>, rae CS ; »»Ὶ1Ι, α»-, ie ἢ 


1 — ap 
The first of these, like the case (3.2.1) treated above, may be disposed of by 
an appropriate simplification of the main argument. But in this case we 
can go further, and find the best possible K. We therefore postpone this case, 
and treat it, in Theorem 4 below, as a separate theorem. 

3.3. When 


: 1 
(3.3.1) p>l1, Se a eae, 


the proof lies a little deeper. It is impossible to choose σ so as to satisfy 
(3.1.7), and we must appeal to a theorem which Pélya!* and we have proved 
elsewhere. 

We write 


bn -Ξ-Ξ ῃα--1}Ὁ An ; 


so that 3» = >> b?. Then 


a‘) = » (n -- ΠΡ: SP “Ds < Sng “> (n = s)=1b, ἘΞ δ oP 


s<n s<n 


Hence 


=D. __P_ ee _i_ ae 
Ti-ap — > nal) 1-ep < Σ, (b\@) 1-ep < K(); b? )1-ap ΞΞ KS1—ep, 


by the theorem referred to. 
3.4. There remains the case 


(3.4.1) p>, a>, r= 0, 
᾿ς The theorem then asserts that 
(3.4.2) a) = ΣΣ (n— 8)", S KS. 
s<in 


12 We are in case V of Theorem 1: see 7, §§7-8. 
18 Hardy, Littlewood and Pélya (9, Theorem 5). 
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Now | 
i 1 
2 (n — 8) ἴα, = >» 8 Pd,-8? (ἢ, ΕΞ: 8).-ἰ 
(8.43, ᾿“" a<n ; ᾿ 
Ss s( Σ, gp. (n — ΩΣ 
s<n 
Since 


/ 


5 -- αρ' = γ' — 1 -- αρ' = - + pl — a) > -Ἱ, 


pa—1) = 9'( -ἢ -ιν =, 


and the sum of these indices is —1, the second factor on the right hand side 
of (3.4.3) is bounded; and this proves (3.4.2). | 
3.5. When r = p, we can prove the more precise result which follows. 
ΤΉΒΟΒΕΜ 4. If p 21,0 < a < 1, then 


(3.5.1) >, na)? < (9 cosec ar)? Σ᾽, n2?1a?. 


The constant factor is the best possible. 
(1) If p > 1, we take 


| l—a 
(3.5.2) — Ξε σ — . 
| es p?? D 


These values satisfy (3.1.6) and (8.1.7).4 Then 
7 qa‘ < (2 βρρ' (ῃ ἫΝ J aaah ad | +S 8. ῬΡίῃ ms say i -- πω» Wp, 


s<n s<n 

Here 

V= oe 8. α(ῃ — sje « [ χ α(ῃ -- χ).τἰὰχ = π coset απ. 

s<n 0 

Hence 

T? = > n-(a\®)? < (4 cosec am)?! δ, ππὶ δ. s-°?(n — 8) σρ a? 
(3.5.3) ee ee 

= (x cosec ar)?! Σ᾽ s--Pa? δ᾽ n(n — 8)-”, 
8 n>s 
But 
n(n — 8). = n(n — 8)4- « [ aa -- 8)5-|: ὧἄχ 

(3.5.4) Σ, Σ, 8 


= π coset απ. 85 1 


14 + is now 0. 
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and 
(3.5.5) —pp+ta—1= —(p— la+a—1=ap—1. 


Hence (3.5.1) follows from (3.5.3). 
If p = 1, r = 1, the equations (3.5.2) reduce to p = 0,0 = 1 — a, and the 
conditions (3.1.6) an (3.1.7) are not satisfied. But in this case 


» ng’ — Σ, nt p> (n — 8) 1a, = Σ) ας Σ) n(n — 8) 
8 n>s 
< 7 coset ar » πῶ 
8 


and (3.5.1) is still correct. 

We have now completed the proof of the main clause of Theorem 4 (and so 
that of Theorem 3). To prove the constant in Theorem 4 the best possible, 
we take a, = πα δ, where ὃ is small and positive. Then 


Γ(α) Γ( -- α .-- δ) .- 

(a) __ — ο͵α-ὶς α--ὃ AL 

a = dln 8). -19 τῇ - 3 δ) 7; 

and 10 follows, by an argument of a familiar type," that the constant cannot 
be less than 


6—0 


lim (9 τ Ξ «- ay = (π cosec am)? , 

The Riesz mean of a, is not αἰ) but a/T(a). If αἴ. were actually the Riesz 
mean, the constant would be (I'(1 — a@))?. 

3.6. All these theorems have naturally their analogues for integrals. In 
particular we require 

ΤΉΒΟΒΕΜ 5. Suppose that p, τ, and a satisfy the conditions of Theorem 3; 
that f (x) = 0; and that 


(3.6.1) μα) -- phy [ *(@ — yWe4fly) dy 


1s the Liouville integral of f(x) of order a, with origin 0: - Then 


(3.6.2) ( | ὦ)» az)" <K ( i “χορ (7))» ax)”. 


When r = p we can take Καὶ = Γ( — a), and this is then the best possible value 
of K. 
The proof is the same except for trivial simplifications. 
Finally, taking 
p>1, a=1/p; p>l, a=I1/p’, 


in Theorems 3 and 5, we obtain two theorems which are particularly Papertens 


_ for our applications. 


* See Hardy, Littlewood and Pélya (10), 232. 
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TuHeroreM 6. If 
and a, = 0, f(x) = 0,.then 


(3.6.3) (Sonal) )"" Ξ K( daz)", 
a Ur 85 1» 
(3.6.4) ( | τ fij)(x))’ 4) <K ( [ (f(z))” 4) 
‘0 0 
THEOREM 7. If 
| | p 
< a a 
l<p< 2, pSTtSs >) 
or 
p = 2, 253r<o, 
or 
p > 2, psrs a, 
and a, = 0, f(x) = 0, then | 
(3.6.5) (Qo nay'/?)))!" Ξ ΚΣ, n? ah)", 


(3.6.6) ( [ ai μιν (Ὁ dx)" < K( |  g>-2(f(2))? az)”. 


In each theorem Καὶ = K(p, r). 


4. Theorems on power series 


4.1. We suppose now that 
(411) fle) = Dene" 
is an analytic function regular for r = | z | < 1, that p = 1, and that 
412). [ἼΚΩΡ  -- elt ao = [| fore) [1 — ree ao 


is bounded forr < 1. 


We may always suppose, if we please, that co = 0, since the theorems which 
we prove under this restriction may be extended to the general case by con- 
sidering z f(z) instead of f(z). Series in which n occurs as a denominator are 


extended over the range 1 to οὐ. 


If p = 1, f(z) belongs to the (complex) class L, and all the standard relations 
hold between the function, its boundary values, and its coefficients. 


particular, 
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ila all 


and 


pe of se) | a9, 


where A is a constant.'® Hence 


(> τ lel" s af |f(eH) | 49 
forl Ss k So 


The situation is not quite so simple when p > 1, since f(z) does not usually 
belong to ZL. If however 0 < \ < 1, then” | 


(»--1}λ 
[πρώ - [{πλιι- 2 Ἐν..." 


= _(p=1)A — \ po 
Ξ{{ππρῚ1- οἱ κι)» ([{{|-- οὶ = io) ae 


and (p — 1) X < p — X, so that the second factor is bounded. Hence 1: 
belongs to the class L*, and has a boundary function 


F(@) = fle”) 


of L. Also, since (1 — z)'/?’ f(z) is a power series of the class L?, and 
(1 -.- οἴ)» F(6) is its boundary function, we have 


[Po Ρ 1 — et τι αν = tim {ΠΩ} Pista <e. 
On the other hand, if | 
[iF@ Pl -- για ς ὦ, 
Kei (1 — e*)V»'F(6) is L?, and is the boundary function of a function 


(1 — z)'/’g(z) of the complex class L?; and g(z) must be f(z), since F(@) is the 
boundary function of f(z). Hence 


[iso |? | 1 — z |P-! de 
is bounded. Finally, since the ratio 
JiF@riera : [FO 11 - | a 


16 Hardy and Littlewood (3), 208. 
17 The range of 6 is always supposed to be (-- π, 7). 
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lies between positive bounds depending only on Ὁ, our condition on f(z) is 
equivalent to the condition 


(4.1.3) | | FO) |p |o|>*da<o. 


4.2. THEOREM 8. If 
lspsk<o 
and the integral (4.1.2) 1s bounded, or F(6) satisfies (4.1.3), then 


(4.2.1) (> lary" < K( | | F@) |? | @ [> do), 


with K = K(p, k). 

(1) We have already disposed of the case p = 1; in this case we may include 
the value k = ο, τ 

(2) We suppose then that p > 1. We shall use (besides the theorems of 89) 
three known theorems concerning Fourier series, expressed by the inequalities 


(4.2.2) (> | un |?’)/?’ S (7 [ ; | h |? ao)” (1<ps2), 
(4.2.3) Ci nielanb sk [1}}» ἃ (1<ps2), 
(4.2.4) Thane s Κ [1Ἀ}»}9)» 540 ῳ =2). 


In these theorems, of which the first is due to Hausdorff" and the second and 
third to ourselves,” 


00 
DD Un enté 
— 0 


is the complex Fourier series of a function h(@) for which the integral on the 
right hand side is finite. | 

We must distinguish the cases p S 2 and p 2 2. 

(3) Suppose first that 1 < p S 2. It is plain from Hélder’s inequality that, 
if (4.2.1) is true for kK = k, and for k = ke (and the same p), it is true for 
ki Sk Ξ Κα. It is therefore sufficient to prove it (a) when 


P 
<p = 28 = 
(4.2.5) psks5 7, 
and (Ὁ) when” | 

(4.2.6) k2p’. 


18 Hausdorff (11); Zygmund (15), 189-192, 200-202. 

19 Hardy and. Littlewood (3), Theorems 5 and 3; Zygmund (16), 202-215. 

20 The two ranges overlap or abut when p = 3, and then no appeal to Hélder’s inequality 
is necessary. 


297 


298 


THEOREMS CONCERNING FOURIER SERIES 367 


The function 
o(z) = Dy ne zn 


is regular for r 


< 1, 2 ¥ 1, and has no zeros, except z = 0, in or on the unit 
circle. Near” z = I 
T'(1/p’) 
o(z) ~ zie"? 


and the ratio 
| oe) | : | 0 τι’ 


lies between positive bounds K(p). 
If 


g(z) = » bz" = - A » fz) = o(2) gz), 


then 
tn = DS (mn — 8)-UPb, = BYP, 


s<n 


in the notation of §2.2. The function g(z) is regular and belongs to L?, and 
has a boundary function g(e”) = G(6); and the ratio 


| G(9) | : | |?" | FE) | 


lies (for almost all @) between positive bounds K(p). 
We now distinguish cases (a) and (b). In case (a) we use Theorem 7 and 
the second of the three theorems quoted in (2), viz. (4.2.3). These give 


eb (Sen ων rare 
Σ . = > Ξ K(QU n- | ὃ, |?)3/? 
1» 1» 
«κ{({1ανώ}" s Κ[{1Ὲ 19) τ) 


In case (Ὁ) we use Theorem 6 (with p’ in place of P) and the first of the 


theorems of (2), viz. (4.2.2). We thus obtain 


(= =): 7 (> ee < K(X | by [»γ» 
«(fora ταί frien)” 


1 This is a case of ‘Kakeya’s Theorem’. 


22 In fact 
(2) r( + ἡ ἊΣ ve 
p’ 


is regular for z = 1. See for example Lindeléf (12), 138. 
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Thus the theorem is proved in cases (a) and (δ), and so whenever p S 2. 
(4) When p = 2 we use © 


| v(z) = Don’ 2 
instead of ¢(z). If 
7 = vg ’ g = > 6,2” ’ 
then 
6b, 
The function g(z) has a boundary function g(e#) = G(@), and the ratio 
| G6) | =| 6 [V2 | F(A) 1. 


lies between positive bounds K(p). Hence, using now Theorem 6 and the 
third of the theorems of (2), viz. (4.2.4), we obtain 


(> ΘΝ = (> ay S (Σ | bn Pye 
Ξ K( [1α»}9]» 5} < K( [ \FPle isa)”, 


thus completing the proof of Theorem 8. 

The result is not true, for any p > 1, when k = οο. It would imply that 
δ...) is bounded for any g(z) = δ᾽ ὃ, 2" of the class L?, and it is not difficult 
to construct an example to the contrary. 

4.3. ΤΉΒΟΒΕΜ 9. Suppose that F(0) is the boundary function of an analytic 
function f(z) = > Cz” of the class L; that 


8,(2) = > ¢, οἷς: 
0 
thatk = p 2 1; and that ; 
| o |? | F@ + 4) — sz) |? 

18, for a given x and s(x), integrable in 0. Then 

= το k\ 1k - Sty / 

(> | 8n(x) Ξ s(x) < K( | | F(z + ἽΝ s(x) ae)”, 
1 --κ 


with Καὶ = Κρ, k). 
We may suppose x = 0. We have then only to write 
f(z) — s(0) = hh), 


g(e) = PO =X (e,(0) -- 9(0)) 2" 


and to apply Theorem 8 to g(z). 
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ὃ. Extension to general Fourier series 


5.1. It is natural to expect that, when p > 1, there will be a theorem for 


general Fourier series corresponding to Theorem 9. 


Let us suppose that p > 1; that μ(θ) is a periodic function of 6 of the class 
L?; that 


u(@) ~ Σ Cn er* 
(or 
μίθ) ~ ἢ ἀρ 4+ Σ (a, cos ηθ + ὃ, sin n6)) 
is the Fourier series of u(6); that 
86,6(2) = Σ ὃν er 
(ΟΥ 
Sx(z) = 4 αὐ + Σ (a, cos vx + ὃ, sin vz)), 
and that $(2, 0) is defined as in (1.1.1). We shall prove 


THEorEM 10. Ifk = p> 1and| 6 |— | $(z, 0) |? cs integrable in 6, fora given 
xz and s(x), then 


(5.1.1) (> ees ἢ Ξ κί | pe: ao)” 


with K = K(p, k). 
5.2. We may make the usual formal simplifications, supposing 1 = 0, 
s(x) = 0, and u(6) real and even, so that 


μίθ) ~ 4a) + >. an cos 76, 
φία, θ) = u(@) ’ 


Sn = 8,(2) = 8,(0) = 400+ Σ᾽) α,. 
1 


We have then to prove that 


80 k 1/k x ᾿ Up 
(5.2.1) (> lal) < κ( OE a)” 


The function wu has a conjugate », odd ‘and of L?, defined by 


(5.2.2) (0) = -- (Σ [ “cot Σ (ᾧ -- 6) wld) ἀφ. 


The associated harmonic function vanishes at the origin. 
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Let us assume for a moment that we have proved that 
*|o@) |? 7. [ | w(@) |? 
(5.2.3) [ OP aos κῳ |" MOF ag 


whenever the integral on the right is finite. Then F(@) = u(@) + 7v(6) is the 
boundary function of an analytic function f(z) = δ᾽ c,z" satisfying the condi- 
tions of Theorem 9, and 8, = ὁ ++ --- + ¢n. Hence 


(Σ 3) an(/apa)" εκ fpiea)” 


with Καὶ = Κρ, k). 
The proof of Theorem 10 is thus reduced to the proof of (5.2.3). 


6. Theorems on conjugate functions 


6.1. It is well known” that a function U (xz) of L?(— οὐ, ©), where p > 1, 
possesses a conjugate V(z), defined for almost all z by 
(6.1.1) Τα) = -- 1 [ UD ais, 


oY -- 2 


which also belongs to L?(—«, ο). The integral is a Lebesgue integral at 
infinity and a principal value at y = 
When U(z) is even (a hypothesis essential in the sequel), we may also write 


(6.1.2) VGyS= 5 | a υῳ) ἄμ. 


_ This integral exists under wider conditions than that in (6.1.1). Suppose, for 
example, that U(x) is L? in every finite positive interval, and that x*U, where 
a>-—l— a 

P 


is L?(0, ©). Then the integral converges as a principal value (for almost 
all x) across y = | x | ; and, since 


[ἢ ΓΙ , ae (J (ysl U |)? ay)" ik yeep" ay)” 


ὦ + ap’ >(1—-1)p a1, 


it converges absolutely at infinity. We may therefore define V(x) by (6.1.2). 
THEOREM 11. If 


and 


(6.1.3) ΠῚ 
| Pp P Pp 


23 M. Riesz (13); Zygmund (16), 147-149. 
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x*U(x) is L?(0, ©), and V(x) ts defined by (6.1.2), then x*V(x) is L?(0, ©), and 


. (6.1.4) [ @ivprd εκ [ αἸσλναυ, 


with K = K(p, a). 

We denote by V*(z) the conjugate of the even function | 2 |* U(x). Then 
V*(z) is L? and 

| [ γγῊ]» ἀν s x | (x*| U |)? dz. 
0 0 
It is therefore sufficient to prove that 
(6.1.5) | |V*—a*V\|pdz<s κ {| (x*|U |)? dz. 
0 0 
Now, when z > 0, 


γε. χαγ- = | My, z)y*U(y) dy, 
0 


where 
ΤῸ ie a 
This function has a fixed sign, viz. that of a, and is homogeneous of degree —1; 
and 
| | M(y, 1) | y-/? dy = | roa lye Pe dy < τὸ 
0 ο jy —1 


when a satisfies (6.1.3). Hence** (6.1.5) is true under the conditions of the 
theorem. , | 
In particular, when a = —1/p, we obtain 


(6.1.5) | [“ ἜΡΩΣ Ξ κῳ) [5 


6.2. ΤΉΒΟΒΕΜ 12. If p > 1, μ(θ) is periodic and even, θ-1 | μ(θ) |? zs in- 
tegrable, and υ(θ) is defined by (δ. 2.2), then 


6.2.1 [ 1) Pa < K(p) [ OF ap 


0 


| We have | 
o(6) = -- «ὦ Γ (ωιξῳ — 6) -- cot ἢ ῳ + 0) lg) ἀφ 
2π 0 2 2 


COs @ — ὁ05θ 


(6.2.2) 


** Hardy, Littlewood, and Pélya (10), Theorem 319. 
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If we write , | 
a= tan30, y=tanjd, wuld) = Uy), (6) = Vo), 
then (6.2.2) becomes (6.1.2). Also 


[Oe ap a [τῶν [OP ayo [OM a 
0 0 x 0 7 0 Lt 


sin @ sin 6 


and therefore, by Theorem 11, | 
* |v(6) |? 1S [or 
[ do Ξ K(p) en dé. 


sin @ 


This implies (6.2.1). | 
_ In proving this theorem, we have completed the proof of Theorem 10. 

6.3. It is to be observed that the truth of Theorems 11 and 12 depends 
essentially on the hypothesis that U(x) and u(@) are even. It is not true, 
without this restriction, that the integrability of @— | u(@) |? involves that of 
6 | v(6) |. Suppose for example that 


ul) = δ) eo) = -- δὴ -S™ 


n (log n)é n (log n)8’ 


where β is positive. Then u(6) behaves like a multiple of | log @ [8 for small 
positive θ, and |-@ |! | w'|? is integrable if (and only if) Bp > 1. On the other 
hand v(@) behaves like a multiple of | log @ | 1-6, if 8 < 1, and v(6) — v(0) be- 
haves in this way if 8 > 1; and neither | @ |— | v |? nor | 6 |-! | o(@) — »v(0) |? 
is integrable unless Bp > p + 1. 

We can show, by an argument like that of §6.1, but based upon the formula 
(6.1.1) instead of upon (6.1.2), that the conclusion of Theorem 11 is true, for 
general U(x), when —1/p < a < 1/p’; but the value —1/p of a, the critical 
value for our purpose, is excluded. 


7. Fourier transforms 


7.1. Our proof of Theorem 10 is comparatively simple (granted the inequali- 
ties of §§2-3) but very indirect, and it is natural to ask for a proof independent 
of the theory of analytic functions. For the sake of variety we give here not 
this proof but the proof of the analogous theorem for Fourier cosine transforms. 
To simplify the formulae, we suppose throughout that k = p. 

We use the notion of a ‘limit in mean’ or ‘strong limit’, with index p, of 
a function s,(x). This, if it exists, is a function s(x) such that 


x 
lim | sa(a) — s(x) |? dx = 0 
ao 0 


for every positive and finite X. We write, after Wiener, 


s(a) = Li.m. sa(z). 


ao 
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A limit in mean is, apart from null sets, unique. 
THEOREM 13. Suppose that p > 1, 


(7.1.1) | ᾿: ΠΟ P ae < 2, 
and 
(7.1.2) Sa(z) = [ ᾿ Κὸ a τ dt 


Then sa(x) has a limit in mean s(x) when a > ~, and 


(7.1.3) ἢ ὲ τ τὰν ee KG) i] : ri ie. 


978 


7.2. There is a simple proof, which we have not succeeded in generalizing, 


in the case p = 2. 
Suppose first that f(z) = Oforz >c. Then 


nO [ fo 2 i= | “sO 22! at = ola) 


for a > 6, so that s(z) is the limit of s,(z) in the ordinary sense. Also, 


['% (s(2))? 4 - [ & f° τὸ sin zt “ΠΣ Hu = ru 


(7.2.1) 


-[ [ fOf(u) ae sin zt sin cu dr. 
0 0 tu 0 x 
The inner integral is 
ξ a ee ma 
al tao Ewe ge ΟΣ [ 1 — cos [ἐ ul zo, 
2 Jo x 2 Jo x 


1 | (ttu)é 1 
| — 2 l¢—ulé 
and is positive and less than 
4- u "“ 
u | 


Hence, if we write g(t) = t-*f(t), so that g(t) is L*?, we have 


log te 


(7.2.2) | SON ae < | ᾿ | "M(t υ) g(t) gw) at du, 
where 
(7.2.3) M(t, u) = a Wee a — a 


— ΟΟ W 


W 


dw, 
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Finally, since M is homogeneous of degree —1, and | 
“1 {ΞΕ | 1 
= = = — ————. di = _ 7? 
m | M(t, 1)t-? at | j 8 ay 5τ τ, 
(7.2.2) implies” 


(7.2.4) [ Sy dx =m [ (σ()} dt = m [ LOk a. 


Passing to the general case, we observe that 


ὃ * 
s(x) — sa(xz) = [ i) = τί dt, 
and so, after (7.2.4), 


[Qe ae sm [LO a 
0 t " a 


which tends to 0 when a and ὃ tend to infinity. A fortiori 


[ (s,(z) — Sa(x))? dx — 0 


if0 < X < ο. It now follows in the usual manner that s(x) exists for almost 
all z, and that 


~ (s(@))? 9 |  (se(x))? ~ FO) 
[3 ae = tim [OM ae sm [LOY a. 


We observe here, in order to avoid repetition, that the last stage of the argu- 
ment would run quite similarly for general p. When we have proved the ana- 


logue of (7.2.4), with general p and f = 0 for t > c, the rest of the theorem | 


will follow. 


8. Lemmas for the proof of Theorem 13 
8.1. Lemma a. If f(x) 20, p > 1,7 > 1, 


file) = [ τ᾿ dt, fila) = [ “10 ay, 


then 
(8.1.1) [ z(filx))? dx Ξ Καὶ i a(xf(x))? dz, 
(8.1.2) [ x'2(fo(x))? dx = K [ xt-2(f(x))? dz , 


with K = K (p, r), whenever the integrals on the right are finite. 
These are known theorems.%* The cases we require are r = p andr = 2. 


2 Hardy, Littlewood, and Pélya (10), Theorem 319. 
26 Kor (8.1.1) see Hardy, Littlewood, and Pélya (10), Theorem 330. The second in- 
equality is not stated explicitly in the book, but will be found in Hardy (1). 
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Lemma 8. If 1 < p S 2, and f(x) ts L?(0, ~), then 
cos : cos 
F(z) = ἢ fi sin xt dt = lim. / fl ΕΘ xt dt 
exists, for almost all x, as a limit in mean with index p’, and 
(8.1.3) ἢ ἢ». | F(x) |? ἀκ Ξ K(p) / | f(x) |? dx. 
0 0 
Lemma y. If p = 2, and χίρ 3!» f(x) belongs to L?(0, ©), then 
cos ; ἢ 608 
F(z) = [ fl ae at dt = pets / f® sin xt dt 
exists, for almost all x, as a lamit in mean with index p, and 
(8.1.4) ἢ | F(x) |p dx S K(p) xP? | f(x) |? dz. 
0 0 


For these two theorems see Hardy and Littlewood (3), Theorems 13 and 14. 
8.2. Lemma 6. Let 


(8.2.1) Wir) = axl? 1. (1 -- u)-/?’ cos zu du . 
0 


Then the result of Lemma B remains true when (xt) is substituted for cos xt or sin zt. 
It is easily verified by standard methods” that ¥(x) is regular for0 <7 < ο, 
that 


v(x) — ρυ"» 


for small positive z, and that 


v(x) = T (2) 608 (: = =.) ete 0(*) 


for large positive xz. Hence 


(8.2.2) y(r) = C cos (2 = z.) + R(x), 
where | 
(8.2.3) |R(z)|< KO <2 81), [RQ@)| <=>), 


and C = C(p), K = K(p). 


27 The simplest method for finding an asymptotic expansion for ψ(2) is to apply Cauchy’s 


Theorem to 
| (1 acs μ)-"ν' ettu du 


and the rectangle (0,1, 1 +70, 70). 
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It is enough to prove the result on the hypothesis that f(r) = 0 for 1 > ¢, 
when | 


F(x) = | f(t) Vat) dt 
0 
exists, for all z, as a Lebesgue integral; the proof may then be completed as 


at the end of §7.2. 
Now in this case” 


F(z) =C [τ COs (ι = =) dt + [ πὸ R(xt) dt + [ f(t) R(at) αἱ 
= ἰῷ) + Fox) + F(z) , 


say; and it is sufficient to show that Fi, Fe, and F3 satisfy inequalities of the 
type (8.1.3). This is true of F,, by Lemma β. Next 


lor 
Fisk [ KO Τα = ΚΑ ἢ, 
᾿ : 


say; and so 


| ze? | F. |pdx S K | re ((: y dx 
0 0 "ἢ 


=K | τον (fila)? dx S ΚΙ I f(x) |p ας, 
Je ; 


by (8.1.1), with r = p. Finally 


ae fa a Κ᾿, 
cae ree x 


t x 


say, and 


| ze? | F; |p? ἀν S 
0 


IA 

ox 
= 8 

by 

us 
ς-- 
.--- 
SN] 
ee 
“—— 

ὡς; 

ae 


- ai (faln))” ἄς < K ["\se) eae 


by (8.1.2), with r = 2. 
8.3. LemmMAec. Let 


1 
x (2) = gl?’ [ (1 — u)-/" cos xu du. 
0 


Then the result of Lemma y remains true when x(zt) is substituted for cos xt or 
sin zt. 


28 Our argument is suggested by one used by Titchmarsh (14) for a different purpose. 
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Here 
T 
x(z) = Cees [1 — ap! ee) 


where R(x) again satisfies (8.2.3). Arguing as before, we obtain 
F(x) = Fy(z) + Folx) + F;(x), 


where 
Ι | Pilz) 1" ἀς Ξ Καὶ (p) [ xP | f(x) |» dx 
0 
and 


Fil) | 5 κΑ( ἢ) - ere Κ.(ἢ 


«LG 


= K [ x? (filx))?dzx = Καὶ [ xP | f(x) |? dx 


We have now 


IA 


[| Fala) να 
‘) 


by (8.1.1), with r = 2; and 


1 "| Fala) [Pde Ξ K [ "- ((4))’ ἊΣ 


= κι xP? (fo(x))? dx S K | xP? | f(x) |? dz, 
0 0 
by (8.1.2) with r = p. The result follows as before. 


9. Proof of Theorem 13 
9.1. (1) Suppose that 1 < p S 2, that z~-/?f(x) is L?, and, in the first in- 
stance, that f(z) = Oforz > ec. 
Let | 
w(e) = [curse yted at, 
0 
where y is defined as in §8.2. Then 


a (x — y)/?w(y) dy = [ (x -- y)-VP ay | tp f(t) p(yt) dt 


ἘΞ | t-/? f(t) at [ (x — y)-VPy(yt) dy 
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(by absolute convergence). The inner integral is 


x 1 
[ (x -- ψ). 1!» (yt) 1/2 ay [ (1 — u)—"/?’ cos ytu du 
0 0 


x y 
= [lp | (x — y)—"/? dy | (y — v)—/?’ cos tu dv 
0 0 


μη μ᾽ ! μ᾿ t 
= μι» | cos tv dv | (x — y)-VP(y — v)-/?’ dy = π᾿ cosec εν “ ; 
0 v 


so that 


x(a) = [0 2 at = κῳ [ὦ - vw) ay 


is, apart from a factor K, the (1/p’)-th integral of w(2). 
It follows from Theorem 7 and Lemma 6 that 


[ W@Pasx | r+|w(2) Pde s K | FO)? ay, 
0 «& 0 0 Lt 


This is the result of Theorem 13, when f(z) is 0 for large x; and the full result 
follows as in §7.2. 
(2) If p 2 2 we write 


Sey i “εν f(O)x(at) dt, 


where x is defined as in §8.3. We again suppose, in the first instance, that 
f(x) = 0 for large x. Then s(z) is substantially the (1/p)-th integral of w(z), 
and | 


[ = δ ae Ξ Κα [ | w(x) |?>dz < K [ a iy da 


alip’ 


a κ᾿ fa) an: 
j x 


by Theorem 6 and Lemma e. The proof is then completed as before. 


10. Concluding remarks 


10.1. We conclude with a few miscellaneous comments. 
(1) The result of Theorem 10 becomes false for p = 1. 
It is plain that >> n-1|s,| < © impkies >) n™|a,| < © and so 


1 
pe 
n 
Also 


1 2 [71 1 
85 τ 5 an = 2 [ 5 cot st f(t) sin nt dt 
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is the Fourier sine coefficient of the function 3 cot 4tf(é). Hence, if the result 
were true for p = 1, it would also be true that, if g(é) is odd and integrable, 
and 


g(t) ~ >) by sin ne, 


then 
Σ Bal cw 
n 
But 
(t) = 2 sek τι sin nt = h(tt—u) —h(t+u), 
: log n 
where | 


cos nt 
MO = 2 log n ’ 
is integrable, for any τ; while 
> | sin nu | 
n log n 


is generally divergent. 
Thus 


[Ola< 
0 t 


implies s, — 0 (by Dini’s convergence criterion), but not the convergence of 
>, 2 |s,|. When p > 1 the situation is reversed: 


(10.1.1) ] Bi Cpe a 


implies the convergence of δ᾽ n- | s, |?, but does not imply s, — 0. For 
(10.1.1) is satisfied whenever 


f(b) = O( (tog 1) ): 


and this is not a sufficient condition for convergence of the Fourier series.” 
10.2. (2) It is instructive to contrast our results with the much simpler 
results for the Cesaro mean o, of the Fourier series. 
If (10.1.1) is satisfied then, ἃ fortiori, 


[ “| flu) |? du = olt) 


29 See Hardy and Littlewood (6), 47; Zyzmund (15), 31, 174. 
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and this is, for p = 1, a sufficient condition that c, 0. Also (10.1.1) implies 
ou le | 
10.2.1 _——— ; 
( ) πὶ < ὦ 


When p > 1, this is a corollary of Theorem 10; but it is true for p 2 1, and 
may be proved much more simply. For 


τ tn τ [κι 
(10.2.2) 1σ,] 5 4 τ ἐξ An | | f(t) | dt + 4 = dt, 
0 0 1/n 


nt? 


where the A are constants; and (10.2.1) is an easy deduction. 
Consider, for example, the first term 


Ae | “ἢ ΧΩ] dt = Ant, (:) 


on the right of (10.2.2). The contribution of this to (10.2.1) does not exceed 


Dery aad [Oy μα [GY 
— K [ xg Pf? (x) dz. 


We now require the inequality 


| " a-?l(f,(2))? de Ξ Κα Ἱ * 1 (f(a))? de, 


which is a case of (8.1.1) when p > 1 and may be verified independently when 
p= 1. 

The second term in (10.2.2) may be disposed of similarly. 

10.3. (3) Theorem 10 has a ‘transform,’ viz. 

THeorEM 14. Jf p> land 


Σ, πρὶ |b, |? < ο, 
then there 1s an odd function g(x) whose Fourier series 18 


>, δ, sin nz, 


[eta canal Bens 
fork = p. 


This may be proved independently, or (when k = p) deduced from Theorem 
13; and there is a simple proof similar to that of §7.2 when k = p = 2. 

The corresponding theorem for cosine series is false. If ὃ, = 0, and 
b, = (nlog n)"forn > 1,k = p = 2, then | 


and 
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b> nb, = 2) woe a eo 


but 


cos nt sin NU τ du 1 
J@ = ve log n ν 2) log n un [ u log (1/u) log log t 
for small positive ἐ. 


(4) Theorem 13 is equivalent to 
ΤΉΒΟΒΕΜ 15. The bilinear integral form 


ff So «ὥνῳ ar ay 


ts bounded in space lp, ρΊ: 1.6., 


[ . i gh lB a(x) b(y) dx ἂν - κῳ([᾿ rer 4}. {- bey wy)” 


for all roy b(y), X, Y. 
The form 


Σ i > eee sin mn ἡ ἢ; 
muUP! lip aun 


is not bounded in [p, p’], since (6. g.) 


> | sin mn |?’ 
—————_————_ = © 
γὴ 
™m 
— for every n.*° 
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COMMENTS 
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Theorem 7 of 1928, 5 (see the comments on 1928, 5; the proof in 1928, 5 is incomplete, 
but has been completed by T. M. Flett, and by E. M. Stein and G. Weiss). 
§ 4.2. The method used by Hardy and Littlewood to prove Theorem 8 was later extended 
by H. R. Pitt (see the comments on 1926, 7). Using the method of § 5, Pitt also obtained 
an extension of Theorem 10. 
§ 5.1. Theorem 10 is, strictly speaking, a theorem concerning cosine series rather than 
general Fourier series (i.e. it is a theorem about ¢ rather than 7). 
§ 6.2. There is an extension of Theorem 12 corresponding precisely to Theorem 1]. 
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Soc. (3), 8 (1958), 135-48, and references given there). 
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NOTES ON FOURIER SERIES (IV): SUMMABILITY (12) 
By 6. H. HARDY anv W. W. ROGOSINSKI 
Received 31 May 1946 


1. INTRODUCTION 


_ I-l. There are two familiar methods of summation of divergent series usually called 
the methods (Κ᾿, 1) and (R, 2)7. If s, = uy+u,+...+u, and, as it will be convenient 
to suppose throughout, wu, = 0, then 


(00) ; h 
(1-1-1) Eu, = 9(R,1)= Yet, > st, 
roa) ; 2 
(1-1-2) Su, = 8(R,2)= du, ae) a 
1 nh 


when h—> + 0§: the convergence of the series for small positive h is presupposed. 
We also suppose throughout that f is Z and periodic, 


(1-1-3) f(0)~44,(0) + ΣΑ,(θ) = a,+Z(a, cos nO +b, sin nd), 
1 

and a, = 0, so that 

(1-1-4) | " $(6)d0 = 0. 


Then the conditions 


t : t 
(115) =| gudu=o(), (1-6). σχῇ =f g,(u) du = o(, 
where 
(1-1-7) g(t) = g(t, θ, 6) = P(t, @)—¢ = Hf(O +t) + [(θ —t) — 2c}, 
are necessary and sufficient for the summability of the Fourier series (F.s.), for t= 0, 


to c, (ἢ, 1) and (R, 2) respectively ||. 
In this and a later note we consider two roughly parallel definitions, viz. 


. 9 sin nh 
(1-1-8) ua, = 8 (By) =— 2s, aL 
2 sin nh\2 
(1-1-9) Lan = (R=, 28,(—"") -» 8. 


Here we are concerned with (R,), which is a ‘regular’ method, whereas (14), like (R, 1), 
is not. We find necessary and sufficient conditions for summability (R,) in terms of f 


t The method (R, 1) is sometimes called Lebesgue’s method: (R, 2) is ‘Riemann’s method’. 

{ = is the sign of logical equivalence. 

§ It is convenient, though in no way essential, to keep h positive. 

| The notation is that of Hardy and Rogosinski(3), which we refer to as HR, except that we 
Suppress the suffix c in what is there called g,(t). We use the notation 91> Sis Py» ...» Jos --. for the 
Successive integrals of g, f, d, ..., from 0, systematically. 


1947, 1 (with W. W. Rogosinski) Proceedings of the Cambridge Philo- 
sophical Society, 43, 10-25. 
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and, under certain restrictions, also in terms of the conjugate function f. Incidentally 
we give two proofs that (R,) is ‘Fourier-effective’, ie. sums any F.s., to f(A), p.p.f. 
We also show that (R, 2) and (R,) are ‘incomparable’ (that neither implies the other) 
even for Fs. 

Not all of this is new, but there is little literature about (R,). The definition itself 
stands, in principle, in Riemann, though he naturally did not treat it explicitly as a 
definition of ‘summability’; and he gives what is effectively a proof of its regularity{. 
The only writer to consider its application to F.s. in particular, so far as we know, is 
Wiener: he proves in (8) that it succeeds at a point of continuity or jump, but not that 
it succeeds p.p. The last result is a corollary of a difficult theorem of Kuttner(4), to 
the effect that (R, 1)—>(R,)§ for any series, from which it follows that a F.s. is sum- 
mable (R,), to f(9), whenever (1-1-5) is satisfied with ὁ = f(#), and so p.p. Our proofs 
of this are however much simpler. Finally, Marcinkiewicz(5) and Kuttner(4) have 
given examples of series summable (R,2), but not (R,), and conversely; but these 
series are not Fs. 

1-2. We follow generally the notation of HR||. We denote by s, = s,() = 5,(9,f) 
the partial sum, for ἐ = 0, of the Fs. of f(t). Then 

ee. ay _ sin(n+4)t 
(1-2-1) 5,(6}--ο == |"g)Dylt)dt, Dy) = Sa 


where g is defined by (1-1-7). It is familiar that, when we are considering a problem of 
convergence to c, or of summability to c by any regular method, for a particular 6, 
we may simplify by supposing 

(A) feven, f~Xa,cosnt (a,=0), θ-Ξ-:. 0, c=), 
and sog = ¢ = f. We call these assumptions ‘assumptions (A)’. 

We call the conditions 


t t 
(1-2-2) g,(t) = { -g(u)du = ο(), gf) = | “| g(u) | du = of 


l,and L,: the first is (1-1-5). 
It is plain that s,,(0)>c (R,) is equivalent to 


(1-2-3) T(h) = 7(6,h) >, 

where | 

(1-2-4) rip) = Lan(h) 8,(9), 
2sin?nh 1 1—cos2nh 

(1-2-5) GM) ah gk 


and the convergence of the series for small h>0 is presupposed. There are various 
general theorems about 7(#) in HR, but they are not applicable to this 7(h), since 
in|a,(h)| =co (0 «ἡ «πὶ 
and (R,) is not a ‘K-method’ in the sense of HR. 
+ Almost always (presque partout): we use this, and certain other abbreviations, as in HR. 
+ For which see HR, 85-6. 


§ Here ‘—~’ is the symbol of logical implication. Kuttner’s proof is not written out in detail. 
|| With the exception mentioned in footnote ||, p. 10. 
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1-3. In §2 we state a number of preliminary lemmas, with proofs where necessary. 
In §3 we prove some general theorems about methods of summation, supplementary 
to those of HR, and deduce our first proof that (R,) is Fourier-effective. In §4 we 
obtain a necessary and sufficient condition for summability (R,), which leads to a 
second proof of Fourier-effectiveness. We also show that there are F.s. summable 
(#, 2) but not (12). In §5 we confine ourselves to a slightly restricted class of functions 
f, and obtain a condition for summability in terms of the conjugate function ἢ This 
leads to an example of a F.s. summable (R,) but not (R, 2), and we have not carried 
the analysis of this section farther than is necessary for this purpose. 


2. PRELIMINARY LEMMAS 


2-1. Lemma A. If 0<t< 2m then 


” cos mt| 


> 
m=1 


It is plainly sufficient to prove (2.1.1) for 0<t<7 and without the term involving 
27 —t. The inequality is then obvious if n <t—. If n > t— then 


(2-1-1) 


1 1 
+o + 
<A(1 + log 7 + log sqailt- 


nr 

cos mt 

> eee ba 
m=1 ™ ismst- t—-<msn 


The first term on the right has the upper bound required, and the second does not exceed 


tMaxi > cos mt | <t.eosee ft < A. 
M j|t-'sm<M 


2-2. Lemma B. If f(t) is L, fy(7) = 0, and 
ry) = [ae (0 --ἐΞ 7), 
then (i) F(t) is 1, (ii) Γ( - οἕ-ἢ, and 
(iii) F(t) = ρ = 1 | “a du. 


In particular F,(7) = 0. | 
: : "a Ml, — (FM, [" ᾿ 
First, ip | Ρ)] αι ς [ἢ αι} ge ἀν =| eh an’ dt = Ι: | f(u) | de. 


[iam + [ifaw = : [fae [ifau 


where 0<t<7<6. The first term here is less than e/t for sufficiently small 6, and the 
second is bounded when ὃ is fixed. Hence F(t) = o(¢-*). It should be observed that in 


Secondly, | F(t)|s cp 


2 


1 Here log* x, as usual, is log x if z>1 and 0 otherwise, and A is a constant. We shall follow 
the common convention that the value of an A may differ from one occurrence to another. We 
shall also apply this convention to numbers A(a), A(f), ... depending on the parameters a, 6, ... 
of our arguments. 
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this argument we do not use the full force of the assumption that f is L in (0,7); it 1s 
sufficient that f should be L in (6,7) for every positive 6, and that 


{ “Μὴ αἱ = lim | " f(t) dt 
-»Ὁ ὃ--»θ0 ὃ 
should existy. 


Finally F, () -- [dw u [OO av = ἢ 3 ἀνε {Κῶ δὰ = FO ἘΠ), 


E(t) _ Ao _ Silt) 7f(u = "hy 
rae a Peau = [NP du, 


and F(t) +—— 


in each case by partial esha In the last transformation we use the assumption 
fi(7) = 
2:3. We say that fis Z if 


(2-3-1) [΄ | f(t) | logt | f(t) -Ὁ 1) dt <oo. 

The importance of this class of functions was first recognized by Zygmund. It is in- 

cluded in L, and includes L” for any p>1. If fis Z, then the conjugate fis Lt. 
Lemma C. If fis Z,and —nSaSm7, then 


(2-3-2) J (x) =|" | f(t) | logt = dt 


is finite, and continuous in x. 
We use Young’s inequality 
(2-3-3) uv Sulogu+e} 


for u > 0 and real v§. We choose n large enough to ensure that --π «ὦ --πτὐ «1 ni<7|| 
and define Ut by 


bia (lstsn), 0 oe 
Then 74) =|" [fInppagidt+ | OLA) [log py dt = le) + Sle 
say. We apply (2-3-3), with 
u = |f(t)|, idle a 


to J,(z). This gives 


1 So 
< 
and so σι) Ξ ΗΝ ae a < 
2 = Boca € Je—n-? Ϊ ἰ--χ |? 


for n > 7n,(e), uniformly in x. Since J,(x) is obviously continuous, the conclusion follows. 


+ Here we use the convenient notation of Titchmarsh(6) for non-absolutely convergent 
integrals. We call such integrals ‘Cauchy integrals’. 

t See Zygmund (9), 150. 

§ Hardy, Littlewood, and Pélya(2), 61, 107; Zygmund (9), 65. 

|| We state the argument for —7<2z<~7: there is an obvious simplification when x = —7 or 7. 
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2.4, Luma D. 1} f(t) satisfies 1, for t = 0, then | 


(2-4-1) [90,0 D,(@) at = ο(ψμ) 


uniformly for 0Ξ δΞπ. 


This lemma is due to Wang +: it will be convenient to give the proof. We may replace 
D,,(t) by (sin nt)/t and, since the integral of this function over any interval is uniformly 
bounded, we may suppose c = 0, so that J, is ¢,(t) = o(t). 


If v(t) = y(t, 0) = A(t) (6StS7), 0 (0 «ἐ « δὴ) 
then Xilt) = O,(t)-—G,(0) (δ Ξ  Ξ σ), 0 (0<t<d) 
and so ¥,(t) = o(t), uniformly in ὃ. We write 


" Η π Ϊ pn ~* π 
7 -/ gun i -/ ΕΟ ΩΣ -ἰ +| eon 
8 t 0 t 0 


pn-t 


say. Then | 5% [ρ| ὦ τονε 


by choice of p = p(e); and 


sin nt pn 4 acosnt sinnt 
απ ye) - atom πο a 
t t=pn-t 0 : t / 


The first term here is 0(1) when n->00, for any fixed p; and the second is 


“ 


[Po o(%) dt = ο( ψη). 


Hence | J | <2e./n for n >n)(p,€) = nj(€). 


Actually we shall only use J = O(n). 


25. Lemma E. Jf f(t)~ Xa, cosnt, with a) = 0, then a necessary and sufficient con- 
dition for the convergence of =n-a, is that cot at fi(t), or t-1f,(t), should have a Cauchy 
integral down to 0; and in this case 


(2-5-1) ana, = ΗΝ cot 4¢/,(t) dt. 
—0 


This is proved by Hardy and Littlewood (1), 94, but the proof may be simplified. 
If a)+0, we must add a, log 2 to the left of (2-5-1) f. 

The series is the conjugate, for 0 = 0, of the Fs. of fi, Which is absolutely continuous 
and a fortiori of bounded variation. If follows§ that 


n Amn ] n A 
ay es ΙΝ cot 42 f,(¢) dt > 0. 
πίη n 
Since cot ξ (Ὁ) dt = o(*) = 0(1) 
πίλ 


forn<A<n+1, the lemma follows. 


t Wang (7), 95. . { See HR, 96 (note on § 4-10). 
§ HR, 49 (Theorem 63). 
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2-6. Finally we collect in a lemma the sums of a number of elementary trigono- 
metrical series which we shall use, leaving the proofs to the reader. All sums are over 
(1,00). 

Lemma Εἰ. If 0<tS7, 0<h&n1, then 
(2-6-1) un sin nt = ἔ(π -- ἢ); (2-6-2) Σ»» cosnt = —log (2 sin 3); 

(2-6-3) : un-(l1—cosnh)sinnt = 0, 47, ἐπ, 
forh<t,h=t, h>t respectively; 


1 —cos nh ‘ 1—cost 
(2-6-4) Σ, ——_ | cos nt = — $108 (cosh — cost |” 
(2:6-5) xn-*(1 — cos nh) = 47h — th’, 
(2:6-6) xn-?(1 — cos nh) (1 — cos nt) = $7 Min (ἢ, ἢ). 


The last two results are true for 0<t<7, OSh<7. The sums of all the series, for 
ranges of the variables outside those stated, may be derived from obvious properties 
of oddness, evenness, and periodicity. We shall usually have 2h in the place of h. 


3. A GENERAL THEOREM, AND ITS APPLICATION TO (£,) 


3-1. We now consider linear methods of summation defined by transforms 
(3-1-1) 7, = Ua, (h)8,; 
where h > 0, subject to less stringent conditions than those imposed on them in HR. 


THEOREM 1. Jf T is a linear method with transforms (3-1-1), and 


(1) unt | a,(h)|<oo (h>0), 
(2) f(t) satisfies l. fort = 8, 
then the transform T,(0) = Σα, (ἢ) s,,(9) 
converges for h>0, and 
(3-1-2) τα) == [ φ(,,6) Kult 
where 
(3:1-3) Καὶ, (ἢ = Σα, (ὦ). κ(ἢ. 


That is to say, 7,(0) may be calculated by formal term-by-term integration, the 
integral resulting being a Cauchy integral down to 0. 


We have T,(@) = Xa, (h)s,(0) = “San(h) | 4¢ 0) D,(t) dt 
0 


(if the series is convergent). Since the partial sums of K,(t) are uniformly bounded in 
(δ, π), for any d> 0, 


2 1 QD (7 
με Σα, (ἢ) Ϊ ὁ), dt — = [; dK, dt 
(the series being convergent). Also 


Sa, ΟἽ lim { "¢D,,dt = ὕταΣα, (ἢ) | "bD, dt, 
6-0/8 é—>0 ὃ 


319 


320 


16 σα. H. Harpy anp W. ὟΝ. RogosrInskr 


since the integral on the right is O(n*) uniformly in ὃ, ay Lemma Dt, and Ln? | «,,(h) | <0o. 
Hence 7, is convergent and 


rf ῳ , πῃ ᾿ 2 7 
7, = 7 Sa,(h) | $D, 4 = = = Tim im Ba, (2) | PD, αἹ = -- = lim | bK ya = =|" PK, αἱ. 


For the sake of Ἐπ οι we state a similar theorem in which f satisfies DL, and 
the condition on a, oe is weakened. We do not use it and leave the proof to the reader. 


THEOREM 2. If (1) Zlogn| «,(h) | <0o and (2) f satisfies L, for t = 0, then 
9 W 
79(0) = 5 | $t, 0) K y(t) 


the integral being a Lebesgue integral. 


3:2. THEOREM 3. If, in addition to the conditions of Theorem 1, (a) T is regular 
(δ) A,(t) ts absolutely continuous, except perhaps at t = 0, and 


(3-2-1) [ Κι |dt< A, 
; 0 


where A is independent of ht, then the Fs. of f(t), for t = 0, is summable (1) toc. 

It follows that the F.s. is summable (7’) p.p. to f(0). 

The proof follows familiar lines, though a little care is needed because (3-1-2) is a 
Cauchy integral. We may adopt assumptions (A). Then, by Theorem 1, 


= — = — t+ — K dt = J. do, 
a] fRadt == [pK ydt +2 [pm dt = Jd 


say. Now 
(8.2.2) K,(t) = K,(m)— = |" κω w)du = 001)+-0; {71 Kite) | du] = ο( ἢ 


for small ¢, and so 


J, = “lim [ =? “= jlim| f(8) K(8) — fin) Ken) — { γικιαὶ -Σἰ μι Κι ρὸ)-- [᾿παιαὶ, 


the last nea being a Lebesgue integral because f, = o(t). The first term here tends 
to 0 with ὃ because of (3-2-2), and so 


,  2€ ὠ j 2€ 
iE (14 |e) Ki αὴ <4) 
for sufficiently small ὃ. Also 
J, = “Sa, (h) Τ fD,dt+>0 


for any fixed ὃ, when h-0, because " Ὁ, ἀι-5 0 and 7' is regular. It follows that 
T,—> 09. 

We add, without proof, the theorem related to Theorem 2 as Theorem 3 is to 
Theorem 1. 


t We do not need the o of the lemma. 
t It would be enough that this should be so for small positive h. 
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THEOREM 4. If, in addition to the conditions of Theorem 2, (a) T 1s regular, 
(6) | K,(t)|S Kz, 
where K* is absolutely continuous, except perhaps at the origin, and 


[i [ΚΡ | at< ΑἹ, 
0 
then the F.s.1s summable (T) to c. 


3-3. We now apply Theorem 3 to (3). 


THEOREM 5. The kernel K,(t) of the (R,) method satisfies (3-2-1). 
Here 


(3-3-1) Κι, (ἢ = Xa, (h) D,(t) = — 5 L008 2nh sin (n+ $)t 


γι sin rs 
1 1 --- cos 2nh 1 —cos2nh . 
PET a σα ον ΟΝ λοις me he aan ee του, t= L,(t)+ M(t), 
ΠῚ Σ πϑ cos nt + inh cot 4¢ 5} "τ sin 2 κ( + Ui, (t) 


say. The series here may be differentiated term-by-term with respect tot{. Hence, first 
1 1—cos2nh 
: = — ——_ 2) --------.-----Ξ---....----...- 1 t 
L,(t) ork Σ ᾿ sin nt, 


which is 0 if 0<2h<t<mand —1/4h if 0<t<2h<7, by Lemma F (2-6-3). Hence 
π : Ἵ fan 
[relzawlae= ἃ], tdt = ἰὴ «ἐπ 


if h < 478. 
It remains to prove that 
(8.3.2) { "| Mj(t) |dt< A, 
or, what is equivalent, that : 
(3-3-3) | ‘sin δὲ ! : {cot ἀέ x(#)} | at < Akh, 
where 
(3-3-4) x(t) = = += 08 2m sin nt. 
Now χ (ὃ = Σ ᾿Ξ ΚΟΥ ΣΝ ρος πὶ = — log cen 


by Lemma F (2-6-4). If 2h<t<7 then 
1 — cost > cos 2h — cost = | cos 2h— cost |, 
and so χ' (ἡ) «Ὁ. If 0<t< 2h, then χ' (ἐ) <0 if 1—cost > cost—cos 2h, i.e. cost < cos*h. 


+ Note that this implies Κα = O(t-"), as in the proof of (3-2-2). Thus in HR, 61 (Theorem 72) 
the first of the conditions (5-6-5) may be omitted. 

We take this opportunity of making a few other corrections in HR. In Theorem 59 (p. 45), 
for ‘converges uniformly to f(@) in that interval’, read ‘converges uniformly to f(@) in any closed 
interval strictly interior to that interval’. This mistake was pointed out to us by Prof. Zygmund. 
On p. 99, line 4 up, for f log* | f | read f(1+log* | f |). The last sentence on this page should read 
‘Important consequences are that 8, -» f(L°) and 8, > f(L”) when f is L? and 1<p<oo; that 
(2.3.1) is true (without absolute convergence) when f is L?, 1<p<oo, and F is L®’; and that 
8, > f(L) and 8, > f(L) when f(1+logt | f |) is L’. 

¢t Because F.s. may be integrated (or on more elementary grounds). 

§ See footnote f, p. 16. 
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Thus χ (ἢ »0 (0<t<p), χ' (ἢ) «0 (p<t<n), 

where p = arc cos (cos? h); 

and y(0) = y(7) = 0. It follows that X({) is positive in (0,77) and has-one maximum, 


att =p. Hence π ρ π 
‘ ΞΞΞ : f | ioe : d. ΞΞ 2 δ 
[Teo lae= [᾽χωαι-- [χω αι = 2x10) 


But | 
1—cos2nh . 1 -- cos 2nh 
(3°3°5) χ( = emcee sin 7b < pa = th—h? « πᾷ, 
by Lemma F (2-6-5); and so 
(3-3-6) | | x(t) |dt< Ah. 
εὖ 

ἐξ “7 1—cos 2 
Also | cot dt y(t) at = | cot 4} y(t) dt = & τ-ς = cot 4 sin nt dt, 

«(ὦ | δι 0 
and the last integral is 7 for each n. Hence 

Ἵ 1 --- cos 2 h 

(3-3-7) | cot st y(thdt = σὲ πον - πί(πῆ, -- 3) « Ah. 
Finally sin i dso 21 XCF dts : i cosec ἐξέ y(t) ἫΝ cot $¢ | χ' (ἡ) | αἱ 

JO at” . -/0 


Ξ 1]: y(t) dt + ἫΝ cot 4¢ y(t) a [ἢ cos $¢ | χ΄ (ἢ) | dt < Aht, 


by (3-3-5), (3-3-7), and (3-3-6). 
It is plain that (R,) satisfies the condition of Theorem 1, and Theorem 5 shows that 
it satisfies (3-2-1). Hence, after Theorem 3, we have 


THEorEM 6. The F's. of f(t) is summable (R,) to c, for t = 0, whenever f(t) satisfies I, 
for t = 0, and therefore summable to f(8) p.p 


4. NECESSARY AND SUFFICIENT CONDITIONS FOR SUMMABILITY (R,) 


4.1. We now consider the problem of necessary and sufficient conditions for sum- 
mability (R,). Here we shall not use the general theorems of ὃ 3. 


THEOREM 7. If the series 


1 — cos 2nh 
(4-1-1) r9(0) = τα Σ τ τ 8,(0) 
is convergent for any one h with Ο « ἢ «π, then it is convergent for all such h. For this, 
any one of the conditions (1) Zn-2s,(0) convergent, 


(2) 2n1A,(0) convergent, 

“ 
| P(t) dt convergent, 
+o ἢ 
18 necessary and sufficient. In particular these conditions are satisfied whenever 

x 1 

(4) | p(t) log αὐ 18 convergentt. 
—>0 - 


T cosec $*—cot 4¢=tan }¢<S1 and cos ΖΞ 1 in (0, 77). 
{ We may plainly replace ¢ by g, with any c, in (3) and (4). 
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If fis Z, then this is so for every 0, and in this case the integrals in (3) and (4) are 
Lebesgue integrals. 

Except in the last clause, we may make assumptions (A)f. 

(1) We have identically 


n—1 cos2mh 1 n—1 ονῇ, n | 
(4:12). bye = By Dg = En Xl, Ἀ)-- 8, (2) 


m=1 m=1 y=m 


© cos 2vh 
where x(m, ἢ) = > ir ae οἴ πα): 
Since a, = 0(1), s, = 0(n), it follows from (4:-1:3) that Ση 28, cos 2nh is convergent 
for every positive h, and that (4-1-1) is convergent if and only if X~*s,, is so. 


-ἰ 


moim(m+1) gzim π᾿ 


(2) Since — 


this is so if and only if Xn-a,, is convergent. 
(3) Itnow follows from (2) and Lemma E that condition (3) is necessary and sufficient. 
(4) If condition (4) is satisfied, and 0 <7 <t, then 


ts) ] ] ᾿ ] 
fil) -filg) = Ι jog τ ἰορ du = rip | MH) os 


~—1 1 -1 
with 9<7<t. This is o | (Iog -) \, uniformly in 9; and so f,(t) = 0 (los) ᾿ Hence 


7 7 1 π l 
Ϊ AiO a = fle)log=+ | f(t) log at->| ἘΠ} 106 Ὁ] 
when ε-» Ὁ. 
As regards the last clause of the theorem, we may suppose [0] <7. Then 


nm 7 1 
[ | D(z) | log* di = : [, |(O+t) +f(0 —#) | log*- dt 


27 
s5 {el Ξ (i 8] + log* [i+ =i) “το, 
by Lemma Ct. And 


[res laes [πρώ] [aus [ἸΙρώ]αὺ [τ «[Ἴφω) (log +log*;,) du <co. 


4:2. Our next theorem is the main theorem of the paper. 
ΤΉΞΟΒΕΜ 8. In order that the F's. of f(t) should be summable (R,) to c, for t = @, it vs 
necessary and sufficient that 


“2. _{" ne log i 
(4-2-1) Ih) = |° BPI ait 


should converge, as a Cauchy integral down to 0, Be tend to 0 with h. 


Ἷ ὁ does not intervene. 
t Lemma C, as stated, covers only the range (—7, 7), but the rest of the anes is easily dis- 


posed of. For example 
I l 0 
— di= logt- dts t) | lo ἜΝ 
[ | f(t) 1ΠἸορτς-οάν fine 8 on 9 s{ ino sae 
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We may use assumptions (A), so that g = f. 


2t 
We observe first that lo ΕΞ = rae O(t?) 
for h>0 and small ἐ. Hence J(h) will converge if and only if 
(4-2-2) " Ao au dt 
-» 0 


converges, a condition which we know, after Theorem 7, to be necessary and sufficient 
for the convergence of the series (4-1-1). We may therefore assume the convergence of 
(4-2-2); and it is sufficient to prove that then 


(4:2°3) Σ’Β( -- 005 2nh) = = ἡ T(2h) +0(h). 


Next, Ὁ ἘΣ [αι Ξ [FE dt ry = okt ry 
7 Jo 7 190 t 
say, where 7, = 0(1); and so 
yin ῃ 1 --- cos 2nh 
72) — cos 2n ) = 0 4 = o(h), 
by Lemma F (2-6-5). We may therefore replace s, by s* in (4-2-3). 
If Fit) = Ϊ ἐ 
t Ὁ 


then, by Lemma B, F(t) is DL, F(t) = o(t-4), and 
Fy(t) = (ἢ Ἐὐ  (), 


so that 
(4-2-4) | Yale | ΕΗ Ϊ αι 
—>0 t +0 t 0 
is convergent. Also 
(4-2-5) F,(7) = f,(7) = 
Next, 
(4-2-6) st = 3; J sin ntdi == “NF sin ntdt = = |" Fos nt dt, 
π Jot ΠΤ 10 7 Jo 
integrating by parts and remembering that F(t) = o(t-1). Thus 
* 
ΟΣ “” cog nt, 
n 
| ἃ". .1.}5 
and hence, by Lemma 6, Σ πΞ = cot 4¢ F(t) dt. 
+0 
Also 
(4:2-7) F(t) = - F(u) du -ἰ (5) du = 0(iog =) : 
t t 


Hence, again integrating by parts, 


sk 27 ἃ 2 (7 
4-9. a dy As epee Nee 7 
(4-2-8) Σ 2 = ναὶ (log sin $¢) F,(¢) dt Ξ | aoe sin $¢ 1 ({) dt. 
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Next, by (426), Σ "%eos2nh = ΣΣ S082 


|’ F(t) cos nt dt, 


and here we may sum under the integral sign. For (i) n~1 cos 2nh cos nt is boundedly 
convergent, and F integrable, in (0, A), so that term-by-term integration is permissible 
over (0,/). And (i1) 
ce N cos 2nh cos nt | 
Ἶ ὦ 


] 
“ <A+Alogt Π πΞ αι} 4198 tA lo gt ae wey 


by Lemma A, in (ἢ, π)7, and F is continuous in (A, 7), so that term-by-term integration 
is permissible over this interval also. It follows that 


* 
ΩΝ 2nh = =|" FX ποτ τι -τ]" F log | 4sin Geen) sin (4¢—A) | dt. 
Also log — “is an analytic function of z regular for | z | < 27, and so 


log 


in (1 in (Lt — ἜΤ: 
sin (ἐ{ -Ὁ Δ) sin (δ "| τ’ (Ξ- Ξ + O(h), 
g 


(3 + h) (ἐέ -- ἢ) 


uniformly in ¢; and hence 


ὦ. δ᾽ ἐς i ; alae 2 Pipe BH 
(4-2-9) E"8e0s 2nh = -- =. [ἡ Flog|#—4h | dt “| Flog τ dt +o(h). 


Combining (4-2-8) and (4-2-9), we find 


* 
(4-2-10) ==" (1—cos 2nh) = P(h)—Q+0(h), 
n 
where 
nm 2 nt 
(4-2-11) P(h) = =| F(t) log | t?—4h?| dt, Q= =| F(t) log 4tdt. 
0 —>0 
Now . F(t) = Al!) {86 
t it u 
by Lemma B, and so 
(4-2-12) P(h) = —P,(h) + Ph), 
where 
(4-2-13) P,(h) = 1" AO tog | t?— 4h? αἱ, 
—>0 
(4:2-14) P,(h) = ἊΝ log | 2 — 4h? | at [a 
7 i ἃ 
Here P,(h) = “lim ma du = lim du at 
TT ¢—>0 e>O0Je € 
"fi(u) _ 
2g {ht x(e)} du, 


᾿ 2h 
where x(u) = | “Tog |e 4h? | dt = wlog | u®— tht | —2u+ 2hlog | 


{ t+ 2h< 2m and | t— 2h |<7 if h< ἐπ, as we may suppose. 
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Since 7(u) = O(u) for fixed A and small τι, | 


x(e) | MP du = O(e)0() = o(1) 


when ε-Ὁ 0, by Lemma Bt. Hence 


(4-2-15) Ph) =" |" Aydu = Ph) B+ 50), 
where £,(h) is defined by (4-2-13), and 

20 "dye ι- 2}. 2h 
4.9.78 anes 1 11 = — J(2h). 
(4-2-16) R ΗΝ πάλ, S(h) = = oar 8 | oh ΠΩ ᾿ J (2h) 


Collecting our results from (4:2-10). (4:2°12), (4:2°15) and (4-2-16), we find that 
(4:2-17) = Δα cos 2nh) = 2 J(2h)—Q— R+o(h), 


Finally, nn by parts and remembering (4-2-11), (4-2: 5), (4-2-7), and (4-2-4), 
we find "π 
9-Ξ| 
π 


-»Ὁ 


F log yeat = = |" ΡΊοριαι = —= | Fa 
ἢ 7.) +0 7). 


Ld 


Thus (4:2-17) is (4-2-3)t, and this proves the theorem. 
The proof may be simplified appreciably if 


{iso | log+ — dt «οὐ, 
0 a 


and in particular if fis Ζ. The term-by-term integrations required may then be justified 
directly, without the use of Lemma E, and the later transformations also become 
rather simpler. In this case J(h) is a Lebesgue integral. 

Theorem 8 leads at once to an alternative proof of Theorem 6. For if f satisfies bes 
so that g,(t) = o(t), then 


νῷ = {"o o(;) low fF dt = of [2 log] 


4:3. We can now prove 


u+l 


ἘΣ ἀμ) = 0(1). 


THEOREM 9. There are F.s. summable (R, 2) but not (R,). 

We take O<a<l, O0<k<1, P=ak, C= a?*, 
choosing « small enough to ensure that the intervals In = (a"—C",a"+ EC"), for 
n= 1,2,..., lie in (0,7) and do not overlap. We choose a sequence of positive numbers 


€, for which €,, - 0, ne, >, and define f,(t) inj, by the pao triangle whose base is 
J, and whose height is ες 8", and as 0 oe Then f,(t) = O(e, 8”) in j,, so that 


fall) = ΟἿΣ 6,55) = 0 % a) = “0. 
Thus the Fs. of f(t), for ¢ = 0, is saummable (R, 2) to 0. 


t See the additional remark in the proof of clause (ii). 1 With s¥ for s,. 
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On the other hand ἢ = 0, and 
Δ Ξ ἐς, β΄ (α"-- ἐξ StSa"). 
Hence, taking h = a”, we have 


“αὔἶ ar+t 


n = hi Ny —2n . 
J (a 5» ἢ logo δ 41 te, Bra I oa gen Samet 
and here log =~ > log Fa = nlog 5 
“ a a 
Hence J (a) > ane,(&) loge = ine, loge >, 


so that the series is not summable (R,). 
We may observe that f is O{(8/¢)"} inj, and 0 elsewhere. Hence {I f |? dt<oif 


=C"(8/5)P” = Yokpn—w-(2—-k)n «οὐ, 


ie. if kp>(p—1)(2—k) or k>(2p—2)/(2p—1). We can therefore find a F.s. of a 
function of the class L?, for any finite p, satisfying our requirementsy. 


5. CONDITIONS IN TERMS OF f 


5:1. We suppose now that both f and the conjugate function f are integrable. It 
is known that in this case 
f(t)}~=B,(t) = X(6,, cos nt —a,, sin nt), 
and that the conditions are certainly satisfied if f is Z. We write 
W(t) = f(0+t)-fo—t). 
THEOREM 10. In order that the Fs. of f(t), for t = 0, should be summable (fq), τὲ ts 
necessary and sufficient that 
ΗΝ γι dt 


—>0 ΠῚ 
should be convergent. 
We may make assumptions (A), in which case y(t) = 2f(). 
It is familiar that 


(5-11) s,= -Σ [ὦ cot 4¢(1 --- cos nt) dt+u,, 


= -5 ioe eae “|. fo f(t) (;- Foot dt) dr+v, = —s*¥+p+t+v,, 


say, where wu, and v, tend to 01. Hence 


(5-1-2) CS yee (1—cos 2nh) = = per cos 2nh) > p. 


+ The Fs. of a continuous f is (uniformly) summable either (R, 2) or (14). 
+ See HR, 47, with d= 0. It is to be remembered that the conjugate of fis —/f. 
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s* 2.1—cos2nh (7x .1—cosnt 
Also Στ (1 — cos 2nh) = στ τ θη [fo ages 


and %n-*(1—cos 2nh)(1—cosnt) converges uniformly, for 0<t<z7, to 47 Min (2h, t), 
by Lemma F (2-6-6). Hence 


a St Ὡς τ f(t) 
(5-1-3) E75 (100s 2nh) = | Fleyae+2n |” 0 at 


7 {,( 7 Jx(t 
= f,(2h) —f,(2h) + 2h | as dt = 2h | mee dt. 
It follows from (5-1-2) and (5-1-3) that 
I 8, 2 [τ filt) 
ih Σ ya (1 — 008 2nh) > p — — 4 f2 dt 


if and only if the last integral is convergent. 
5:2. We.can now conclude the paper by proving 
THEOREM 11. There are F's. summable (R,) but not (R, 2). 
We suppose that f~ Xa, cos nt, f~ — Xa, sin nt. Then 


25 ᾿ 2n [τ 
a, = -Σ [ὦ sin ntdt = 7} cos nt dt 


a, 2.1—cosnh [7 
and F.(2) = aia (1—cosnh) = = ao [fw cos ntdt 


ee (l—cosnh)cosnt, 1 [7 sin 4(t—h) sin $(¢+h) 
ΝΟ ΠΊΝΔΟΝ a 
sin ἐξ | 


ἐξ 


dtt. 


Also x(z) = log is an analytic function of z regular for | z| < 27, and so 


sin $(¢+ ἢ) sin 4(t —h) | ΓΞ zy ᾿ 
-- ς΄ ὁ Τ _ lo = h?y"(t) + o(h? 
ἐσελ στ) |B Gg) = MH το 
uniformly in ¢. It follows that h-°f,(h) will tend to a limit if and only if 
| Ah) 1 [τ 12 — f2 
FF 7 apa], Aloe a αἱ 
does so. It is therefore sufficient to define f,(¢) so that 
μ l 

(5-2-1) | ae dt 
is convergent and A(h) + O(h?). Actually, with our f, (5:9: 1) will be a Lebesgue integral. 

We define f,(t) as we defined f,(¢) in the proof of Theorem 9, but now choosing e, 
so that Σε, <oo and ne, ->0o when n->co through a certain sequence (n;). First, the 
integral (5-2-1) converges (as a Lebesgue integral) because ~ 

de, Bora" = Le, <oo. 

Secondly, if we take h = a™—2¢™, then 


απ fn 

Ah) = AD | fi(t) log 
an— en 

= A(Wy, + Σω, ἘΣ Wy) = A(S, +8, +83), 


rn<m 


{2 — 


2 | 
=" i = Arw,, 


t The term-by-term integration being justified by Lemma A and the continuity of f,. 
t Compare ὃ 4-2, p. 21. 
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say. In S,, fi = O(c, 8"), log 
so that 
ὃς. = ΟἿΣ €,hrEratm 2) = Ofa?™(Cn_1 + €m_at ...}} = O(a?) = O(h?). 


: h? 2m—2n 


In ὅς, log 


= 2log : + O( js) = 2log : + O(a2n—-2m)_, 
The O-term contributes 
Ofa?™( 64104 + Emi gah + ...)} = O(a?) = O(h?), 
and the logarithmic term contributes 
ΟἿΣ (m—m) ε,(βξ)"} = Olam (Em αὐ 26, 4 208 + ...}} = O(a2m) = O(h%), 


so that S,; = O(h?). It is therefore sufficient to prove that 
S, + O(h?). 


qm — 2¢m 2 
ms re 
Here f, = 0, and the logarithm is aren so that S, is negative and numerically greater 


than the corresponding integral over (αὖ -- $¢™,a™+3¢™). In this interval fi > A€mb™, 
and the logarithm, varying between 


qm — 2cm 2 qm — tr) | 
toe {1 (Fa— gem) |» 8 (!~- (Fee μα) | 
is less than — Am log (a/€). It follows that 


Now S,=A [.-- f(t) log dt. 


| S, | > Ame,,(86)™ log > Ame,, h? log : , 


which is not O(h?) when m = m,. 
Here again we may choose a, β, ζ so that f and f shall belong to any class L?. 
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CORRECTIONS 
p. 12, Lemma B (i). For Ltread L. 


p. 20, (4.2.8). The partial integration is not legitimate. A corrected argument is given in 1949, 1, 
p. 173, footnote. 
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NOTES ON FOURIER SERIES (V): SUMMABILITY (R,) 
By 6. H. HARDY} ἂν W. W. ROGOSINSKI 
"Received 24 March 1948 
1. INTRODUCTION 


1-1. There is a familiar method of summation of series usually called the method 
(#,1), or sometimes Lebesgue’s method. If s, = ujt+u,+...+u, and, as it will be 
convenient to suppose throughout, u, = 0, then 


Sa He (RS ee (1-1-1) 
1 nh 


when h->+ 0§; the convergence of the series for small positive h is presupposed. The 
method is not ‘regular’; there are convergent series not summable (R, 1). 
We also suppose throughout that fis LZ and of period 27, that 


- f(0)~44,(6) +5 44(0) = 44+ D(a, cosnd +5, sin nd), (1-1-2) 

and that a, = 0. Then the ΠΝ 
γι) =| gudu =o), (1-1-3) 
where g(t) = g(t, 9,0) = φ(,6)--ὁ = HflO +t) + f(0-1)} —c (1-1-4) 


is necessary and sufficient for the summability (2,1) to c, of the Fourier series (F.s.) 
of f for ¢ = 6||. Since (1-1-3) is satisfied ρ Ὁ. with c = f(0), the method is ‘Fourier 
effective’, 1.6. sums any Fs. to f(@) p.p. 

In this note we consider the method (#,) defined by 


2 sin nh 


Yun = 8 (81) = — 2s, πὶ (1-1-5) 


The method is related to (10, 1) much as the method called (R,) of our note (IV) is 
related to (A, 2)77. Like (&, 1) it is not regular. We find necessary and sufficient con- 
ditions for summability (#,) in terms of f, and also, under certain restrictions, in terms 
of the conjugate function f. We also show that (R,1) and (R,) are ‘incomparable’, 


{1 The text of this note, in its present form up to ὃ 3-3 inclusive, was drawn up by Prof. Hardy; 
his last illness prevented him from completing the draft. There exists material for a last common 
note on Fourier series which I hope to publish in due course. W.W.R. 

{ = is the sign of logical equivalence. | | 

§ It is convenient, though in no way essential, to keep h positive. 

|| The notation is that of Hardy and Rogosinski(2), which we refer to as HR, except that we 
suppress the suffix ὁ in what is there called g,(¢). We use the notation ἢ,» 9,,,, ... for the integrals 
of f, g, d, ..-, from 0, systematically. 

4] Almost always (presque partout); we use this, and certain other abbreviations, as in HR. 

tt Kuttner (4) has shown that either of (R, 1) or (R#,) implies both (FR, 2) and (R,). We take this 
opportunity of correcting a slip in (IV), pointed out to us by Dr Kuttner. The partial integration in 


1949, 1 (with W. W. Rogosinski) Proceedings of the Cambridge Philo- 
sophical Society, 45, 173-85. 
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i.e. that neither implies the other, even for F.s.f Unlike (R, 1), the method (&,) 15 
not Fourier effective; in fact, we give an example of a Ε'.5. nowhere summable (f#,). 
It is, however, Fourier effective for wide classes of functions, for instance, for 
functions of any Lebesgue class L” with p> 1. 7 


1-2. We follow generally the notation of HR. We denote by s, = s,(9) = 8,(0, ἢ) 
the nth partial sum, for ¢ = 0, of the F.s. of f(¢). Then 
s,(0) — c= = {ol g(t) ἀπ Dy, (1-21) 
where g is defined by (1-1-4). When considering summability (R, 1), or (£,), for ἃ par- 
ticular 0, we may clearly simplify by supposing 
feven, f~a,cosnt (a = 9), d= 0, c= 0, | (A) 
and 80 g = ¢ =f. We call these assumptions, as in (IV), ‘assumptions (A) is 
‘It is plain that s,(0)—>c (R,) is equivalent to . 
T(h) = 7(0,h) >, (1-2-2) 
2 sin nh 


where T(h) = Ldin(h) 8,,(0), a,(h) = a | (1-2-3) 


and the convergence of the series for small 2 > 0 is seaaieaall Here 
Sa,(h) = 1 Ξ- ait (1-24) 


if 0<h<7, h->+0. On the other hand, 2|«,(h)| is divergent, so that the method 
(R,) is not regular. | 


1:3. In §2 we state a number of preliminary lemmas, with proofs where necessary ; 
some of these lemmas were proved in (IV). In ὃ 3 we obtain our main result, a necessary 
and sufficient condition for summability (R,). We also show that there are F.s. which 
are nowhere summable (R,). In ὃ 4 we restrict the class of functions f by assuming that 
the conjugate function f is L; for this class the method is Fourier effective. We then 
obtain a condition for summability (R,) in terms of f, and this leads to an example 
of a F.s. summahble (14) but not (R, 1). 


(4-2-8) is illegitimate. To correct the proof, cancel the last four lines on p. 20. In (4-2-10) replace 
—Q by Q. The formula for Q, in (4-2-11), should now read 


sin $¢ μὴ 
Q=- "Flo og rv ἀ:Ὲ Pa cot $tdt 


= ΠΗ mii |, ayy (oou-t)aut [ Ρ' δου μ΄ 
~—>0 


9 (a 
2(7 Ay 
In (4°2-17) replace — Q by Q. Two lines later, read 
Q(t 
Q=- cae i ἫΝ A a4 =|" Fdt= Β. 
—>( 


-»0 


The lemma quoted on p. 20, line 5 from the bottom, should be Lemma E. 
+ That (R,1) and (R,) are incomparable has been shown previously by Kuttner (4), but his 
examples arenot F.s, ΄ : 
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2. PRELIMINARY LEMMAS 
2:1. Lemma A. If 0<t< 37, then 


Σ =m <A(1 + logt τ a og : sai) it (2-1-1) 
ad 2m —t 

M cos mt I | 

ner m <7 (7 + ont ἢ: | (lA) 


The inequality (2-1-1) is Lemma A of (IV), and (2-1-2) follows by partial summation 
from n 1 l 
| Σου «(τες ἡ. 


2.2. Lemma Β, If 0<t<7, 0<h<z7, t+h, then 


π΄ sin mt sin mh 
seal a ll + 2. 
= < A(1+log* ΠΞ ao] tee" a sar) (2-2-1) 
$ sin mt sinmh| , A 1 ] 
Ν᾽: <9(yoa]tecern) (55:2) 
~ sinmtsinmh| Αἱ 
Also | tsi =] (2-2-3) 
for 0<t<th<4rn. 
First, sin mt sin mh = 4(cosm |t—h|—cosm(t+h)), 


so that (2-2-1) and (2-2-2) follow from (2-1-1) and (2-1-2) respectively. To prove (2-2-3), 
suppose first that n >t—!. Then 


” gin mt sin mh 


Σ Tr 2; = S,+8b, 


m=1 m l<m<t-1 t-1<m<n 
sinmt| Αἱ 
say. Now S,| = ¢ sin mh <— 
y | 1 | eee mt h 
by partial summation, since (mt)-! sin mt decreases for 0 < mt < 1 and 
Z A 
i" 


Also t< $h, and so (2-2-2) gives the same estimate for S,. This proves (2-2-3) when 
2 >t-1, and the proof for ἢ <t— is a simpler variant. 


' 2-3. Lemma C. If 0<ti<7, 0<h<za, t+h, then 


nm (1—cos mt) sin mh 
see «4, (2.3.1 
ἑ M ( -- 608 mt) sin mh <¥( ] n ] ). (2.8.9) 
ΣΝ m N\|t-h|  27-(t+h) 
die n eet tt (2-3-3) 
m=] m h 
for | O0<t<th<4n. 


+ We use A, A(a), A(f), ... as in (IV). 
332 | 
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We have sin mh(1 — cos mt) = sin mh — }(sin m(h — t) +sin m(h+#)), 
so that (2-3-1) follows from the familiar inequality | 
” sin mt 
| om 
The proofs of (2-3-2) and (2-3-3) are similar to those of (2-2-2) and (2-2-3); in proving 
(2-3-3) we use the fact that (mt)-1 (1 — cos mt) increases for 0 < mi «1. 


<A. 


2:4. Lemma D. If 0<t<2z, then 


© sin mt 
ya = Hrd), (2-41) 
Σ sa -- —log (2sin }#). (2-4-2) 


If 0<t<7, 0<h<m7, then 


©sinmt sinmh — sin $(¢ +h) 
ties ΠΕΣ Oe τς 9-4-3 
1 m 2108 om τ] ἔξ Al’ ( ) 
ἠὲ Στ Ξε clashed Sasa Po (2.4.4) 


1 m 


fort<h,t=h,t>h, respectively. 
The formulae (2-4-1) and (2-4-2) are familiar, and (2-4-3), (2-4-4) are corollaries. 


2-5. Lemma Εἰ. [f 0<t<7,0<h<3n,t+h, then 


© sin mt sin mh 


= 4log ae + p(t, h), (2-5-1) 


1 

where | | p(t, h) | < Ath. (2-5-2) 

sin d(t+h)4|t—h| | 

ΠΡ ee 

PAD =) p(t,h) = slog sa) sing fA 

sin 42 
Ζ 

x’ (2) «Α [2] for | z| <3z, say. It follows that 


t+h 
2|p|=[xit+h)—x(lt—A [=| [xa 


The function y(z) = log 


, where y(0) = 0, is regular for [2] « 27 and even. Hence 


t+h 
<A{ ee δ. 
[ἐ-- ἢ] 


2.6. Lemma Εἰ. If the Cauchy integral 


[΄ S(t) log dt (2.6.1) 
-»0 
converges, then f,(t) = o[(log 1/t)-1] and | 


ἡ 
fi αὶ (2-6-2) 
-»0 t 
converges. The converse 1s also true. 


If 0<4<t<1, then 


t 6] | 1 1 t 1 
f.)-fin) = Ϊ “Tog jal) 985,44 = ogi Ϊ J(u) log = du, 
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with y<7r<t. If (2-6-1) converges, this is o[(log1/t)], uniformly in 4; and so 
fit) = o[(log 1/t)-4]. Also 


[ae dt = f,(7) log +f, (e) log-+ [ΤῸ log dt. 


Making ε-» 0, we conclude that (2-6-2) convergesf. Conversely, if (2-6-2) converges 


_and f,(¢) = o[(log 1/t)-1], then (2-6-1) converges. 


2-7. We say that fis Z if 
[ If® 1 ἘΙΘΒῚ 10 |) dt «οο. (27-1) 


The importance of this class of functions was first. recognized by Zygmund. It is 
included in Z, and includes L? for every p> 1. If fis Z, then the conjugate fis Lt. 


Lemma G. If fis Z, and —1<h<z7, then 


] Ἢ flO log τ ΣᾺ] αἱ β (2-7-2) 


1s finite and continuous in h. | 
This is equivalent to Lemma C of (IV). 


2:8. Lemma H. If f(t)~ Za, cos nt§, then, in order that the series Xn—a, should be 
convergent, it 1s necessary and sufficient that the integral (2-6-2) should be convergent; 


and in this case 1 (7 
aplog2+ 52 =|" cot 4 f(t) (2-8-1) 


This is Lemma E of (IV); 10 was first proved, less simply, by Hardy and Little- 
wood ((1), 94). 


2-9. Lemma I. If f(t) ~ Xa, cos nt§, and the integral (2-6-1) converges, then 


oan 


a. -- |" ΚΟ log (2 sin 4¢) dt (2-9-1) 
1 


(the result of term-by-term ican 


By Lemma F, the integral (2-6-2) is convergent, and fi(t) = o[(log 1/é)-1]. Hence, 
on integrating by parts, 


|" cot dt f,(¢) dt = — =|" F(t) log (sin 3t) dt = a, log2— = |" F(é) log (2 sin 3) dt, 
7 J +0 7T J ->0 7 J —>0 


~ and (2-9-1) follows from (2-8-1). It should be noted that, by (2-4-2), the right-hand 


side of (2-9-1) is 3 [ © cos nt 
t, 


ΤΩΣ 
while the left-hand side is the result of integrating this term by term. 
Τ Ifa, = 0 and f(t) is even, then f,(7) = 0, and the integral (2-6-2) equals (2-6-1). 


t Zygmund (5), 150. 
§ Here we drop the assumption a, = 0. 
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3. Nuecussary AND SUFFICIENT CONDITIONS FOR SUMMABILITY (f,) 


3-1. We begin with a discussion of the convergence of the series 


Σ 8,(0) 


It is convenient to suppose ΓΤ ΕΣ that 0 «ἢ «π. 


sin mh 


(3-1-1) 


THEOREM 1. 1018 L, then the series — converges if, and only vf, 
ik “blu 0) du (31-2) 
—>0 
converges. When 0 is fixed, the series converges for almost all h. 


We write 


sin (n+ δ) | 
5,6) = 2 |p) ea 


be =I. f(t) cos nt dt ἘΣ] f(t) cot 4 sin ntdt = $A4,,(0) +s*(9), 


and make assumptions (A), so that 
| Sy = 8,(0) = ἐα, +87 (0) = ἐα; +82, P=. 
Then what we have to show is that 
ἘΣ ἴα, sin nh + ΣῊ 188 sin nh (3-1-3) 


".- * fuydu = 2 |” Pall, h) αι (3-1-4) 
—t —>0 t 


->o t 


converges if, and only if, 


converges. 
First, 2n—1a,, sin nh is an integrated F.s., and therefore converges for all ht. 
Next, we write 


1 th 8h π ' 
= “({ +| 6 γὼ cot # sin ntdt = sY + s®@ 4 s®,t (3-1-5) 
ΠΟ Jth th . 


say, and it is easy to prove Xn—!(s% + s®) sin nh convergent. In fact, 


Σ (s+ 98) sinnh _ τ [ εἰ Ἵ fit) cot yon sin nh dt, 


by term-by-term ideale this being permissible over (0, $h) by (2-2-3), and over 
(3h, π) because the series under the integral is, by (2-2-1), boundedly convergent. 
It remains to consider Xn-1!s® sin nh. We write 


th th 
s? sin nh = τε Π f(t) cot 4 cos n(t --- h) dt -| f(t) cot $¢ cos n(t +h) dt 
27 th th 
= Pn- 4.» 


it Pe ee 
Say. Now py = on f(t)e ot dt Σ 
th 


1 
t HR, Theorem 44. 


t We suppose that 3h <n. Tf not, the second integral is over ($h, 7), and ae may be omitted. The 
argument is similar. 


Σ comm) α t (3-1-6) 
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the term-by-term integration being again justified by (2-1-1). Also 
th 
20, = =| f(é+h) cot 4(¢+h) cos ntdt 
7.) ~th . 
is the nth Fourier cosine coefficient of the function 


F(t) =f(t+h)coth(t+h) (|t|<4h), 0 (4h<|t|<n). (3-1-7) 


Hence, by Lemma H, En-y,, and therefore ~n-!s® sin nh and Ln—1s* sin nh converges 
if, and only if, 


Ἐπ δ PE de ph+t 
| F(t) a ἢ ἢ ἘΞ 5 S(ut+h) cot4(u+h)du = | :: f(u) cot udu 
Fash | -»0 h—t 


(3-1-8) 


converges. Finally, | cot 3u— et 3h | < A(h)t in the inner integral, and we may replace 
cot $u by cot 4h. Thus the convergence of (3-1-8) is equivalent to that of (3-1-4), and 
we have proved the first part of the theorem. 

Since (3-1-4) converges, even as a Lebesgue integral, whenever ¢,(t,h) = o(t), and 
therefore for almost all h, the second part is a corollary. 

3-2. We denote the ‘principal value’ limit — 


Bal 


by [. seth. 
0(}) 
THEOREM 2. If fis L, and 17 | 
[i $0) log = at (3-21) 
O(n) [ἐ--ἃ] | | 
, τι gk(gy anh 1 | ” ane) a 3.969 
converges, then Σ. sn (9) te ee cot at log - in} fae | dt, ( ) 


where si, is defined as in (3-1-3). 
We make the assumptions (A) and use the notations of 88:1. 
First, we wish to prove that the convergence of (3-2-1), with ¢ = f, or what is the 


same, of π l 
ἢ P(t, h) ἰορ τ αἱ (3-2-3) 
—>0 


implies that of 


7 th 
| {F()+ F(—1)} log dt = Ϊ [f(h-+t) cot $(h-+t)-+f(h—t) cot (h—t)] log αι. 
—>0 —>0 
(3-2-4) 
In fact, the integrand in (3-2-4) differs, for fixed h, from 2 cot thot, h) log 1, by less than 


At log 1/t(| f(¢+h)|+ | f(é—A) |), 
which 3 is L whenever f is. 
It follows, by Pons I, that En lp, converges and can be evaluated by term-by- 


Τ ὁ may be replaced by g. 
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term integration. Since such integration is permitted, in any case, for the sums 
un-1(s) + 3) and Ln—q,, we find that Xn—!s* sin nh converges, and that 
τς Ὁ sin wh _ © sin nt sin nh | 


Ὁ, slo f(t) cot $t a --ὄς-- - dt. 
‘I 


Substituting from ΕΡΕ, we obtain alk 


3°3. Our main theorem is 


THEOREM 3. In order that the F .s. of f(t) should be summable (R,) to c, for t = Θ, tt is 
necessary and sufficient that 


m dt (hit 
I(h) -|" 1 g(u) cot udu (3-3-1) 
h—t| 


should converge for small h and tend to 0 with ht. 
We make the assumptions (A), so that g = f, and use the notations of §3-1. We igs 
observe that ¢ = A is not a singular point for 7(}). In fact, for instance, 


μι | f(u) | cot judu< A | ἫΝ en Le 


h h 
-4{ Nau | a= Al | f(u) | du, 
0 U h—-u 0 
for fixed h and A = A(h). 


Summability (#,) implies the convergence of Xn—s,, sin nh for all small h. For this 
it is necessary and sufficient, by Theorem 1, that the integral (3-1-4) should converge 
for these h. This, in turn, is equivalent, after ὃ 3-1, to the convergence of 

ah dt (htt 
Pe f(u)cot4udu_ ” 
or to that of J(h). 


Assuming now the existence of [(h), that is, the convergence of Xn—!s,, sinnh, we 
write s, = 4a,+s*. Here Ση ἴα, sinnh—>0 as h->0Ot{. We are therefore left with the 


discussion of co : ω 
Sr gk inh _ 1 ΠΙᾺ +f" re eer smn at 


i mn 


Σ +I?), (3-3-2) 
1 


᾿Ὰ 


say, where 0< 7 « $h. ΑΒ in (3-1-5) we see that LJ® converges and that 
a nt sin nh 


Συῷ -|’ F(t) cot Σὲ 3) ——————- dt. 


| The upper limit may be ὡ Ὡς: by any oe δ less than 7. Also (3-3-1) is equivalent to 


᾿ ΠΝ Ἰὼ tudu—>c. 


π dt fht+t w dt τ d 1 h+t 
For τ oe ‘J ων" joe | 54 (deo) 
“οὐ τ 2 ὡ -χοΐ a ἘΝῚ >t h—t 


= =2[" log] τ 
—>0 


when ὦ +0. Similar remarks apply to Theorems 4 and 5. 
t HR, Theorem 44. 


“|dt+0(1) = = 7 +-0(1), 
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<= [Ιλ lat 


so that this sum tends to 0 as 70, the h being fixed. We thus conclude that 
2a, = 0 (R,) is equivalent to 


Also, by (2.2.3), Y yo 


lim lim 5 J?) — Q, (3-3-3) 
h—>0 y>0 1 
Next Συῶ ὦ Σ = | " f(t) cot 4t(cos n(t — h) — cos n(t + h)) dt. 
1 1 7 


We define a periodic function f*(t) by 
Eo in (4,7), | (3-3-4) | 


elsewhere in (0, 277). 


Τὴ = 
Then | | 
τὸ ῶ.. τ ne _ f£*(p 1g _m™SAn 2. 
Σὰν a5 (f*(¢+h) cot $(¢+h) —f*(t—h) cot $(¢—h)) cosntdt = - S}—", (3:3-5) 
1 1 4% Jo 27 n 


where A,, is the nth cosine coefficient of 
F*(t) = f*(t+h) cot $(¢+h) —f*(t—h) cot $(t—h). (3:3-6) 


Clearly Ay = 0. Since &J® is convergent, we conclude, by Lemma H, that (3-3-3) is 


equivalent to π t | 
lim lim | cot μαι F*(u)du = 0. (3-3-7) 
—>0 Jt 


h-—>0 4-0 
When ἢ is fixed we may suppose that 9 < 4h, ἡ «π΄-- ἢ. We then write 


wT t 7 
| cot μαι} F*(u)du = P—-Q, (3-3-8) 
—>0 --ἰ 
where 


1 t 
p=" oot grat | λυ ἘΔ) cot ut hydu = |" cot μαι | J *(u) cot udu 


(J: [+ +| [Ὁ +f oot gta [ἢ Ἵκ (w) cot gudu 
SEI τκαρως oss 
Q Ἢ οου μά: [ f*(u—h) cot 4(u—h) du Lf | cot μά Ju ) cot dudu 
= (ef +f, cot μα" ΝΣ cot 4udu 
gs meen 


Now v On’ is independent of ἡ and tends to 0 ash->0. Next 
h+y 7 
P3-Q = Ϊ cot μα! |’ J(u) cot fudu, 
h—y 


{ The reader shigula draw a figure; we integrate over a triangle and omit the pers where f *(2) 
vanishes. In all the repeated integrals f*(w) is replaced by f(w). 
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‘A that An O22! ἫΝ εἰ fife ) | cot sudu 


Ayn 
«410 [Π κω [aut {"| fu) αι]. (3.3.1) 
q ‘ 
Hence P, — Q, > 0 as 7 + 0, ἢ being fixed. Also 


= “Ft Qy | ae a 
=([-.[ + | { - [΄ oot μά! |) lu) oot dud (3-3-12) 


- when η--» 0. The last integral is independent of ἡ and tends to 0 as h->0. It follows 
that (3-3-7) is equivalent to 
π +t 
lim cot μαι | f(u) cot 4udu = 0. (3°3°13) 
| h->0J 0 [h—t| 
Lastly, cot 4¢ = 2t-!+ Ο( in (0,77). Hence, when replacing cot } by 2:1 in (3-3-13), 
the error is less than 
LF) | ay ca [| £00 ᾿ 
Α tal du<A du = 2Ah} | f(u)|du, 
|n—t| Ὁ |h— τι 0 
which sate to 0 with h. ἢ τ τος the proof of the theorem. 


3:4. The following theorem, though included in Theorem 3, is much simpler in proof. 
THEOREM 4. Swppose that [: g(t) log —— di | | (3°41) 
00) |t—h | 


exists for all small h. In order that the Fs. of f(t) should be summable (Δ) toc, fort =8, 


it is necessary and sufficient that 
J(h) = Ἢ g(t) cot $4 log it) dt (3-4-2) 
00) 


should tend to 0 with h. 
We make the assumptions (A), so that g = ; Summability (R,) of Xa, to 0 is equi- 
valent to Xn—!s* sinnh->0. By (3-2-2) this is the same as 


= [ΚΑ cot 4 log eee 0. 
Finally, by (2-4-3) and aia E, we may replace the logarithmic factor ay 
log | (¢+h)/(t—h) |. 


3:5. Usually it is not possible to replace cot $¢ by 21 in (3-4-2). If fis Z, this can 
be done. 


THEOREM 5. Suppose that fis Z. In order that the F.s. of f(t) should be summable (R,) 
toc, for t = 0, vt 1s necessary and sufficient that 


K(h) = [2 elf αι (3-51) 


should tend to 0 with h. 
We make the assumptions (A) so that g = f. By Lemma G, the integral (3-4-1) is 
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a Lebesgue integral. Hence Theorem 4 is applicable, where (3-4-2) is now an L-integral. 
Also, if we replace cot $t by 2:1 in this integral, the error is less than 
t+h » 


a (J+ fa) Desi 


2h ] 1 ω h 
«ΑἍ{]͵ h | f(t) | (los; +o) ay |e Fo | Fa) 
< Ahlog; = 0(1), 


since | Ι | Fé) | log pp t< A. 


by Lemma G. 
3°6. Any F.s. is summable (R, 1) p.p. This is not true for the method (R (f,). 


THEOREM 6. There are F.s. summable (R,1) but not (R,); in fact, there are F.s. which 
are nowhere summable (R,). | 

We need only prove the second clause. Let (a,) (v = i,2,...), be a sequence of 
numbers everywhere dense in (—7,7), and let ΣΑ͂, «οὐ, where A,>0. We consider 
the periodic function 


ft) = A,plt—,), (3-6-1) 
2 -1 f < 1 
=e Re: (Cl ¢[ log? | ¢j] or Osis (3-6-2) 
0 elsewhere in {-- π, 77). 


Clearly, f is non-negative and L. We wish to prove that, for every fixed 0, there exists 
a sequence of numbers h, = h,(@), tending to 0, such that 2n~'s,,(@) sin nh, diverges. 
According to Theorem 1 we have to show that the integrals 

π dt (et! 

“GL, Ver Ἐ}θ-- ων) du (3-6-3) 
diverge. Now, given @ in (—7,7), we can find a sai αν (α ,), say, of the a,, such 
that h, = 0—a,>+0. We may assume that all h, < 4. 

The ctcouall, (3-6°3) is diminished, first, = omitting the term {(0-Ἐ u), further by 
replacing [(0 -- ) by its term A,¢(9—u—a,) = A,g(h,—u), and finally by restricting 
the integration to the interval 0<t<h,,. a EAS (3- -6-3) is thus greater than 


4, ae ieee du = ἜΝ p(u) du 


μμ--ἰ 
hy dt Mat 
᾿ 2A, | Ἐ[ςππρτς - 24 2A, | t log 1/t’ 


which integral diverges. This proves the theorem. 


4, CONDITIONS IN TERMS or f 
4:1. We suppose from now on that both f and its conjugate function f are L. It will 
be convenient to say that then f belongs to the class L (f is Z). It is known that, if f 
is L, then 7 00 00 
f(@)~> B,(8) = > (6, cos né —a,, sin 96); 
1 1 


and that the class 7, includes Z, and hence all classes L?, where p >1, 
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We write (ἢ = Wit, 0) = f(6 +t) -- ΚΘ -- ἢ. 
If fis L, then —f is the conjugate function of f, and | | 
f(9) = - [ἢ y(t) cot ξ αἱ (4-1-1) 
27 -»0 


for almost all θ.7 


THEOREM 7. Suppose that f is L. Then the series (3-1-1) converges for all 0 and ἢ. 
In order that the F.s. of f(t) should be summable (f,), for t = 6, τὲ 1s necessary and 


sufficient that (4 y(t) dt (4-1-2) 
—>0 


should exist. 
The Fs. of f 1s summable (R,) p.p. to the sum f(@)f. 


We make assumptions (A), except that we do not assume that c = 0. Then f is odd 


and py = 2f. 
It is familiar§ that 


8,. ΞΞ -- ay f(t) cot 44(1 — cos nt) ul f(t) sin ntdt = s* + 4a,, (4-1-3) 


where s* = s*(0) is defined as in (3-1-3). Now ina, sinnh converges for all A and 
tends to 0 with ἢ. Also 


¥ st smn = -;{ f(t) cot gleam sin nh 4, (4-1-4) 
1 


converges; the integration by terms is justified, over the range <0, $h) by (2-3-3), and 
over the range ($h, 7) by (2:3-1). Hence, by (2-4-4), 


το ] ie 
, sin nh - --{ f(t) cot 4edb, (4-1-5) 
h 


71 “MH 


so that Xa, = 6 (R,) is equivalent to 
| lft. 
-;| f(t) cot $tdt = c. (4-1-6) 
TJ 0 


The convergence of this integral is equivalent to that of (4-1-2), where y = 2f. 
Finally, according to (4:1-1), the formula (4-1-6) holds, with ὁ = f(@), for almost 
all 6. This completes the proof of the theorem. 


4-2. We conclude the paper by proving the converse of the first clause of Theorem 6. 

THEOREM 8. There are F'.s. summable (R,) but not (R, 1). 

Let 020<1,. ει, Pp=o 4, C=air*, 
where ἃ is so small that the intervals j,, = (a”—€", a” + €"), where n = 1, 2,..., do not 
overlap and lie in (0,77). We note that af = a*, BC = a, and that a”—("> Aa”. 

Next, we choose a sequence of positive numbers e¢, such that. Ze, <0o, and also so 
that it contains a subsequence (é,), say, with ve,—> oo. 


+ HR, Theorem 89. 

+ Hence the function (3-6-1) isnot 72. It is, however, not difficult to give an example of a function 
of L?, where p> 1, whose F.s. is summable (R, 1) but not (#,). 

§ HR, p. 47, formula (4-9-1). 
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Now, let f(t) be an odd function equal to ¢, 8” in j,,, and vanishing elsewhere in 
<0,7). First, π 
{ f2(t) dt = Wet BG" = We? Pra = Werakn<a, (4-2-1) 
0 
so that f, and hence its conjugate function —/f, is L?; thus fis L. Also 
re dt < 2X6, βηζη(αῦ — C")-1 < Ade, a"a-” < 00, (4-2-2) 
0 f 
so that, by Theorem 7, the F.s. of f is summable (f,) for ¢ = Of. Let 


(0). Σ a,cosnO, f(0)~ —da,sinné. 
1 1 
If 0<6<4n, then 


(6) = Za, gin 20 ΜΝ 3} ΩΣ πὶ sin nd 
= ΡΝ f(t) log pe a+ AC), (4-2-3) 
where | A(P) | < AG, (4-2-4) 


by Lemma Εἰ; the integral in (4-2-3) exists since f if L?, and the integration by terms is 
justified by (2-2-1). 

In order to show that the F.s. of f is not summable (Rf, 1) at ἐ = 0, it is sufficient to 
prove that 0-1/,(@) isnot bounded. In view of (4-2-4) we may replace /,(0) by the integral 
n (4:28). 

Let 6,, = «"—€", so that 6,,>0as noo. Since f is —— 


H(@) = E f(t) log alate [ ἤθιος 7 τ 9 aes 
Η(θ,) )> enh | ΠΝ 
ἐ-- 6. 
t+0,, t+an— ὅν 
Also log me = log ape 
decreases in In» and a” >G,, so that 
H(6,,) > 26, B"C" log (7) = 2ne,,a” log > Ane, 6,. (4:2-5) 


Now ve,—> oo for a subsequence (¢,). Hence 6H(@) is not bounded when 6 = @, tends 
to 0. This completes the proof. 


ἡ The integral (4-2-2) is an L-integral. It follows, from (4-1-3), that the F.s. of f actually con- 
verges for ὁ = 0. | 
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p. 173, first footnote. The ‘last common note on Fourier series’ mentioned here has not been 
published. 
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(c) The Young—Hausdorff Inequalities 


INTRODUCTION TO PAPERS ON THE 
YOUNG-HAUSDORFF INEQUALITIES 


The Young—Hausdorff inequalities state that (i) if fe L°(—7,7), where 1 < p < 2, 
and c, is the nth complex Fourier coefficient of f, then | 


(> lel”) < fz J viorray) 


(ii) if (c,) is a two-way infinite sequence such that Σ |c,|” is convergent, where 
-- ὦ 


Ι] «,, < 2, then there exists f ε L?’ such that c,, is the nth complex Fourier coefficient 
] μᾷ 10’ τ ἢ 
of f, and (3 [νῶν as)” <(S tear) 
2π — οὦ 


In 1926, 7 Hardy and Littlewood gave a new proof of these inequalities, and deter- 
mined the cases of equality. They obtained also important generalizations, giving 
sufficient conditions for the convergence of the series > |n|-*|c,,|*, and for the existence 
of the integral | [61-8 {{θ}}" 4θ. These inequalities have proved a fundamental tool 
in the finer theory of Fourier series. The proofs follow the interpolation argument 
of Hausdorff, using ‘Hausdorff differentiation’, and among the papers of Hardy and 
Littlewood on Fourier series, the two authors’ analytical insight and technical mastery 
is nowhere more apparent than here. Later, the discovery of the convexity theorems 
of M. Riesz and Thorin enabled the proofs to be simplified, and the inequalities have 
been extended and generalized to a considerable degree. 

In 1931, 4 Hardy and Littlewood themselves generalized the inequalities of 1926, 7, 
introducing the decreasing rearrangement (c*) of the sequence (c,,), and the series 
ΣῈ = Ν᾽ (|n|+1)'-*ck". They proved that if r > 2, then the necessary and sufficient 
condition for the c,, to be the Fourier spefticients of an f e L’, for every arrangement, 
and every variation of argc,, is that X* is convergent, and that if 1 < r < 2, then 
the same holds for some such arrangement and variation. In 1935, 6 they proved 
that if r = 1 and fe Z, then ΣῈ is convergent, and used this result to give a new 
proof of the difficult convergence criterion of 1934, 3. 


The two papers 1932, 5 and 6 deal with the convolution of two power series in the © 


case where one satisfies an integrated Lipschitz condition and the other belongs to 
H? for some p < 1. The results obtained are analogues of M. Riesz’s well-known 
extension of Parseval’s theorem. 

The final paper of this group, 1944, 1, is concerned with the partial sums of a 
function of L?. 
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Some new properties of Fourier constants. 


Von 
G. H. Hardy in Oxford und J. E. Littlewood in Cambridge. 


1. 
Introduction. 


1.1. The theory of Fourier constants, as distinct from the theory of 
the convergence of Fourier series, may be said to date from Riemann. The 
first theorem of the theory, in fact, 1s the ‘theorem of Riemann-Lebesgue‘, 
that the Fourier constants of any integrable’) function tend to zero, a 
theorem proved by Riemann?) for bounded functions integrable in accor- 
dance with his definition, and by Lebesgue in full generality. 

The most important general theorems concerning Fourier constants, 
after the theorem of Riemann- Lebesgue, are Parseval’s Theorem and the 
Riesz-Fischer theorem. Let us suppose for simplicity of statement that 
{(@) is ἃ real and even function, that the fundamental interval is (— z, πὶ 
and that the mean value of f(@) over this interval is zero, so that the 
Fourier series of /(0@) is a pure cosine series Sa, cos v0 without constant ᾿ 
term. Then the two theorems together assert that 2 α is convergent if, 
and only if, the square of f(0) is integrable. 

A very important generalisation of these theorems has been effected 
recently by W. H. Young*) and Hausdorff*). Suppose that 1< p <2, so 
that | 
(1.11) re 23. 

Then the final theorem of Hausdorff asserts (I) that >| a, |?’ is convergent 
whenever |7/|” is integrable, and (II) that |/”' is integrable whenever 


1) In the sense of Lebesgue. 
2) Riemann, 1, 239—241. 

3) W. H. Young, 2, 3. 

*) Hausdorff, L. 


1926, 7 (with J. E. Littlewood) Mathematische Annalen, 97, 159-209. 
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ΣΊα, |? is convergent. There is an essential asymmetry about the number 2, 
and both propositions would become false were the condition p < 2 omitted. 
The theorems were proved by Young for a special sequence of values of p, 
ν]Ζ. ὦ, gs ος “ἢ big 
somewhat simpler than Hausdorff’s, was given later by Εἰ, Riesz*), who 
also extended the results to general orthogonal series. 

We give a new proof in 8 38. The proof will be useful as an intro- 
duction to the more difficult analysis which follows. It has also two points 
of independent interest; it enables us to complete the solution of the 
minimal problem suggested in Hausdorff’s analysis, and it involves what 
would appear to be the least possible amount of ‘existence-theory’. 


and by Hausdorff generally; an alternative proof, 


In 88 4—7 we solve the principal problems of the memoir. The pro- 
blem which originally suggested these investigations may be stated as 
follows. Suppose that r > 1 and that f and |/|’ are integrable, or, in the 
language of Riesz, that f belongs to LD". Then for what values of s and 
x does tt follow that the serves | 


(1. 12) Sn-|a,|? 


is convergent? We suppose naturally that s is positive, and the theorems 
which we prove provide the complete answer to the question. ἡ 


1.2. We observe first that we may confine ourselves to the case in 
which r= p <2; if γε. 2, the answer is almost immediate. If f be- 


longs to DL‘, it belongs a fortiori to L”, so that Σ᾽ Gy is convergent. A for- 
tiort, S|a, |” is convergent if s > 2; so that (1.12) is convergent if s > 2, 
x >. If on the other hand s < 2, then » 


2x 1 

ΗΒΕ ae ὦ 

Sah νοις ΣΥΝ 2— 2 
La ἘΞ σὴ ΕΣ ἢ 


am! 


is convergent for x > 1 -- aa And it may be shown by examples that 
these inequalities for x cannot be improved upon, that (1.12) is not 
necessarily convergent, when s > 2, for any negative x, nor when 
1 6 | 
| s<2, κε! --- 85). 
Thus the hypothesis that a power of |/| higher than the second is integrable 
adds nothing to the inferences which we can make. 


We may suppose therefore that r= p <2. There are then three ranges 
of values of s which require separate treatment, viz., the ranges 


5) F. Riesz, 3. 
6) See ἃ 8 for indications as to the methods for constructing appropriate ‘Gegen- 
beispiele‘. 
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8ς», »Ξ8Ξ.». »' «58. 
Of these, the two outer ranges are easily disposed of. 

(I) If s > ρ΄, Hausdorff’s theorem solves the problem; for S| α, [ἢ is 
convergent, but (1.12) is not necessarily convergent for any negative value 
of κ᾿). 

(II) If 0 « 8:3’ and 


-S—wps 
Pe cos boat 58. 


so that xp’ > p’ — s, then 
8 xp! δ᾽ 
ἘΣ ney Tareas Ve ae) 
Sala, S(Z]a,|")" (ya 7) *, 
which is convergent in virtue of Hausdorff’s theorem’). It is easy to 
show that the inequality for x cannot be replaced by any better in- 
equality x >x,. It is also easy to show®) that the conclusion is false when 


.-- PtS— Ps 
Dp 


- Seg: 


If s <p, then, the problem is disposed of. 
1.3. The only question which remains is whether (1.12) is necessarily 
convergent when 
ed poet, Pp < 8 < ρ΄, 


and it is this that is the really interesting and difficult question. When 


s=p', x=0, the proposition reduces to Hausdorff’s theorem. If we can 


prove it when s=p, x= 3 -- p (the other extreme case), that is to say 
if we can prove that | 
(1.81) Sn? a, |? 
is convergent, then we can deduce it in the intermediate cases in an ele- 
mentary way*). It is the convergence of the series (1.31) that is the 
kernel of one of our four principal theorems (Theorem 5), though the actual 
theorem is stated in a more precise and general form, as an inequality 
satisfied by the complex Fourier constants of a complex function. 

If we assume the truth of this theorem for the moment, we can state 
the answer to the question put at the end of § 1.1 as follows. J} f belongs 


to 17}, then the series Sn” |a,|* is convergent if 


(T) yo=g>2, s22, κ 0; 
1 
(IT) r=gq>2, 8s<2, x>1—-ss; 
”) Young proves this when 8 is an odd integer, in particular when s = 1. 
8) See § 8. 
8) See 8 8. 
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(TIT) r= ps2, ier x > 0; 
(IV) r=p<2, pss", n> PROP, 
(V) r—p<2, O0<s<p, ae cae) 


and it is not necessarily convergent in any other case. 

1.4. Our proof of Theorem 5 is of the same general character as 
Hausdorff’s original proof of his theorem, but is decidedly more difficult, 
and it seems to us unlikely that there is any really easy es That 
(1.12) is convergent when 


r=p<2, m= PORTE, 2 «8 ΞΞ ' 


may indeed be proved in a different manner, as we show in ὃ 8. We 


have proved elsewhere") that if f belongs to 177, 0 «α « = and f is 


p 
1-—pa 


the ‘Riemann-Liouville’ integral of f of order «, then f, belongs to ἢ, 
From this we can deduce the convergence of (1.12) whens =2, κὶ = —1, 


and the full result follows when we combine this particular case with 
Hausdorfi’s theorem. This argument (which in any case rests on two by 
no means easy theorems) fails completely when s << 2. We have in short 
no doubt that Theorem 5 is a really difficult and interesting theorem. 


1.5. Hausdorfi’s theorem consists essentially of two theorems, the 
proofs of which go together. So, we find, Theorem 5 is essentially one 
of a group of four theorems, two (Theorems 3 and 5) of the ‘Parseval’ 
and two (Theorems 2 and 6) of the ‘Riesz-Fischer’ type. The proofs of 
these are also associated in pairs, and there is a close formal correspond- 
ence between the proofs of the two pairs, though we are not able 
in any sense to deduce one pair from the other. Two of the theorems 
involve a series of the type /n?-?/a,|”, and two an integral of the 
type [|f|?\0|?-?d0. These integrals mien be replaced by ere of 
the type 

S| f[?|8 — 0)? a8, 


with uniformity of the conclusions in θ0; but there seems to be no parti- 
cular object in such’ an extension. 


10) We include here the trivial case s= 0. 
| 41) See Hardy and Littlewood, 2. The proof of the actual theorem which 
we quote (Theorem 3) has not yet been published in full, but it is an easy deduction 
from Theorem 1, the proof of which is given by Hardy, Littlewood and Pélya, 1. 
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We find it necessary, with each pair of theorems, to give first a 
special proof, of one theorem of the pair, valid only for a particular 
sequence of values of the parameter g. In this we revert to the original 
line of argument of Young and Hausdorff, which is not necessary either 
in Riesz’s proof of Hausdorff’s theorem or in our own given in 8 3. The 
fact that the numbers which we calli, i’ or w, μ' are not bounded in p 
or gq seems to make some such reversion inevitable. 

The proof of the principal theorems is completed by § 7. In §§ S—9 
we indicate certain extensions in other directions. In particular we show 
that, if f(z) = S’a, 2” is an analytic function regular for ὁ =!z <1, and 


J firleet)/*a0- 


where 0 <<4<1, @ <1, is bounded, then Σ᾽ πα, |* is convergent. If 2 
were greater than 1, this would be a corollary of Theorem 5; but the 
corollary remains valid when the latter theorem fails. The case 2 = 1 is 
particularly interesting. In this case the theorem is equivalent to the 
theorem that, if two conjugate series 

(a, cosnf-+ 6, sin nf), (6b, cosn6—a, sin nO) 
are both Fourier series, then 


Soe, 
-- ῃ 
Is convergent. 


2 


τό Ὁ 


Notation and preliminary lemmas. 


2.1. We shall use the following notation throughout the memoir. 
The letters r, p,q denote real numbers, 


(2. 11) Pols Epa 2s wee; 
so that an r may be a p or a qg. In any case 

: , 7 1 i 
(2. 12) ae 2 γ εξ. 


so that 1<q’ “2, p’=>2: thus p’ is a q and q’ ἃ p. 

The function f(0), which is generally complex, will be said to be 
integrable, or to belong to the class L, if it is measurable and integrable 
in the sense of Lebesgue. If also [17 is integrable, f will be said to 
belong to the class ZL”. The foundations of a systematic theory of these 
‘Lebesgue classes’ were laid by F. Riesz 15). | 


12) FB. Riesz, 1. 
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We write generally z for the conjugate of z, f for the function whose 
values are the conjugates of those of f, and 


(2. 13) sen pair 
unless f= 0, when we define sgn f as zero. 


If ¢(0)= (0) for almost all values of 0, we say that f and g are 
equivalent, and write f=g. If f= 0 we say that f is null. 


We call 
(2. 14) oy = Calf) = ge [te meat 
where m is an integer, the (complex ) Fourier coefficient of f(8). We write 
(2. 15) See... αὶ ey ak 


If f(0) belongs to L’, we write 
/ τ ν bh 
1 ἱ i 7 Ἢ: 
1) ΟΕπ-ῶς [ἐν a) | 


If |c,,|" is convergent, we write 
ae. 
(2.17) = 8,(f)=(Slenl’) 


It should be observed that if J, exists for one r it exists for any 
smaller r, while if S, exists for one r it exists for any larger r. 

2.2. We shall make repeated use of two inequalities ((2. 22) and 
(2. 28) below) which are corollaries of ‘Hélder’s inequality’ (or the ‘gene- 
ralised inequality of Schwarz’), and of certain related propositions. We 
summarise these propositions here in the form of lemmas. We state, for 
the sake of clearness, more than we shall actually require. The propo- 
sitions are well-known, but it would be difficult to refer to any connected 
statement of them, and we do not attempt to attribute each proposition 
to its original author. The J’s refer to a positive function |/|, which 
we assume not to be null (so that J. > 0), and the S’s to a sequence 
of positive numbers |c,,|, which we assume not to be all zero (so that 
S.>0). The genesis of c,,, as the Fourier constant of a function /, is 
here irrelevant. | | 


Lemma 1. If 0<ae<pxy, «<y, and 


nu? 


ως ΟΞ) 
(2. 21) O = κί αὐ 
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so that OS ϑ “1, and S, exists (t.e. 84 < 00), then 
(2. 22) S3<S8is)*, 
and Sg les (in the wide sense) between S, and S,. 


Lemma 2. If a, B, y, 3 satisfy the same conditions as in Lemma 1, 
and J, <<, then 


(2. 28) WS, 
and Jz les (in the wide sense) between J, and J,. 


So far there is complete correspondence between S’s and J’s. When 
we pass to two-term relations, there is a divergence. 


Lemma 3. If a<y, then 
(2. 24) 8. = ὅν 
so that S,, 15 (in the wide sense) a decreasing function of «. If Sq «: οὦ 
for some (sufficiently large) «, then 
S,.— Max c,,' 
when «w-+0o; tf δὰ & for all a, then 
S,— ὦ 


when «+0, unless there ts only one m, say m, , for which c, +0, 
which case 


Sa = | mg 
for all «. 
Lemma 4. If a<¥, then 
(2. 25). Ja Sd, 


so that J, ts (in the wide sense) an increasing function of «. If [6] ἐδ 
continuous, then 
J, — Max | [| 


when αἀ-- κοῦ. If 95. «-:- οὐ for some (sufficiently small) a, then 


J, —> exp [ἐς [τὲ rao) 


The remaining lemmas are concerned with the cases in which the 
inequalities asserted by Lemmas 1—4 may reduce to equalities. 
Lemma 5. Equality can occur in (2.22), whena < B<y, only tf 
= 0 for all but a finite number of values of m, for each of which 
ei x > 0. In this case there ts equality for all values of «, B, y. 


when α--»0. 
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Equality can occur in (2.24), when a<y, only tf c,,=0 for all 
values of m save one, in which case there is equality for all values of 
a and y. © Ὁ 

Lemma 6. Equality can occur (2.23), when ὦ -- β΄, γ, only tf 
f:=0 in a certain set Εἰ, and |[] =: > 0 in the complementary set CE 
(so that |f| ts almost always 0 or x). In this case there ts equality for 
all values of «, B, y. | 

Equality can occur in (2.25), when «<y, only when |f|:=%> 0. 
In this case tt occurs for all values of « and y. 

Thus equality can occur, in the two-term relations, for the S’s only 
when there is the maximum of condensation in a single term, for the 
J’s only when there is the maximum regularity of distribution. The integ- 
rals in fact do not really correspond to swms, but to finite mean val- 
ues of the type | 


1 


4 Se, ce 
-- 12s on: ; 
(which have properties corresponding strictly to those of the J’s). In the 
three-term relations the powers of 2n-+1 cancel, and symmetry is 
restored. 

In the sequel we need only Lemmas 1 and 2, the first clause of 
Lemma 4, and the first half of Lemma 6. An alternative proof in § 3.6, 
suggested to us by Mr. C. A. Meredith, uses the whole of Lemma 5 and 
the first clause of Lemma 6. We have stated the lemmas completely, 
since a partial statement of the position might be misleading. 

We shall denote the proposition S,—= S. 8, ”, asserting equality in 
(2.22), or the corresponding proposition for J’s, by [α, 8, y]. | 

2.3. If (g,(8)) (n= 1, 2,3,...) is a sequence of functions each 
of which belongs to ZL’, and if 


{ Gin 7% Pa iy 4θ--- 0 


when m and n tend to infinity, then the sequence (q,,) 1s said to con- 
verge strongly with index r. In these circumstances there is a function 


(0) of L’ such that 


[1φ,-- φί θ--0 
when n—co. Also ᾿ 


ὃ ὃ ᾿ 
[φ,40-. [φα409.(-« ΞαΞὺΞπ) 


a 
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uniformly in a, ὦ; 


σ στ 


{1φ,1΄40--- {|φ|} 49; 


¥ 


and 
Γ. p,ydb [φῳάθ 


if y is any function οὗ L” or, in particular, any continuous function 15). 
In our applications of the last result y is the function e-™+®, when the 
relation becomes | 


Cn (P) = lim Cn (On) 


3. 
A new proof of Hausdorff’s Theorem, with determination of the 
minimal functions. 
3.1. In this section we prove 
Theorem 1. If ῳ and q’ are subject to (2.11) and (2.12), then 
(3.11) pe et 
(3. 12) ee 
the second inequality being interpreted as implying the existence of an 
f\0) of 1,“ with Fourier constants c,,. 
Equality occurs in (3.11) or (3.12). when q > 2, tf and only if 
(3213) A) ee 
where c ts a constant and μι an integer. 


There is nothing to prove when g == 2, and we shall suppose through- 
out that q > 2. 
We define / and i’ by 


(3.141) i= i(n) == 4,(n) = bound Bae | 
(3.142) i! =i" (n) = 4 (n) = bound Je) 


for variation of f and f, respectively. Here f, 18 a polynomial 


2 


ioe) fat, Oe Seen te 
not identically zero, and 


1) For proofs of these propositions see Ε΄. Riesz, 1. 
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is any integrable function other than a null function. If f does not be- 
long to L* , J,,(f) will be infinite, and the quotient which appears in 
the ἜΠΗ of 4 is in this case to be interpreted as zero. 

The bounds 4 and λ΄ exist, for every g and n. For (1) if we sup- 
pose, as we may do on grounds of homogeneity, that S,(7f,) = 1, we have 


1 
CP ara 


for some m, and so 


Ori ie Lf iidd.s a0 Galle) <(am4 γε. 


And (II) if we suppose that J,(f,)=1, as again we may do, we have 
1=J,(f,,) < Max | f,(0)| <(2n+ 1) ) Max |c,,|, 


1 Jy (fn) 
Sy’ (fn) & Max \c,,| 2s, 57> 8, Ue. <n +1. 


The trivial example f= 1 shows that 4>1, 4° >1. We shall in 
fact prove that 4=1’=1. We begin by proving an (almost trivial ) 
existence theorem. 


Lemma 7. The bound λ΄ is attained, for every q and n; there ts 
a polynomial f,, not null, for whach 


(3. 17) J, (f,) = λ΄ Sy fn): 

That 4 is also attained will appear incidentally in the sequel. 

There is, by the definition of Λ΄, a sequence ἔκ (y= 1, 2,3,...) for 
which | 
Sy (fa) =1, lim J, (fa) = vid 


| ae (eer 4} 


in space of 2n +1 dimensions, is bounded, since |¢m| <8,’ (fn) = 1. It 
has therefore at least one limit point, say 


ΤΣ 
We can select ἃ sub-sequence P” (N=1, 2,3,...) such that p* —P 
and f, —f, uniformly in 6. Then 


Sy (f,) = lim Sy (fa) =1, 
so that f, is not null, and 
J,(f,) = lim J, (fn) = λ΄. 
3.2. Lemma 8. The bounds i and i’ are equal, for every q and n: 


(3. 21) 1, (m) = Ai (n) . 


The set of points 
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Suppose that f, is the polynomial of Lemma 7, and that 


(3. 221) g(—0) =|, (9) |" sen f, (8), 
(3. 222) g (0) ~ 3b, emt. 
Then 


π᾿ 


(8, 282) ΟΞ ΣΙ, | On| SS (Gn) Sy (Fa) 
(3. 288) SAT y (9) Sy (fy) = λυ (fn) δι (fn) 
a 1 A 
(8. 284) -- Adi ()» 5.) = Ia (fa) + 
Hence 
(3. 24) A 
On the other hand, if 
(3. 251) PO) ~ Sq emt 
is any integrable function, and 
(3. 252) ἢ, (—0) = 3S}, 1 sgn y,, "9, 
we have | 
n 1 4 
(3. 261) S3(p,) = Sl γ, 1“-- ge [φ (0)h,(6) a6 


-- πὶ 


(8.262) Sy (p) Ty (Teg) S Ig (φ).λ΄ Sy (by) = λ΄ Ty (φ) 51 (Py) 


q 


or 
(3. 268) S,(,) SA Ty (φ}. 
Since this is true for all », we must have 
(3. 27) | 1:.΄, 

and therefore, by (8. 24), 

(8. 28). | λ-- ν΄. 


We may now replace λ΄ everywhere by 2. 


The proof of Lemma 8 might be presented in a somewhat simpler 
form, but the analysis which we have set out will be needed later. 


3.3. Since 1 = i’, the extreme terms of the chain (3. 23) are identical, 
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and all inequalities which occur in the chain must reduce to equalities. 
Since (3. 233) is an equality - 
(3. 31) So(Gn) = 4d (9), 
so that the upper bound / is attained, for the function g. 
Since (3. 232) is an equality, we have 
(8. 32) son B,C, 20, |b,|%==#%\c,,{%(|m| <n), 


where ¢ is independent of m, so that 


nm | n , 
—n —n 


or 
t= $,(9,)(S_(f,)) * 
But : : 
1 ΠΥ ΝΞ 
Sy (fa) = Zaha) = 7 Fe ‘(g\=4 SG BC Ay 
and so 


‘(q’-1) 1--ἀφ --13 : 1a 
. γχάα- STM POR Ce τ (g—1)2 
t= (S, (9,.)) =A CS, (9,))¢ nen 


Accordingly (3. 32) gives 


(3. 99) Cn Ξε τ΄ ὃ, a sgn Dn ( m | = n) δ 
where 
(3. 34) Ge OO Sg) Ao 

3.4. Lemma % If g, =2q—2, so that q,>q > 2, then 
(3. 41) ὁ.) Shy, (mn). 


We apply Parseval’s Theorem to g(). We write 


, 1 2q—2 , | 2(q—1)2 
(3. 42) Q,=2q—2, a a 9 -- (ᾳ -- 1a ==}, 
so that 


(3. 43) SOA eo; : 
We have then 


(3. 44) 823 (9,) = 3 Onl? S31 Op 


ee Ὡς οΣ, ! 
= 7, [|g d= Jn (f,) 


< AB (n) 82 (f,) = ah (n)-c™ (Sq (g,)) 9 

< a(n) dg*(n)(8,(9,)) 288? (So 04)", 
or 
134 
(3.45) a” 


q 
Aa, Ὁ) 


< (8994)? (Ba(Gu)) (By (Gu). 
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This does not exceed unity, by Lemma 1. For (since 2<Q<q) we 
may take «= 2, B=Q, y=q, and then the indices on the right hand 
side of (3. 45) are 2(q¢— 1)? times those of Lemma 1. It follows that 


ta" (m) < dae (nm) 
and therefore, since 2g > 2q —2-==q, and 4>1, that 
A, (m) SAq, (7). 
3.5. We can now prove our principal lemma, viz. 
Lemma 10. The bounds ἃ and i’ are each unity: 
(3. 51) λ (n) =A) (n)=1. 


Suppose (3. 51) false, for a particular n. Then there is, after Lemma9, 
ἃ Θ-- Θ᾽, 251 such that 1,(n) > Θ᾽ for arbitrarily large values of q, and 


: πον δι, after Lemma 7, an f such that 


(3. 52) Sohn) > Ody (ἢ. 
But, if ἢ, = Sc, 6:10 and y = Max|c,,,, (3. 52) gives 


1 
O< L(Sya\a =(2n-+1)¢; 


and this is false if g is sufficiently large. 


We can now prove the first inequality (3.11) of Theorem 1. We 


have in fact 
1 


(8. 58) (Seai*) τε 


and (3.11) follows when ἢ -- τοῦ. The second inequality (8. 12) requires 
a further lemma. 


Lemma 11. Suppose that S'\c,,|" ts convergent. Then there is 
an f(0) of L* whose Fourier coefficients are c,, and f,(8) converges 
strongly to [(0), with index q. 

If O0<¥<n, then 

P=, = Prnr =f, —f, - Pe a 
15. a polynomial, so that | Νὰ 


Δ [ lpl*a0—JE(9,) S880) — (16,15 <e 


77 


ify >n,(e). That is to say, ἢ, converges strongly to an f of L*1*); and 


14) See § 2.3. 
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c.(f), the r-th Fourier constant of f, is the limit of the r-th Fourier 


constant of f,, that 1s to say ¢,. 
We can at once deduce (3.12). For, given 


’ ς ; 
Sz = Cm |e 
— Oo 


there is an ἢ, whose Fourier constants are c,,, so that S,=S8,'(f), to 
which f, converges strongly; and 
(8.54) J, (f)=limJ,(f,) Slim 8, (f,) = hm 8, (f,) = 8, (Pf). 

At this stage we have completed the proof of Hausdorff’s inequalities. 
It remains to determine the minimal solutions. 

3.6. We return to (3.44), which we may now write in the form 


(8.6) 1S (S/o) (Siar) (312,19) 


n —2(q—-2) ΩΣ ᾿ —2/%n Q 5ᾳ--8 
«(Σ᾽ (ΣΡ) (δι...) κα, 
--ῇ —n —nN 


9ᾳ--ὃ 


by Lemma 1. It is plain that all inequalities here must be equalities. 


Hence, first, 
(3. 621 ) b,, = 9 (lm, >n), 


so that g=g,. Next, by Lemma 5, we must have 


(3. 622) bo =xj,e™ (|mi <n), 
where x is a positive constant, 7, is Ὁ or 1, and β,, is real, so that 
nn 
(3. 63 ) g(0) = σ, (0) = «77, et emri6. 
: —n 
Recurring now to (8.33), and observing that 22 = j,,, we see that 
ἢ mM 
(3. 64) 6, Ξε τ κατ 1} send, Ξε τ κατ), τ θη, 
n 
(3. 65 ) Ἂ SS, παν ΟΥ̓Χ ΕΣ e-thm emo, 
—nN 


and so, by (3.221), 
(8.66) 9 (8) =| A, (— 8))7 A. (— 8) =| fa (— 8) |r 5s, 8 
= cx | f,(—6) |?" 9(8). 


Since σ(θ) can vanish only at isolated points’), | f/f; is constant. 


If we write 


n 
z= e768, F(z) = 2" f. (0) = Se, δῆτα, 
ye —n 


15) With ἐμ (— 6). 
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then F(z) is a polynomial whose modulus is constant on the unit circle. 
Hence F(z) is ἃ monomial!*) and 


(3. 67) jc! 


where ὁ is a constant and w an integer. 


Mr. C. A. Meredith has pointed out to us an alternative proof. It fol- 
lows from (3.61) that 5. (g,,) satisfies one proposition of the form [«, 8,7]. 
viz.[2, Q,q], and therefore all such propositions. Since |c,,|=7|6,, (47? 
if |m| <n, 8. (f,) also satisfies all such propositions. But J, (f,) = S.(f,), 
by Parseval’s Theorem, J,(f,,)=S,(f,,), by, the minimal property of /,. 
and Jy, (f,,) = Sq (f,,), by (3.44), this being a chain of equalities. Since 
S,(f,) satisfies [ᾳφ΄, φ'΄, 2], and # has the same value for »’, 6’, a’ as for 
a, B,y, it follows that J (f,,) satisfies [2,q,¢,]. Hence, by Lemma ὑ, |/f,. 


is, almost always, a constant x or zero; and as ἢ, is a polynomial, and 
not null, we must have 


| Ι, | ereenee 
Hence J,(f,) =J,(f,), and therefore S,(f,)== Sy(f,,), so that, by 


Lemma 5, Κ᾽, is a monomial. 


3.7. We see thus that any solution f, of (3.17), where 4 is of course 
now to be replaced by unity, or (what is the same thing) any polynomial 
solution of 


J, (f) = Sa (ἢ), 


where g > 2 and the right hand side is supposed finite, is necessarily a 
monomial. We have now to extend this result to an arbitrary solution 
of (3.71). 

If the Fourier constants of farec,,, and S,/(/) is finite, then, by Lemma 11, 
f, converges strongly to f with index g. Suppose now that f is a solution 
of (3.71), and write 
(3.72) g(—Oi== fi sgn?  g(0)~ SB οἷ 9. 


Peal Mm 


Then g belongs to L’, and 


τ 


“(0 το αἱ {{{θ)σί-- θ)49. 


16) Τῇ not, it must have zeros z, - 0 inside the circle, and F -- z” » F*, where 
2-- Zn 
a= — 
1 -τ- en 
and F'* has no zeros inside the circle. Then | F*|=;F is constant on the circle. 


and so is a constant, in which case F is no polynomial. 


1714 6. H. Hardy und J. E. Littlewood. 


But 


wt 


ας Sf —fa)g(— 8) 48) <4, (f — fray (9) +0, 


so that*’) 


(3.86) JE (ἢ) -- lim st. ff, (0) g(— θ)49 = lim S70, ο,, S 5. (7) 840) 


q-1 _ ΤᾺ 
<8, (NI (=I, (NI (N=I(f). 
ΑἹ] inequalities here are equalities, so that 
(3.74) S,(9) = Iv (9) 
and we may argue as in § 8.3 with the sum ¥b,,c,,,7,/,,9, being re- 


placed now by oo, /,g. We thus obtain 
(3.75) 6, 


? 


= τῇ δ, 7" sgn b 


where 
ἐξ δ δ) το 


for all values οἱ m. Further we have, by the argument of § 8. 4, 


ao 


Py Bn |" ἘΣ ὦ (σ) -Ξ Jq. (f) ἐς S? (f) — χὰ (Sg (σ) "5 
and | 
1 act (Sig) oo" (S, ()) (S, gy ἐξ 1, 


by Lemmai. This being an equality, we can apply Lemma ὅ; and ὅ,, 
must be zero from a certain value of |m! onwards. Hence g, and therefore, 
by (3.75), f is a polynomial, and therefore a monomial. 


3.8. Finally, suppose that g is any solution of the other equality 
(3.74), and that | 
g(0)~ Sb, emo, = hh, (— 0) = ΣΙ, |¢-1 sgn b,, 610. 
Then, 1f #< » <n, we have 


Jy (h, — hy) S Sy (ἢ, — hy) = ( 


( 
v<iml|sn 


if »y >n,(e€), so that h,(— 6) tends to 


h(—0)~ ΣΊ 6, |¢-! sgn, eméo 


2”) We repeat what are in substance the arguments of § 3.2, but with oo in 
place of n, f in place of f 
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strongly, with index g. It follows that J, (h—h,)—0 and 


1 τ 
gal 9(h~ ἀρ 49. «Ὁ, --πρύν()- το, 


Hence 
9) = Tien 3/5, = lim gf 9(0) “Oa ἐς Jo8 h(0) a6 


«ὦ. (9)... (bh) <I," (9) 8, (Δ) = 8, (9) 85. (9) = SE (g). 
Here once more all inequalities are equalities, so that 
J, (h) = δ..(λ). 


Hence h, and so g, is ἃ monomial. This completes the proof of Theorem 1. 


4. 
Theorems 2—4: proof of Theorem 3 when q is an even integer. 
4.1. We pass to our second group of theorems, which may be stated 
as follows. 


Theorem 2. If S\c,,|” as convergent (so that S'\c,,|” 18 convergent 
and there ts an f(0) whose Fourier coefficients are c,,) then 


(4.11) Sf Filer a0 <(4,(on” Sienl? 


where A,(p) ts a function of p only. 
Theorem 3. If |f|*|@|%~” ¢s cntegrable, then 


(4. 12) Slog |*<(4e(9))" ἃς Le firmioirtas 


where A,(q) ts a function of q only. 


We may suppose that A,(p) and A,(q) im (4.11) and (4.12) have, 
for every p and q, their smallest possible values. 


Theorem 4. The numbers A, and A, satisfy the relations 
(4. 13) A,(q’')=4,(9¢)< Aq, 
where A is a constant; and the inequality is a best possible inequality 
apart from the constant factor. 


We begin by proving Theorem 3 in the special case in which g is 
an even integer 2x. Our proof will also embody a proof that 


A,{2%)<2Az, 
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ἢ. 6. a proof of part of Theorem 4. We state the result in the form of 
a lemma. | 
Lemma 12. If x is a positive integer then 


2 1Q iP" dO. 


2 ; a = 
4.14) Seg S (24) gf 17 


4.2. If f(0) is any integrable function, and 


fr Dies ems, 
then 


ἣν #8 


(4.21) oe [ἐν J rmeneas) 


= (LY J fee Maa 
where 
Di, b= ἃς τῇς Lyf... + Uy, J... IL da, =Jff...ds, dz, ...ad%, 
(so that the suffix to 2, IT or [ indicates the number of variables involved ), 
and the range of integration in each variable is (-- π, π)ὴ. We shall use 
this notation systematically in what follows, omitting the suffix where no 
confusion can arise. 

The integral (4.21) exists as a multiple Lebesgue integral, and the 
range of integration in any variable may be replaced by any congruent 
range. Bearing this in mind, and replacing z, by t— 2, —...— 2,-1, 
we obtain 


: ie | | 
(4.22) Cm = i) [ ΠΕ ΘΒ 4 [Π| — 32) e mtt dt 
“u—1 — Ἷ : 


1 -ν 
- {τις mit qt, 
--στ 
where 
1 


(.38). R= (z.) {π|ωγ-- Σὼ Πάω, 


The function F (t) is defined for almost all values of ¢, is integrable, 
und has c* as its Fourier coefficient. And if also the square of F(¢) is 
integrable, then 


τ 


δ᾽ Cyl = ae F(t)? dt. 


— 7 
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If then we write 


(4. 24) ι -- =a, |f/|0|* = 
we have 
φ (2;) φί-- Σ΄) 
(4. 25) Ὁ 1) < Φ( --Ξ- Ε τῇ BE Gmc to 3e|* [[az,. 


Thus Lemma 12 will be a corollary of . 
Lemma 13. If φ is a positive function of 17 and Φ ts defined 
by (4.25), then | 


1 j 2a : 
“1 Φ' (t)dt < (84 κ) al p?*(8) 40. 


4.3. We shall in fact deduce Lemma 13 from 
Lemma 14. If » (x) belongs to L*”, in the interval (— 00, co), and 


(4.81) Φιὴ -- ‘J to τ ἤῖω 
where the integrations are over all real values of the variables, then 
(4. 32) fe t)dt <(2Ax) "fp (a) ad 
We suppose in what follows that all integrations are over (— <0, 0), 


and we write 


(4. 33) ΟΣ \da=Q. 


We require some preliminary lemmas concerning the values of certain de- 
finite integrals, of a type analogous to that of the classical integrals of 
Dirichlet. 


Lemma 15. Jf 0<a<b<1 then 


®D 


(4. 34) (a,b) = f jw? 1 $w|? dw BOO) | 
where 
(4. 35 ) y(a) = ὃ Γ(α)οοβ saz. 


We have in fact 


1 x 

-b Ὁ}. 

τῷ ΤΡ ἢ fof gt feta —artaes Τα ος, 
(14a)} ᾿ ‘ (1 - αὶ 


and the result follows from classical formulae. 


366 


178 | G. H. Hardy und J. E. Littlewood. 


Lemma 16. 77} 
(4. 36) O<sa<b<l 
then 


(4.37) 2, Ek 6) [Π|,5, ἰὼ ΠΈΣΩ ‘TL 4.,-- - 


Lemma 16 reduces to Lemma 15 when 8 -- 1. We calculate the in- 
 tegral I, by successive reduction to a product of simple integrals, the 
convergence of which will secure that of the a integral. 
We put 
= (1 +2 %;) v, 


so that v moves over ( -- οὐ, 00) In the same sense as %,, or in the op- 
posite sense, according to the sign of 1+ ΡΣ and we find without 
difficulty that 


I, (a,b) = [1υ15 +o}? de J Πα,“ J14+S2;|°" Πάν, 
=y(a,b) L,-1(a, ὃ -- a). 
Repeating the argument, and observing that 


I,(a,b—sa+a)=y(a,b—sa+a), 


we obtain 


as x(a) χ(ῦ--να- ἡ _ (x(a) * χί(--8α) 
= vi (a, b — va) ἘΞ ας πὴ “- - 


The conditions for convergence are plainly that 
O<a<b—va<1- (»=0,1,2,...,8—1), 
or O<sa<b<l. 


4.4. We can now prove Lemma 14. We suppose for the moment 
that x > 2. 
In order that ©(t) should belong to L* in (— oo, 90) and that 


eo 


(4. 41) [Φ' (t)dt<J, 

it is necessary and sufficient that 

(4. 42) focync)ae <yAJ 
for every positive h(t) for which 


(4. 43) fW(t)dt<H 
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We assume (4.43) and prove (4.42) by subjecting the integral to a 
series of transformations. The equalities or inequalities which occur in 


this series of transformations are all to be interpreted as stating that, if 


the right hand side exists, then the left hand side also exists and is equal 
to or less than the right hand side. 


With this understanding, we have 


(4.44) M= =f enar~ [κω [Ππ νος 2) [[45, 


[5.1 |t-- Sra, |" 


[Πρ Tax, fae 35) 4 


We now write 


— 2 %;\" 


t=(1l+w)D2,, 


so that w describes (— co, oo) in the same sense as#, or in the opposite 
sense, according as 5/x, 1s positive or negative; and we find 


(4.45) M= STS: dey) [Tae [φῶ Sa) κί 


“ 
w 
where 
(4.451) N(w b= fz “p(w Σ' ἢ) h((1+ τ) Se, ) [[ 42; 
We now put 
α;; Ξε Ψ, κ- (j=1,2,...,% —2). 


Observing that y, describes (— οὐ, oo) in the same sense as x,, or in the 
opposite sense, according as 2,1 18 positive or negative, we obtain 


(4.46) Ν(ω) = fp (as) des f I y,| 14+ Syl" M19 (yj 2-1) 


φίιοα,. «(1 - Σ᾽ ψ}})}}  ((1 -Ἐ w)%1(1+Sy,)) Πάν, 
= [Π ψ “\1+Sy,\° "Play, 


x—2 
where 


(4.461) P= | (ate-1) IT (yj %e-1) p(wa,s(1+ Sy;)) 
<h((1+ w)a,-1(1 + D'y,)) da,-1, 
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and the JI’s and 3’s refer to the x — 2 y’s. But 


PS (fot (ae1)dae1)* IT [9% (yj 20-1) dass)” 


. be] ms 


1 | 
( Jp2* (waa (1 + Sy;)) dans)" (JA? (1+ ὦ) eas (1 + ΣΨῃ)4α, ἡ 
| i ae 2. 
= [το] “114+ w| * iy;' “Ti+ Dy, | 
by Hoélder’s inequality. Hence 


1 
**VHQ, 


1 1 
2x ἢ 


(4.47) N(w) < JHG\w| *\1-+w! {yl + Sy, * [[dy,, 


and so 
1 1 
seein ----ι --- 
(4. 48) ΜΞ [1 litw| *dw 
1 1 


1 
Pees ἫΝ —— 
~ { msl 1+ 5y,|" * May, 


“2-2? 


-ὐπον(ς, Πα Ὁ 6- ἐ)"- ED κο 


by Lemmas 15 and 16. It is to be observed that, in applying Lemma 16, 
we must take 


ον —1 4 
s=x— 2, ὦ τεσ,» OSG gts 
so that the inequalities (4. 36) become 
| ᾿ς -ἢ 
ὑπ es oe 
and are satisfied because x >2. This completes the proof of Lemma 14. 


4.5. We have thus 
(4. 51) M=f@Ohdt<c yA, 


_ (+(2)) 


(4. 511) CS Στὰ 
x(a) 

and we have accordingly proved (4. 41), with 
| 7.-- σὴ. 
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That is to say we have proved that 


| 
“ 
8 
a 
® | 
Bear 
--- 
8. 
x 
Q 
= 


(4. 52) J orat<ot{ode—, A(ar(t 


which plainly involves (4. 32). 
We have supposed that x > 2, but the argument is naturally valid, 
with appropriate simplifications, when x= 2. In this case 


p(x) y (t—zx) y (x) πῶς. 
--- |h(t)dt ἀκ Ξ- 
κ-- [ao γ1υ 1 τα — net ὅς γ1{--αὶ 


where 
N(w) = fo(xr)p(wx)h(a+wax)dx 
<(Sot(x)dx)* (Jo (τ “) 4 “) ΕΗ lets 
-- ὦ] ἔπ ὦ] ? HQ, 
‘ne 
M< iro ΕΠ} γΗΩ;: 


Listiines x (+) 


and the proof then proceeds as in the general case. 


4.6. We do not propose now to attempt to determine any upper 
bound for 4. (4) more precise than that stated in Theorem 4. It is how- 
ever interesting to observe that the constant occurring in (4.52) is in 
fact the best possible constant in this particular inequality, so that nothing 
has been lost in our elaborate transformations. We shall content ourselves 
here with verifying the truth of our statement when x —2, ῳ - 4: there 
is no particular difficulty in extending the proof. 


We take 
(4. 61) γί) τε ἘΠ (1651), p(t)=0 (11 « 1), 
where + <p ae , 80 that 
ἬΝ Pat 2 
(4. 62) Ω--ἰφ'αι-- [- ἐς 
-- ὦ , 1 
Then 


(4. 63) o() = { S22C=9 ane Pi ae ee 


= w(t) — a(t) 
say, where o(¢) is the sum of two integrals, with the same integrand as 
that of w(t), over intervals (sometimes overlapping) of length 2 
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Suppose that |¢|>3. Then 
= 1. 1 
(4. 64) w(t)=|t|* w(+—8,5-+8), 


1 
(4.65) σί(ι)-- [|«[ |1-- αἱ τάς. 
—1 


t+1 so " ~p-3 
+S jel PFfe—2f ἔάα cole, 
t-1 
where C is independent of ¢ and £. Now 
(4.66) fO'%dt>fO'dt> fordt—2fwodt—fordt 
7 -ὦ Je] Ξ ὃ 


> [ἐϑά1-- 2([ὠ"α ι)ὴ (fordt)? — fordt, 
all the integrations being over [5 8. It follows from (4. 64) and 
(4. 65) that | | 


(4. 67) fotarray2(t, 8) fieatnawr(h, Ὁ) 
ἃ 


when β--Σ, while f o?dt is bounded. And then it follows from (4. 63) 
and (4. 67) that 


f@at>Kf pat, 


where K is any number less than 


oft. ϑ- ἀρ γ (es) — 


if 6 is sufficiently near to 1. Thus the constant of (4.52) is a best | 
possible constant, at any rate when x = 2. 


4.7. It is easy to deduce Lemma 13 from Lemma 14. Suppose 
that @ has the ‘period 2a inside, and is zero outside, the interval 
(— καὶ, xz), that ® is now defined as in Lemma 13, and ®* as is Φ in 
Lemma 14. In @, the argument of every @ lies in (— xa, x), and so 


DB < (20) *** G¥ < O*, 


1 Py 
ἀ [6 ας | oar <(2.4x)' format, 
= (2Ax)” fp?" dt<x(2Ax)* fp *dt<(2Ax)** fp?" dt, 


wt 


with an appropriate change of A. 
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We have thus proved Theorem 3 when 4 -ῷ 2 κ, and proved also 
that A,(2x%)< 2A, that is to say part of Theorem 4. We shall requ 
all that we have proved in § 5. 


5. 
Proof of Theorems 2—4. 


5.1. We write | 
| : 4 
(5.11) 1, = 1, = (2, fino)ir|o-*as)’ 
and we define 4 and 4’ by 
(5.12) A=A(n)=A,(n) = bound uy : 
’ ’ ἢ “Pang Jo (fn) 
(5. 13) | A! == 2'(n) = A,’ (nm) = bound cay 


for variation of f and f, respectively. We may suppose gq >2, p< 2. 
The analysis of §4 shows that, when g= 2x,A,(m) exists and is less 
than Aq for all values of n. We have to extend this result to general 
values of g, and to prove corresponding results for A, (n). 

We begin by proving the existence of 4 and 4’. Suppose first that 
S,(f,)=1. Then 


1 
Cyl 2(an+1) ¢ 
for some m οἵ (— n,n), and 


ἘΠ: 
4 


; ot 
(2n-+1) €<Max|e,| So: {{π|49. 


But 
if 1 | ΠΡ i if 2 20. 
ἐς fifiae— τ fifliei” το ἢ 40 <1,(/) (ἐς {1915 *ae) 


3 1 
=a τ (φ —1)°L(f)=C,1,(f), 
say; so that 


1 1 


E(nz(an+1)'o7, He <(an+1)'C, 


which proves the existence of ὁ. 
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Next, suppose that I, (f,)=1. Then 

3 ----- 

(2n + 1) Max|c,, |= Max || 2 EG) τα ? (p — 1) P, 

Ip 


2 
I, (fn) 1 P(m—1)? 
ΒΕ © Maxyen) Ξ 25 + 1)π ὦ 


which proves the existence of 2’. 


We have defined 4, for r > 2 and i,’ forr <2 only. We now define 


them for r< 2 and r > 2 respectively by 
(5.14) dy (m) = 4,(m), ἂν (m) = ἀξ (1). 


5.2. Lemmal?. The bounds i, and dq are equal, for every qand n: 


(5.21) i, (nm) = Ay (n). 


(1) Suppose that f~ ’c,,e™+® is any integrable function for which 


[, 18 finite, and let 


(5. 22) h,,(— θ) =S'\c,, | sgn δ, ἦν 
Then = | 


δ ᾿ 5 .3 
Sf (f.) = se [πθ)λ..)49 -- αἰ, | 7/0) τὰ, 91} 49 


ST, (f) Ty (hy) SA (m) Ly (1) Sy (hg) SA (m) L, (SE (F,), 
8, (f.) <p (1). 


τῇ = 
Since this is true for all f, we must have 
(5. 23) A, (m) Sg (nm) = Aq (η). 


(IIT) Suppose that 
. a xy, emie 
is any polynomial, and let ἢ 

ψί-- θ) Ξ- [φ, |? *seng,|0/?", φίθ) Ὁ Σ 8, em? 18) 
Then 


σ 


In (p =a fora) )p(— 0)d0= x, Vs 


-- π 


SS, (Pn) 8. (ῳ,) S dy (1) Sy (Mn) Lye (ῳ) = Ay (2) 5, (Pn) 25" (φ,), | 


Lp (Pn) < 
Sp(9n) = SA’ (n). 


18) Plainly w is integrable. 
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Since this is true for all y,, we have 14 (n) SA, (n) or 
(5.24) aj (m) = ay (m) Sa, (n). 
Plainly (5.23) and (5.24) contain the lemma. 


5.3. Lemma 18. The bound ii’ is attained; there is a polynomial fis 
not null, such that 


(5.81) 1, (f,) = 4$(n) 8, (f,). 
The proof is similar to that of Lemma 7, and we need not repeat it. 
Lemma 19. Jf f,, is the polynomial of Lemma 18, then 


(5.82) [AP teen f,[01?-* ed = Δ (n)|c,,?- egn s, 
for |m| <n. 

This lemma embodies the result of the process of differentiation used 
by Hausdorff and F. Riesz in their proofs of Hausdorff’s theorem. We 
are not able to evade this process here as we were in § 3. 


The polynomial 7, gives the maximum of 17 (f,,) for given S?(f,). Let 


n 

x 
h,= Md,,eme 

—n 


be any other polynomial of the same degree), Then 


1 ([ι - ἐἢ,) 


oa S? (f,+thn) 


attains its maximum, for real ¢, when ¢ = 0, and 


Q(0)=4p(m), Q'(0) = 0, 
so that, for t= 0, 
(3) ἢ » 
| (s2)' 5} = 


A simple calculation shows that 


fe B fy + thy) = R52, [|| sgn fyb, [95 - a, 


d - ᾿ - 
ai? (fat th,)= pd c,, |? * sen a ae 


- ......,, . 


19) We follow Riesz’s argument, which is simpler than Hausdorff’s. 
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for i= 0, so that (5.38) gives 
(5.34) Laffit 1? aon Fh, 977" "40—78(0)8 Ze sgn Bd 


Take now in particular 
h, = etstmie — (jm| Sn); 
where α is real. Then 
(5. 35) sm (et [|7,|?- teem 7, [0 |? 26" a0) 


= 1 (n) Rec, |?” sgn F,)- 


This being true for all real wa, we may omit the # and the e** on each 


side, so obtaining (5.32). 
5.4. Lemma 20. 17 


(5. 41) q(p—1) S2 
then 
oan 4, (12) S (dgip—» (nm) ® (y(n)? « 


This lemma contains the kernel of our proof. It follows from Lemma 19 
that, if f, is the polynomial of Lemma 18 and 


(5. 48) 9(—9)=|f,|?* sen ἢ, [015 ", 

(5. 44) ο 9(θ) Σ᾽, e™*9, 

then 

(5. 45) b,, = 15 (n)\c,,|?~ sgn Cm (| m | <n). 


Using the inequality S,(g,) <4,()J,(g), and observing that 
- 4(} -2)-Ἐ4-- ὃ -- φί» -- 1) --ὦ2, 


λϑά() 889-9 (f,) SAE (m) 12-9 (fy) 


a(p—1) q(p—1) 


we obtain 


or 
Tap —1) (fn) \P-1 5 
AB (5) SA, (m) (Gey <a, (m) don (m), 
which is (5. 42). 
5.5. Lemma 21. If 2<a< 6 and 


(5. 51) ha(n)<l,  dAg(n) <1, 
then there is a y such that «o<y< 6 and 
(5. 52) : Ay (ΑἹ) <1. 
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We define g and p by 
4τεβ, (p—lq=e’, 
so that 
p=1+ 7, 
and take 
| y= ρ΄. 


Then g > 2, (p—1)q <2, and so p< 2. Also y will lie between « and 


B if p lies between β' and α΄. But 


ρει «ὦ 
if α' > B’, which is true; and 
B’<pH1lt+ 5 


if B’ ΞΡ — 1)8 <a’, which is also true. Hence all the conditions of 
Lemmas 20 and 21 are satisfied and 


12 (τὴ = AB (m) SAB (ἡ dp (m) = 2B* (mn) p(n) <1? 
Lemma 22. If 4, -" 4 when N—oo, then 
(5. 58) 1. (π) S lim ἃς (1). 
We have, by the definition of λ΄, for any fixed ha? 
Ty (fa) S Ag, ΟΝ) δὲς (fa) 


and so 


Ly (fa) 
Ly (fn) τι, Ὁ Ἵν < jj 
δέ (fn) ἢ: Say (fn) = λιν 5); 


| A, (1) = dy (2) < lim Ay (mn) = lim 4,,,(”) 
5.6. Lemma 23. There 1s a constant A such that 
(5.61) A,(n)=a(n)<Aq | 
when q=2x and x ts an integer. 


This is included in Lemma 12, since 


832 (f,) S Sle," <(2Ax)* BE (p). 


Lemma 24. The inequality (5.61) ts true for all q and n. 

Suppose that 2x<¢<2x-+2, and let yu, be the upper bound (for 
all n) of 15. (}), or the upper bound of 1,,..5 (2), whichever is greater. 
There is plainly an A such that μ, < 2Ax. 
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We fix n, and consider the set of points, in the interval 
2%<qs2u+ 2, 
for which 4,(n) <x. This set is compact, by Lemma 21, and closed, 
by Lemma ‘22: and therefore contains all points of the interval. Hence 
A, (n) < Aq for all ᾳ and n. 
5.7. Theorem’ 3 is an immediate deduction from Lemma 24. We 
have in fact 7 


nr ; by 4 2 
| > \enI*S48(m) ἐς | (11161 540, 
and so 


Shen! < (s(9))? ἀ finti "40, 


where 


Asa) A,(n)< Aq. 


We one also proved the ΠΕ τὲ A,(q) < Aq of Theorem 4. 
To prove Theorem 2, we suppose that the c’s are given so that 
S|\c,,|” is convergent, and write 
τς 1915 5. 
If then 0<» <n, we have | 
1 | 
defi τ φάθ κα, 3 lea’ 

-π : v<|m|sn 
where A, 15 the upper bound of 

(Ap (m))? = (Ap (m))” < (Ap’)? 


for variation of n. Hence | 
ae fir — q,|*d6<e 
if y πρ(ε), and m, converges strongly, with index p, to a function 
ee. 
. φ-- 0} >. 
Since 


=p t= 


a 


φ 
is bounded and ee ee of n, f,, converges strongly to f, and 


ο,(ἢ = lim Cn (fa) =? Cm? or 
fr de, em*9, 
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Finally 


E 


1,(f) = ze finite)" τὶ (ἐς ΠῚ 
<lim A, (z)8,(f,) = 4, (p) 5, (ἢ, 


A, (@) = Max %(m) = Max ἂψ (n) = 4, (}} < Ap’. 


where 


We have thus ital Theorems to 4, except for the last clause of 
Theorem 4. 


If now 
f= la ’ 
we have Ζ. (07) -- 1. But 


σε 9 . 9 . 
1 Pees, | 1 ---ἰῖ g ἬΝ: (fn) q 
= Ὁ [0 a@ = 39qn! “ Ox? A, (n) 2 4 f 2% > 52; 
0 


᾿ A, (4) > gh. 


This completes the proof of Theorem 4. 


4.3 6. 
Theorems 5—7: proof of Theorem 6 when gq is an even integer. 
6.1. Our third group of theorems may be derived from the second 
group by a formal interchange of [πᾶ Σ᾽, f(@) and c,, [0] and 


|m|+1. 
Theorem 5. If f(@) belongs to L”, then 


(6.11). 2ι]6, 1" (\m| + 11} Ξ (4, (p))? om 1740. 


Theorem 6. If S'|c,,|“({m|-+1)*~° 2s convergent, then there is an 
f(0) of L* whose Fourier coefficients are c,,, and 


(6. 12) wh γ140 <(A,(q)) Sen! (lm +1)" 


Theorem 7. If A,(p) and A,(q), tn Theorems 5 and 6, are de- | 
fined as having thetr least possible values, then 


(6.18). 4,(4)}-- 4,(4) « Aq, 
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where A ts a constant; and this 1s a best possible inequality apart from 
the constant factor A. 

We begin by proving Theorem 6 (with part of Theorem 7) in the 
special case in which q is an even integer 2x. The method which we 
use may be adapted to give a proof of the corresponding case of Theo- 
rem 4, but the method of § 4 is somewhat simpler and has in any case 
an independent interest. 

6.2. We shall show first that it is sufficient to prove the theorem 
with the additional hypothesis that f ts a polynomial. 

Suppose in fact that we have proved (6.12) when f is ἃ ἀϑϊγησενναι, 
and that the series 

Seq] "(|m| + 1) 


is convergent. If now 0<»<7n and 
f= Se, emte, 
we have a5 
1 | : 5 
a) lf, — f,|"d0 < (A, (q))? 2; lc, |" (|m| +1)*"* <e 
vc imi Sn 


if » > n(e). Hence®) f, converges strongly to an f of L', whose Fourier 
coefficients are c,, and 


ΠΣ 2-fir “40 <(4, (@)" Seal (im| + 1) 


6.3. We show next that Theorem 6 (with q == 2x) and that part 
of Theorem 7 which asserts that A ,(2%) < 2A, are corollaries of a pro- 
position concerning series of positive terms: viz: 


Lemma 25. Suppose that y,,=>0 and that Sy?" ts convergent, and 
that D, ts defined by 


(6.31) D, =) I (acy +r), 


where the m’s assume all integral values such that 


(6.32) 2m, = M, + Mz, +... + mM, =». 
Then ἢ, and SD; are convergent, and 
(6. 88) D>) De <(2Ax)* > y2” 
2) Cf. 8 3.5. 
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The lemma, if true generally, is true a fortiori if y,,=0 when 
|m| >, and this special case would be sufficient for our purpose. 

Suppose now (as after §6.2 we may) that f is a polynomial f,, so 
that c, = 0 if |m| >. Then | 


n ae 
i = ( 30, 659) = 2» C, e776, 
—n 


where 
Cy = Sm, Omg +++ em, = S Ten, 
over 
εν πηι, Ξ πη, Sm,=». 
~The 
1 " = 
(6. 34) Af lee 4θ-- S'|C,|’. 


Ii now we write 


i 
=n, Ὑπὸ 
[en |({m| +1) *= γι 
then 


(6.35) [C1 SS Then | — D1 (rn(lmj|-+ 1)" ) = Dy. 
From (6. 33), (6.34), and (6.35) it follows that 


gz [749 <(24%)" Sy" = (8 4.) " Sey |?" (| | ae io aa 

which proves Theorem 6, with g=2x and 4, (2 κ)ὴ - 2Ax. 

6.4. We state the proof of Lemma 25 on the hypothesis that x > 2. 
The proof when x = 2 is naturally simpler (though the same in principle), 
and the simplifications may be left to the reader. | 

We base the proof on a series of subsidiary lemmas. All of these 
lemmas suggest obvious generalisations, and some of these have an inde- 
pendent interest. We state them here in the specialised forms in which 
they are actually required. 


Lemma 26. 7} ἃ ts real and 


(6. 41) | 0O<sa<b<l 
then 7 

α-1}Σ - (a))*® 7 (b— = 
5.) [laste B50 Meds, — AH apes 


The notation is that of Lemma 16, from which Lemma 26 follows 
on writing , 
a= — Ey, 7S), 25 hee 
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Lemma 27. Suppose that s==x—2 and that c has one or other 
of the two values. 7 | 


1 1 
(6. 43) | 613721). deel)” 
1 
(6. 44) , ge Sa OE § 
Then | 


(6.45) {{Π|5,1|ὲ -- Σα, Πᾶς, < (4κ)"|ὲ τ τς 
In Lemma 26 take | | 
s=u—-2, a=l1l-—c, b=c. 
It aay. be verified at once that | 


a <a<e 


with either value of c, so that (y(a))*<(Ax)”. Also 
1 1 1 
ὃ--8βδα-π-οπ - χη 6—sa-5 
in the two cases, so that y(b—sa)<A. Finally 


eae ae 
x 
so that . 
| 1 A 
~4(b) = 2 Γ(ὃ) cosSnb>—. 
Hence oe | 
(χ(α)) χ (ὃ -- 8 a) " 
1(b) <(Ax)", 


which proves the lemma. 
6.5. We pass now from integrals to series. 


Lemma 28. Suppose that} =1,2,...,.%—1, that c has esther of 
the values (6.43) and (6. 44), and that “the summation sa to all 
values of the integers m,,m,,...,™M,—-1 such that 


(6. 51) che a a aid 
Then 


(6. 52) SIE(| m;| + 1) «(4 }" ([ ν᾿ πο 
We have | 
m+ 4 
(6-93) (lm|+1)"s J lala 
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for every 2 and m,. We use this inequality for 7 —1,2,...,x—2. We 
have also 


| y I 
(6.541) |m1]+1= Jy ΣΉ ΕΙΣ »Έ h—Se,|—x+41 
(since πὸ m, differs from the associated x; by more than 2), and 
(6. 542) |m.-4] +121. , 
Multiplying (6. 542) by x —1, and adding the result to (6. 541), we obtain 

| | 1 

x({mz-4{+1)> y+ 5 — Sx, | = ἔπ Σα,. 
. x—2 x—2 
say, Or 
(6.55) (| mx-1| +1) ° <x [E—Da, |. 

From (6. 53) and (6. 55) we deduce 
I (\m;| +1) κ᾿ J aj \ |e -Sa,|* dx, 
where the volume of integration is the rectangle 
m,— 5 Sa,<m ἘΔ (7=1,2,...,%—2). 

Summing with respect to the m’s, we obtain | 


(6. 56) SH (|mj| ΕἸ Sa fT |a,|" 8 — Be, Πάα,, 


where the integration is now extended over all (x — 2)- dimensional space. 
Applying Lemma 27, and observing that 


JEl=|>t+ 5] >A(lr!+1), 


we obtain (6. 52). 


We also require a lemma simpler than Lemma 28 but not actually 
included in it. 


Lemma 29. There is a constant A such that 
11. 4 


(6. ὅ7) S(jm|+1) 3 ([m—m| +1) 5 % <Ax(\m| 41) ὅπ. 


In fact 


(|m|-+1)* <7 ja? de 


and 


|[n»—m|+1>A(|m|+1—2). 
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Hence the series (6. 57) is less than 
’ oe | 
{le *\|mi+1—2| a 


ΓΝ ΣΙ ἣ 

4 ae 4x 

= 45 lm) t1) << Ax(lm| +1) *. 
usta) 

6.6. Lemma 30. Suppose that dn ΣΟ, 36, ts convergent, 7 has 


the values 1,2,..., *, ἢ runs through all integers, and m,, Mg, -.., Mx 
through all integers whose sum 18 n. Then 


(6.61). ΧΩ +1 )* Ds, (jm,|+1)" )< (4.)" 205. 


We can write the series (6.61) in the form 


(6. 62) S= SU = JU = DU, Ug .-- Ux, 
mm 
where , 


(δ. 681) τς δι. ([π|-Ὁ 1) ὄπ πῃ! Ἐ) ἡ IT (lm | +1, 


1 1 1 
(6. 632) ee) | eae)’ 


and ¢ in II’ omits the value 7. Since 

Uy Uy oe Un SU Us... $ UL, 
it is sufficient to prove that 
(6. 64) S,= Sur < (An)* Sr. 


We may write S, in the form 


1 1 
(δ. 66) 8, =S(|m] +1) ἢ Σ᾿ δὴ (πῳ} +1)" Σ Π' (lm) +1), 
᾿ . ἐ 
where 7 runs through the values 1, 2,..., other than 7 and 
+ m;,=n—M,. | 


If we write xa —c, then c has the value (6.43). Hence, by Lemma 28, 


the innermost sum in (6. 65) is less than 
A 


(Ax)*(|m — m,| 1) PO = (Ax) (me — my] +1) 2 
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And hence | 
Ξ( ΑΛ ΣΟ ΚΙ +1) ἡ ΣΙ δα, (πρ}-Ἐα δια — mya)  Ὁ 


Ξ- (4 κ᾽)" Σὰ (50 ΣΈ ΑΕ 1) ΠΤ til 3 4x 
<(4x)" Σόξ,, 


by Lemma 29. This proves (6.64) and so (6. 61). 
6.7. We can now prove Lemma 25. We have 


eee ar 
(6.71) δὲς Σπίγα (\m,|-+1)* ) SIT m,| +1) 
If in Lemma 28 we replace x by x - 1, and use the second value oe 44) 
of c, we obtain 


(|| πε} ΘΝ 


Hence | 
(6.72) D2<(Ax)*(j>| ἘΠ᾿ an, (| m,| +1)" ), 
(6. 73) SID? <(Ax)* S(\»|+1) ᾿Σπίος ἀμ +1) a, 


where O, = y;, and ‘hs m’s assume all integral values whose sum is ». 
Hence, by Lemma 30, 


SD; S(2Ax)"* SbF = (2Ax)” Σ γὲ"; 


~ which is (6. 33). 


ἡ; 
Proof of Theorems ὅ-- 7. 


7.1. We need only sketch the proof of Theorems 5—7, which from 


this point is almost a direct parallel to that of Theorems 2—4. 


We write 
n τι 
(7.11) τ. = Ὁ ὦ ΚΣ ἢν» 
and define uw and μ' by 
(7.12) p= μ(") = w,(n) = bound 7, (Ὁ , 
, , bannd Yalta 
(7.18) bl = bb (π) = mg (m) = bound pet, 
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for variation of f and f,, respectively, and 
(7.14) | μρ' (τ) = My (m), μῳ (2) = fy (7). 


Both bounds exist. For (I) if T,(f,)=1, we have 


εν 1 : 
(α, ἢ Σ [6.17 (l2| +1)? Saez 


for some m, and so 


J,(f) = 4,(f) = le, ΕΟ ἘΠῚ 


apt) < 


And (II) if J,(f,)=1, we has 
(2n + 1) Max|c,,| > Max |f,|>J,(f,) = 1, 


T,(f,) 2 Max|c,,| = anaT? Tif) 52" +1. 


It is easy to prove (as in 88 8.1 and 5.3) 

Lemma 31. The bound yq(n) ts attained; there ts an f,,, not null, 
for which 
(7.15) I, (f,) = wa (m) τι (fr): 

7.2. Lemma 32. The bounds pz and μέ are equal, for every 4 
and n: 
(7.21) Mg () = fe (m).- 

Suppose that f is any function of L*, and let 


(7.22) h,(—0)= D/le,.|?"* sgn δ, (|m| + 1)?" emse, 
Then = 


T? (f,) = ἀ f fh, 4θ <I,(f) Ty, (Fn) Soy ἡ, (Ὁ Τρ Δ). 


But 
TE (hg) = DY (lel? *(lom| +)? *) (Im + 1)" 
= ΣΙ lo!” (|m| +1)? * = TP (f,); 
and 80 rs | 
Τῇ (f,) S μρ' (n) dp(f) ΤΡ (fa)> Ty (fh) < py (πη), (ἢ) ἫΝ 
hee) My, (nm) = wy (Ὁ) S wy, (nm). 
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Next, given any polynomial 
n 
Pr Ἐν > Ym em? 5 9 
μεν (1 


y(—0)=|e,|*" sgng,, ψίθ) ὦ Σ᾽) βι, em. 


let 


Then 


Vd (Gn) = ate | %n(8)v(—0)d0 = Σ΄ β,.γ, 


« Σ yg (lem) +1) Ὁ [Bgl (Ima| 1)}ῷ 

ST, (Pu) Ty (Pn) S μῳ (®) Ty (Pn) ὅῳ (Y) = Har (1) Ty (Pn) Ie” (φ,)» 

. | J, (φ,) < My (1%) T, (Pn): | 
(7.24) My (@) S My (0) = My (Ὁ). 
The lemma follows from (7.23) and (7.24). 


7.3. We next prove, as in § 5.3, | 
Lemma 33. If f, 18 a polynomial solution of (7.15), then 


(7.31) ate J Itt san ἢ, δὴ dO — μὲ (m) [eg |*? sgn δ, (m| + 1). 


for |m| <n. 
It follows that, if 


σί-- θ) 1 sen f,, g(0)~ Sd, ὁπ 10, 
then : : 


(7.88) b,, = wd ("10,5 sen δ, (lfro| + 1) ς (m| Sn). 
From (7.32), with the help of the inequality 


ΩΝ on 1 3 
ΣῚΡ," μα] + 1) S wP(m) ge {{|σ]Ρ a8, 
we deduce 
ΓΟ ἐμ + 1PP* SB (m) εἰ 


and so 
Lemma 34. If p(q,—1)=2 then 


4--1 


1 
μᾳ(Ή) 33 (μριᾳ- αὐ (}} 4 (Mp(n)) 4. 
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7.4. From Lemma 34 we deduce, much as in § 5.5, 
Lemma 35. If B<a<2 and 
Ha(n) Sm, pp(n) Sm, 
then there is a y such that B<y<« and, 
py (n) Sm. | 

The rest of the argument follows very nearly the lines of §§ 5.5 to 
5.7, and we need not set it out in detail. There are three points of 
divergence which may be noted. : 

(1) In §5.5 we required an ciseendent proof that day (1) <2Ax, 
and here one that pe.(n)<2Ax. The definition of μι (πη) in (7.13) 
refers only to polynomials; and our discussion of the case g= 2 in § 6 
might therefore have been limited to Ev aemnes without prejudice to the 
general case. 

(II) The deduction of Theorem 5 from Theorem 6 is a little simpler 
than that of Theorem 2 from Theorem 3, since we can utilize classical 
properties of the integrals J. 

(III) The proof of the final clause of Theorem 7, on the other hand, 


is a little more difficult than the corresponding proof in § 5. 7. 
Take 


(Oy. 


m=1 


τῇ = >) lem |* (|| +1)" ? <2"), < At 
oe : β 


(m+1) 


Then © 


But if 0<0<jnet, we have 
| 


If ἘΠῚ 008 SNE > Aa, 
1 


1 --α 
4 πὸ 


σιν» ἃς | |f|ta0 > eq)" > (44): (44) Τῇ. 
0 


8. 
Further theorems. 


8.1. To each of Theorems 2, 3, 5 and 6 corresponds a more general 
theorem involving an additional parameter 

Theorem 8. 7 
(8.11) pSrSp' 
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and 

(8. 12) te 

then | | a 

(8. 18) Hf iriiore"ao sate) Sen)”. 


Here (8.13) is to be understood as asserting that the left hand side 
is finite whenever the right hand side is finite, and A(p) is a function 
of P only. 

Theorem 9. Jf 


(8.14) a’<rSaq 
and | | 
r lg 
then : 
οὐ σε 4 
(8.16) Seni <A) (ἐς | iri" er* ae)’ 


Theorem 10. The hypotheses of Theorem 8 also imply 


(8.12) Seal (|m|-+1) )-*" < A(p) (sh _f iran) 


Theorem 11. The hypotheses of Theorem 9 also imply 


(8. 18) ἢ {π||49 ΚΑ [Σ teal m+") 


Each of these theorems contains, as extreme cases, (a) one of Theorems 
2, 8, 5, 6, and (b) one part of Hausdorfi’s Theorem. For example Theo- 
rem 10 reduces.to Theorem 5 when r= jp, and to a part of Hausdorfi’s 
Theorem when r =p’ (so that «= 0). | 

There is however an important distinction between Theorems 8 and 
10 on the one hand and Theorems 9 and 11 on the other. The first two 
theorems may be deduced immediately from the special cases already 
proved. For example, we have 


α fintiormao<(2 f 19" - 4) τα { ην 40)} 5, 


so that Theorem 8 is a corollary of Theorems 1 and 2; and similarly 


200 G. Η. Hardy und J. E. Littlewood. 


Theorem 10 is a corollary of Theorems 1 and 5. We are not able to 


prove Theorems 9 ‘and 11 in any such simple way, and the only proofs 


of these theorems which we possess demand a repetition of the proofs 
of Theorems 3 and 6, complicated by the presence of an additional para- 
meter throughout the analysis. ᾿ 

‘8.2. In Theorems 8—11, the conditions (8.11) and (8.14) are 
essential. We have in fact 

Theorem 12. The enunciations of Theorem 8 and 10 become false 
when r<p or r>p’, and those of Theorems 9 and 11 become false when 
rig orr>q. : 
The proof of Theorem 12 demands the construction of appropriate 


‘Gegenbeispiele’, eight in all, We need only explain shortly the principles . 


on which the construction rests. 
(I) Suppose that 


1 

eg = (/m| +1)” ® (log (|m| +)" (a> 0). 
Then S’|\c,,|? is convergent if pa >1. On the other hand f(@) is regular 
in (— 2,2) except for 60, where |f(8)| has an infinity of the type 


}0|-# (log τ") 


and the integral in (8.13) is convergent if and only if ra>1. lir<p, 


we can choose « so that pa Ὁ 1» γα, and then (8.13) is false. The 
same type of example shows that r> p is essential in Theorem 10, and 
r <q in Theorems 9 and 11. 


(II) Suppose that 
a ο, Ξε (-- 1 ΠΡ Ἐ1 (0 «α «1). 
Then Σ 6. [7 is again convergent if ρα]. In this case (0) is regular 
except at the ends of the interval (— 2, 2), where |f(0)| has an infinity 


of the type 
\O+ nl, 


and the integral in (8.13) is convergent if and only if r(l1—«a)<1. If 
r> p’, we can choose « so that ρα >1 and r(l—a)>1, and then 
(8.13) is false. A’ similar example shows that r>q’ is essential in 
Theorem 9. | | 
(IIL) A different type of example is required to show that r <p’ is 
necessary in Theorem 10 and r>q’ in Theorem 11. Suppose for example 
that r> p’, and take | 


=O (alte, <= να wheat) 
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where @ is an integer greater than 1, so that 
θ)--1.-.2 $7 eee 
(tA: 


Then f is continuous; but ur <0, so that the series (8.17) is divergent. 

Similarly wr > in (8.18) when r <q’, and we can then choose Con 
so that (a) the series is convergent and (b) c,,, since it does not tend to 
zero, 1s not a Fourier coefficient. 


(IV) There is a fourth class of series which (though not actually 
necessary for the proof of Theorem 12) is exceedingly useful for similar 
purposes. 


The functions 
οΌ 1 . fe @) 
g(z)—= Σ δ 5 er*ien πο (uy) = Sah ym 
2 7 i 


where 8 and α =a(qa) are real and a>1, mimic one another in the 
unit circle when appropriate relations are set up between the variables 
and constants™). The same is true of the functions obtained by the 
insertion of convergence factors (logn)~’ and: n~? respectively. In parti- 
cular there is a close correspondence between the functions 


O(z) = Σ΄ n72 (log n) 8 ett 08" 2m H(u)= Sn? y* 
2 ; 1 


It is plain, for example, that each function belongs to L” if and only if 
vee — Actually, more than this is then true; it is easily proved that, 
if a=2, H(u), and therefore G(z), belongs to L*, if a=3 to L*, and 
generally that, whenever β > = we can make the functions belong to 


any Lebesgue class L’ by an appropriate choice of « and a. Now for 6 (z) 
yn tt ia τὸ Sn (logn) τ" 
is divergent if 8 «ἃ and β is sufficiently near to τὰ We thus obtain 


the only one of the ‘Gegenbeispiele’ alluded to in § 1.22%) whose construc- 
tion presents any serious difficulty. | 

8.3. We have stated all our theorems so far in terms of ‘complex 
Fourier series’. There are alternative statements in terms of real Fourter 


᾿ sertes and power series. 


**) See Hardy and Littlewood, 1. A mistake in this note is corrected on p. 87 
of Vol. 3 of the same periodical. 
39) See ἢ. ἢ. 5), p. 160. 
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Let us consider in particular Theorem 10, and regard it as a ‘con- 
vergence theorem’ only, without reference to its more precise statement 
as an inequality. Then there are two alternative propositions which, when 
we recall the fundamental theorem of M. Riesz concerning conjugate trigono- 
metrical series®*), are easily proved equivalent to Theorem 10**). These are 


Theorem 10a. Jf f(0) ἐδ a real function of L”, and 
fr 5% + >? (a, cos m 8 + b,, sin m8), 


then 
| Sm" (1a, ἢ + |b, |")» 
7 | 
where 
p<r<p’, mae PEE δ’, 


18 convergent. | 
Theorem 10b. If f(z)=S'a,2" ts regular for 9 - [2] <1, and 


1 | 10) |2 

Xf irloet?) 7a 
ts bounded for ο <1, then , 
Sn" |a, |" 
28 convergent. 


We have stated these theorems as convergence theorems, when they 
are equivalent to the corresponding form of Theorem 10. They may also 
be stated as inequalities; and then a distinction appears between Theorem 10b 
and the other theorems. Suppose for example that r = p, when Theorem 10b 
asserts the convergence of ’n” *!a,|”. The corresponding inequality is 


(8.31) Sn? |a,|? Ξ ἀργά, | 170)? 49, 
: 1 =n 


where f(0) is the ‘boundary function’ of f(ge*®). In (6.11), the factor 
(A,(p))? tends to infinity when p—>1; also Theorem-5 becomes false 


when p=1. But we cannot say that A(p)—+oo in (8.31), when p—1; 


and, as we shall see in ὃ 9, the result of Theorem 10b, with r=, 
remains valid when 0 < p<l.- 

8.4. It is also worth remarking that when r > 2 (but not otherwise ) 
Theorem 10 may be deduced from results which we have proved before 


38) If a trigonometrical series is the Fourier series of a function of LD’, so also 
is the conjugate series. See M. Riesz, 1; Titchmarsh, 3. 
*4) In its less precise form. 
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in a more elementary way. It is plainly sufficient to prove this when 
r = 2; and we may envisage the theorem in its ‘real Fourier series’ form 10a.. 


We have proved*) that, if f belongs to L”, and f,, where 0<a< τ, 


is the ‘integral of order α᾽ of f, defined in the manner of Liouville, 
p 
Riemann, or Weyl, then f, belongs to L*~?*. In particular, if « = -— 


9 


9 = 


fa belongs to ζ΄. If now we suppose for convenience a, = 0, then 
fa ~~ Σ (A,, 008 m6 + B, sinm 9), 
where 


_ 1 ee 
A,=m “(a,, cos + a7 + b,, sins am), 


1 "-" i. 
—— ~—a pate -- 
B,, =m (6, cos 7 an — a m SIN 5 απ 


— An + Ba = δ (an + dp). 
It follows that, if f belongs to ζῇ, then 


~ 2 
Din? (ant ba) 
is convergent; and this is Theorem 10a with r = 2. 

8.5. We conclude this section by stating the theorems concerning 
Fourter transforms (in the sense of Plancherel and Titchmarsh **)) which 
correspond to Theorems 2, 3, 5 and 6. There are, owing to the greater 
symmetry of the theory of transforms, two theorems only instead of four 37). 

Theorem 13. Jf f(x) belongs to L? in (0,00), and F(x) is the 
cosine or sine transform?*) of f(a), then 


J | P(e) |? 2? dx < A(p) {| f(a) |? ae. 


Theorem 14. If |f(x)|*x** ts integrable in (0,00), then F(x) 
exists and belongs to L* in (0,00), and 


flF(@) "ae <A(q) {| f(a) |e ae. 


We need not give the proofs of these theorems, as the argument by 
which they are deduced from Theorems 2 and 6 is in all essentials the 
same as that of Titchmarsh. 


35) Hardy and Littlewood, 2. 

᾿ Plancherel, 1; Titchmarsh, 1, 2. 

δ) There are naturally also theorems corresponding to the remainder of 
Theorems 2—12, : 

38) Proved to exist by Titchmarsh, 2. 
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9. 
Extension of Theorem 10b to an exponent less than unity. 
9.1. We stated in § 8.3 that Theorem 10b remains true when 
0 < » <1, and the proof of this is our principal object in this final section. 
Lemma 853). Jf 
(9.11) k2>1, r>1, 650, B,=6b,+6,+...46,, 
then | | 
(9.12) | Sn" Br Sk Sn (nb,)*, 
where Κα = K(k, τ) ts a function of k and r only*®). 
If on the other hand 


k<1, >i, 
then 
(9.13) . | Sn-t(n δ,)" «- K S'n-" BE. 
1 1 
9.2. Lemma 36. If the conditions (9.11) are satesfied, and 
(9. 21) B= >be 5 
=1 

then | 7 
(9. 22) Yn" Bt <K Sn" (n dy)”. 

m=1 1 


(I) If k=1, the left hand side of (9. 22) is 


dnt 3b Pe Ya-re -. 


n=1 
5... β 
The function z-te * has a maximum, for positive values of x, when 


m ° * ° e ΕΣ r us 
t=—, and is otherwise monotonic; and the maximum is (+ ) . Hence 


Sas F< fz προ τῶν 0 Κπι-’ <Km'-, 


n=1 


so that 
ΟΣ n-+B, < K S'm-* (mb,). 
1 1 


ee 


39) Hardy and Littlewood, 8. 
30) We use K in this sense throughout 88 9.1, 9.2. For the case r= k>1 see 
Hardy, 1, 2: Landau, 1; Elliott, 1. 
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(II) If &>1, we write 


“Θὰ 
(9. 28) ὃ, -ε ἃ Sn (nb,)* = Suk. 


n? 


Suppose first that r<k. Then 


r m 
-- -.1 — +. 
B= δ΄ 6 by, == >) Vp (1) Uyn » 
where v,,(m) 18. a decreasing function of m for, every value of n. Hence, 
if the u’s are given in everything except arrangement, 6, is ἃ maximum, 
for every n, when the u’s are arranged in decreasing order, so that 
Sin’ $F is also a maximum in this case. But then 


ἰώ r ου m . + 
8, Ξ Db, +n? at, >) e "<BL+Kn*u,, 
m=1 


M=nN+1 
Sn" Bn SK Sn B+ K Sun SK Sn (nb,)*, 
by (9.12) and (9. 28). | 
r 
Next, suppose r > &. Then v, (n) has a maximum ἴῃ ἢ ~” for m=hn, 


h and / being numbers of the type K. If we write 
(9.24) Ba = Σ᾿ ον, (π)ε, +S Pe (M2) thy = SS Om (1) te 
mahn m>ohn 
then Ν᾽ 
(9. 25) 8, < Br. 
Also vm(n) is a decreasing function of m for every n, so that we may 


estimate B,, as before we estimated %,, on the hypothesis that Uy, de- 
creases steadily. In this case 


Br <Kn*¥U,+uy Σ' rm(n), 
m>hn 
where 
y=[hn| +1, OU, =U, +U,g+---+4,, 


so that, when n increases, » can dwell on the same value at most Καὶ 


times. Also 


ΕΣ τις ιν Cae) + 
Dy Ym (n)= >) πὲ en<Kn* > e "< Kn*. 
m>hn m>hn . m>hn 
Hence 


D0 BES δ᾽ BFF KS (Baya K >) ut 


SKS Ὁ) +x Sut ok ἃ- ΚΣ α΄, 


again by Lemma 35, but in this case with r =k. 
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9.3. Theorem 15. J 


(9. 81) 0<AK<2, 

(9.82) f(z) = Sa, 2" 

is regular for 9 =|2|<1, 

(9. 38) Ms, (0, 1) = (ὦ, J Hee’) |'a0)* <0 

for 9 <1, and | | 

(9. 34) | F(x) = 5'\a,| 2” (0<#<1), 
then 7 | 7 | 

(9.35) ὁ | ἰρ'ωδο « KO’, 


where K ts now a function of 4 only. 
It should be observed that the theorem is false when 14> 2, an 
example to the contrary being given by the function 


f(z)= Sn-* -ὸ ettnlogn sn (6>0, a> 0). 


When 4 <2, the theorem includes (except for a determination of the value 


of K) a theorem of Fejér and Εἰ. Riesz**), in which | f(z) | stands in the 


place of F(a) in (9.35). 
In what follows K is a function of Δ only. Suppose first that 
A>1. Then 


Ια, | < 07" Mh (0, ἢ <0" My (ο, 7) 3 Co”, 


so that - 
Ια, ΞΟ, Flety)<C Se*< ΚΟ. 
Hence 
; | : 9 1 1 
[Γ ως Ξ Ko*+{ F*(2)de=Ko*+{ F*(c*) ε ἢ τῇ 
᾿ | n+1 : 
KO ig, SF] < KC’ +ShF (4 att) | 
n=1 


n 


If we observe that n” >i(n-+1)", and then replace n+1 by n, we — 


obtain 


81) Fejér and F. Riesz, 1. Their theorem is true for all positive /. 
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1 | 7A 1 - Ὁ Ls 
J P@desxo'+K YE r(e*)—xo'4.K 3, (Zlewle δ, 
i at n=1 m==0 

<KC’+Kla,'+K (Safe *) =). 
n=1 m=1 


< Κο' +K Sn *\a,|* = —KO0'+ Klim Σ᾿ αἰτ]α, 0" 
Θ 1 


<KO'+K lim | |f(oe!)|'a0< Ko", 
e >i ἘΨ. 


_ by Lemma 86 and Theorem 5. 


Next, suppose that 0<A4<1. Then we can write f=og, mae? 
|o|<1 for @<1, g has no zeros for 9 <1, and 


Ma (e,9) 3 Ο. 3} 
Thus | 
f=og=9+(m—1)g=f +h, 
where neither /, nor f, has zeros for ρ <1, and 
Mile, f,)SC, Mile, f)<2Mle,9)<2C. 


Now (9.35) is true if a corresponding inequality holds for some majorant 
of f, and F,+ F,, where F, and F, are any majorants of f, and f,, is 
ὃ. majorant of f. It is éhateloce aukecian’ to prove the analogues of (9. 35) 
for f, and f,, or to prove (9.35) on the assumption that f has no zeros 
inside the circle. | 
If however f has no zeros, we may write f= gm*, where & is an 
integer such that 1< Ak <2. If 


p= Σὺ, τ", = ΣΙ 1, [Ὁ 
then ®* is plainly a majorant of f. Hence 


1 1 σ 
[Τ᾿ 4:Ξ- [ae < κα αὶ [|Φ(ρ 65}, 540 
0 0 -π 

-ἰ ΚΜαχ οὶ {| r(ee)|*d0< KC" 


by what we have proved already. 


88) See F. Riesz, 2. 
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9.4. Theorem 16. If 0<4<1 and 


then 
(9. 42) Si (n+1)*|a,|' SKC". 


This theorem is ἃ corollary of Theorem 15 and the second half of 
Lemma 35. In fact |a,| =, (0, f)<C and so, by (9. 13), 


(9.48) Στ 11 α,}} Ξ σ᾽ Ὁ K Sin \a,/) S01 ἘΚΣ ΤΠ λα, 
0 1. : 


where Y, -- [α,-Ἐ ας [-Ἑ...-Ὲ [α,]. 
τὰ 
Also U,<eF(es), and so 


by Theorem 15. 
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CORRECTIONS 


. 159, (1.11). The inequality should be reversed. 

. 164, (2.21). For ἃ in the denominator read a. 

. 166, line 4. Insert ‘in’ after ‘occur’. 

. 171, line 12. For Lemma 7 read Lemmas 7 and 8. 

. 173, § 3.7. The first displayed equation should be labelled (3.71). 

. 188, ne 3. For ‘compact’ read ‘everywhere dense in the interval’. 

. 191, displayed equation following (6.34). The index should be —1+1/x. 
. 201, ine 17. For C read G. 
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COMMENTS 


The results proved in this paper have been generalized in two directions. First, the 
theorems were generalized by Hardy and Littlewood themselves by the use of 
rearrangements. For example, corresponding to Theorem 5 they proved: 


oo . 
(i) Let fe 1}»ῬἘ(--π, πὴ, where 1 <p < 2, let f(0) ~ > c,e™, and let the numbers c* 
᾿ — ὦ 
be the numbers |c,| arranged so that 
οὗ Ὁ οὗ, >of >ckg > οὗ > οἷς: Ὁ... 


Τ 
οο 
Then Σ (\n|+1)?-*%08? < 46) { | f(6)|? 49. 
— © poe 
This is a stronger result than Theorem 5, since 


Σ (in| +1)-*Iog)” < Σ (|n| + 1)?-*03?. 
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Outlines of two proofs of (i) and related results were given by Hardy and Littlewood 
in 1931, 4 and 1948, 1, but the complete proofs were not published, since improve- 
ments of the main theorems were made by R. E. A. C. Paley (see 2 I, p. 120). Paley’s 
results apply to orthogonal series with respect to a uniformly bounded orthonormal 
sequence of functions, the result corresponding to (i) being: 


(ii) Let (f,) be an orthonormal sequence of functions on an interval I cR, and suppose 


that |\b,(8)| < M for αἷϊ θ ε 1 and alin. Let also fe L*(I), where 1 < p < 2, and let 
ὁ, be the n-th d-coefficient of 7. Then 


Σ nP-Aleq|? < A(pyM* f |f(0)|? «9. 
1 I 


This result includes (i), since we can take (¢,) to be a rearrangement of the 
sequence (e%*), | aa 

The second type of generalization is in the direction of Theorems 8-11, but deals 
with power series rather than Fourier series. Partial results were obtained by Hardy 
and Littlewood in Theorems 15 and 16 and in Theorem 8 of 1936, 2, and their results 
were completed by H. ΒΕ. Pitt, Duke Math. J. 3 (1937), 747-55. Pitt’s main theorem 
is as follows: 


οο 
(iii) Let g(z) = ¥c,2" ([2| < 1), απὰ lt 0<p<q< οὐ, y > max{i/p, 1/q'}. Then 
0 


< | Hi ιν 
ΙΣ (n+ 1γατατον]ο, α < 4(;»,4ᾳ,γ) lim [ ἰσί(ρο9}}} l — pet? |-1+py a6} : 
j 0 poi a 


By combining this with a theorem of Hardy and Littlewood on conjugate functions 
(1936, 2, § 6), Pitt obtained the following generalization of Theorems 8-11: 
(iv) Suppose that] <p <q< o, max{1/p, 1/q’} < y < 1, that 


| f (8) |? | |-2+27 e L(—7,77) 
(so that f ε L(—m,7)), and that f(0) ~~ Σ c,e™®, Then 


[Σ ({π|1γατατον]ς, μα] < A(p,a,y)| f | f(8)|? |8|-*+ 9” ao\"”. 


For odd functions there is a further extension (T. M. Fiett, Proc. London Math. 
Soc. (3), 8 (1958), 135-48): 

(v) The condition max{1/p, 1/q’} < y < 1 in (iv) can be replaced by 

max{1/p,1/q’} < y < 2, 
provided that in addition f 1s odd and integrable. 

The introduction of the interpolation techniques first developed by M. Riesz, 
Thorin, and Marcinkiewicz, has led to considerable simplifications in the proofs of 
some of these theorems, and to further extensions (see Z II, pp. 109, 120). The most 
general result in this field, which includes (i), (ii), the case 1 < p < g < © of (iii), 


and (iv), has been obtained by E. M. Stein and G. Weiss, Trans. Amer. Math. Soc. 
87 (1958), 159-72. 


p. 190. A simpler proof of a result equivalent to Lemma 25 is given in 1927, 11. 


p. 206. A simpler proof of Theorem 15 is given by T. M. Flett, Pac. J. Math. 25 
(1968), 463-94. 
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NOTES ON THE THEORY OF SERIES (XIII): SOME NEW 
PROPERTIES OF FOURIER CONSTANTS | 


G. H. Harpy and J. BE. Lirruewoopt. » 


[Extracted from the Journal of the London Mathematical Society, Vol. 6, Part 1.] 


1. This note contains a preliminary account of some theorems which 
extend, and in certain respects complete, those of a paper in Vol. 97 of 
the Mathematische Annalent. We hope to publish full details before 
long elsewhere. | 

We use 7, p, g for indices satisfying 


respectively, and A(r), A(p), A(g) for positive numbers, not usually the 
same at different occurrences, depending only on the parameters indicated. 
A, without argument, is a positive absolute constant. 


{ Received 7 May, 1930; read 15 May, 1980. 
7 Hardy and Littlewood, 1. | 


1931, 4 (with J. E. Littlewood) Journal of the London Mathematical 
Society, 6, 3-9. 


4 G. H. Harpy and J. Is. -LirrLEwoob 


Suppose that we are given a set of complex ὅν defined for all integral 
n and tending to 0 when|n|-> 0. We define cy by saying that 


ἧς ἧς 
ce, cf, οἵ, οὗ, Ο--, C3, 


is the sequence of |c,| arranged in descending order of magnitude ; if 
several |c,| are equal, then there are corresponding repetitions in the οἴ. 
We write | 


(1.1) 8,00) = {Elon\"(m|+ir? ph", 5500 = {zor ἢ}: 1) ey", 
and (for any measurable f ) 


π fr 
(1.2) Tf) = la " ..0}}" 49] ! 


When the c, are the (complex) Fourier constants of (θη), we write S,(f), 
S*(f) for S.(c), S¥(c). It is easy to see that 
(1.3) St) >S,0), SFO) « 5.0. 

Our main theorems may now be stated as follows. 


TuHrorem 1. A necessary and sufficient condition that the c, should 
be, for nvary variation of their arguments and arrangement, the Fourier 
constants of a function f(8) of 1.3, 1s that S*(c) <a; and then 


4.4. Tf) « 4) 570 
for every such f(@). 


ΤΉΒΟΒΕΝ 2. A necessary and sufficient condition that the c, should 
be, for some variation of ther arguments and arrangement, the Fourver 
constants of a function f(O) of L®, is that S* (ec) «οὐ; and then 


(1.5) | S* (Ὁ < A(p) ἢ 
for every such {(θ). 


We may add that the A(q) in (1.4) may be taken to be Ag, and the 
A() in (1.5) to be Ap’, where p~'+p’~' = 1 (so that p’ is a q). 


2. We insert here a few general remarks to explain the significance of 
these theorems. In our paper in the Annalen we showed that S,(c)<@ 
is a sufficient condition that f(@) should belong to 1.3, and that then 
9. (ἢ) < 4(ῳ) 5, (Ὁ), an inequality which (1.3) shows to be weaker than 
(1.4). Suppose now that we ask for a condition on the |c,| both neces- 
sary and sutticient- for f(@) to belong to 1... The answer is negative ; 
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there can be no such condition, since two functions, one of which belongs 
to L* while the other does not, may have identical |c,|. Thus of the two 
functions whose Fourier series are 

(a) S72 eid (ὁ) Στ εοἶδι log a ene 

2 
1 1 ; 

where k > 0, the first belongs to 1. if gy « 4 only, while the second is 
continuoust. The second series shows that the sufficient condition 
S,(c) <2, which requires g < 4, is certainly not also a necessary con- 
dition. The same example shows that the condition 


Sy(c) = {Σ [σ[}} <a 


of Young and Hausdorff, which is also sufficient, and is in this case also 
satisfied for g « 4 only, is not a necessary condition}. 

These considerations suggest a change in the problem, and the problem 
which we substitute, and solve by Theorem 1, is that of finding a neces- 
sary and sufficient condition that all sets c, which have the same οὐ (and 
so differ in arguments and arrangement only) should be sets of Fourier 
constants of functions of LY. It is plain that such a condition must 
depend only on the οἷ, so that it is S*(c) and not S,(c) which is relevant. 

Since the Young-Hausdorff condition is also a condition on the c* only, 
it might be thought likely to give the solution of our problem. That it 
does not do so follows from Theorem 1 itself; we have only to choose the 
c, 80 that S*(c) is convergent and §,-(c) divergent. If for example g = 4, 
we may take c, = (({- 1) ἢ Πορ (| 2|-+2)| ~ 


3. The proof of Theorem 1 is comparatively easy to describe when g 
is an even integer 24, and we state it shortly here. The details are a 
little simpler (though the ideas remain the same) when c, is even in » and 
Cy is the numerically largest cn. In this case we say that ¢, is symmetrical, 
and we state the arguments for this case, the results generally. 

We have first 


THEOREM 8. Jf dn, by, ... are 2k finite sets of positive numbers, 
tending to 0 as |n|—> οὐ, and aX, b*, ... are defined in ὃ 1, then 
» OQrb,... ZA(QH) 2 ax*¥b*.... 
r+s+...=0 rts+...=0 
+t Hardy and Littlewood, 1; Hille, 5. 


Ζ See Hardy and Littlewood, 1, or Hobson, 6, for proofs and references to the original 
papers of Young and Hausdorff. 
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We proved this in the symmetrical case, when 4 (2k) = 1, in our paper 
3. The result obviously continues to hold for complex a,, 6,, ... when 
the left-hand side is replaced by its modulus. | 


THEOREM 4. If f() = Xe,e" is a trigonometrical polynomial, and 
f*(0) = Σοῖ ec", then | 


(3.1) IAP) SAM 5, ἢ. 


More generally, of the cX are the Fourier constants of a function f*(8) of 
L", then the cy, are the Fourier constants of a function f(0) for which 
(8. 1) ts true. . 

This follows immediately from Theorem 3 when g = 2k and the 
functions are polynomials, and the passage from polynomials to general 
functions is straightforward. 

The rest of the proof of Theorem 1 (for g = 2k) depends on special 
properties of functions of the type f*(@), i.e. functions whose Fourier 
constants are of the type οἷ. In these properties there is no distinction 
between p and g. 


4. In this section we are concerned only with sequences c* and the 
corresponding functions, and we drop the asterisks and write a, for c*. 
Since a, tends steadily to Ὁ when m->@ by positive or by negative 
values, the series 2a, 9.9 converges for all Θ save multiples of 27, and is 
therefore, by a known theorem, the Fourier series of its sum /(@) when- 
ever this sum is integrable. 


ΤΉΒΟΒΒΝ 5. A necessary and sufficient condition that f(@), of type 
f*(0), should belong to 1," is that S,(a) < ὦ, and then the ratio 


Tif) : S.(a) 
ites between two positive bounds A (r). 
We suppose the a, symmetrical, so that 
4/(0) = 4a)+ a, cos nO. 


It is easy to see that the problem is essentially unchanged if we drop the 
constant term, and that what we then have to prove is that the ratio 


Tf): U (a), 
a 107 
where U,(a) = (= nai.) : 
1 


has upper and lower bounds A (7). 
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We use two inequalities which we have proved elsewhere}, viz. 


(4. 1) ΣΉ A’ KANE? a, 

where A, = a,+a.+...+a,, and 

(4.2) | \ (FO 4θ < Av) 170) I" dd, 

οὐδ᾽ ᾿ 

θ 

where F (6) | ΚΟ | dt. 
0 

GQ) If c/n θΘ}» πίρι- 1), we have 
| f(0) | < ant Σ An COS m0 < Au +7 
1 n+l 


and so, by (4.1), 


nm frp x 
JA, ) = τ᾽Σ] LF db ΟΣ n-*(A,+na,” « A(r) U;(a). 
I 1 


πίον- 1): 
11) On the other hand 
iF(0) = af Κῶ dt = = Σ" τ sin 210, 


re 
iF (= _ ἜΣ (= 7 (μι: ἘΞ Cm4on =: : sin WMT 
n 1 \m men m+2n n 


Ή.-1} in 
Ain (μι: νι . WNT τι Om 
ST meen) Sin BA ESE > day, 


Sata < 40) Sn’? FY (=) «ΑἿΣ Sn F (= ) 
a nad Ν π 
< A) Σ] FO 4θ < Al nl (3 ON <A | | £6) |" 49, 
2 ,π|ν 0 ( 0 
by (4.2). Since |a,|<J,(f) <J,(f), it follows that U,(a) << 40) J,(f). 


5. We can now complete the proof of Theorem 1 when g = 2h. In 
fact, combining Theorems 4 and 5, we obtain 


Tlf) « 4), Ὁ < A SFO), 


so that the condition of the theorem is sufficient. That it is necessary is 
evident from T'heorem 5, since we may take Κ(θ) = f*(6). The proof for 
general g, and the proof of Theorem 2 in any case, require further con- 
siderations of the same idee character as those of $$ 5 and 7 of our 


-................ . oe me . 


+ See Hardy and Littlewood, 1, 2, and Hardy, 4. 
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paper in the Annalen. An additional theorem which results from the 
argument 18 


THEOREM 6. dy f*) < Ap) d>(/S). 


The proof of this theorem is curiously indirect. 


6. There are two theorems which are in a sense the reciprocals of 
Theorems 1 and 2, and in which we consider “ rearrangements’ not of 
the Fourier constants of a function but of the values of the function. We 
suppose now that /*(0) is the “rearrangement of | f(@)| as an even 
decreasing function”’; the formal definition will be found in a recent note 
of F. Rieszt. The function f*(@) is ‘‘ equimeasurable” with | f(@)|, in 
the sense that the sets of 6 in which the two functions assume values lying 
in any given interval are of equal measure; and /*(@) has in general an 
infinite peak at the origin and decreases steadily as we pass away from it 
in either direction. 

If now c, is the Fourier constant of f(@), and 


π 1fr 
TAP =Clelm, Lopy=te |" pe 915-40} 


then the theorems corresponding to Theorems 1 and 2 are 


THEeorEM 7, A necessary and sufficient condition that T,,(f) should 
be finite for atu Κ(θ) which have a given [ Ἐ(θ) is that I,(f*) should be 
fimte; and then 

Tif) < AQ L(f*). 

THEeoREM 8. A necessary and sufficient condition that T,(f) should 
be finite for some f(0) with a given f*(0) ts that Ip(f*) should be finite; 
and then 

[,(f*) < A(p) T,(f). 


[We have proved a number of other results, of which we may mention 
the following. 


ΤΉΒΟΒΕΝ 9. If k > 1, and A(k) and c¥ are defined as in § 1, then 
\ eIO1dO < A(k) Σ n-* exp (x > ox ; 
-π 1 —n 


ΤΉΒΟΒΕΝ 10. Suppose that =| c, |/log(1/|c,|) is convergent. Then 
Lone? is the Fourier series of a function f such that exp(k|/|) ts in- 
tegrable for every value of k. 


+ F. Riesz, 7. 
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THEOREM 11. Suppose that f ~ Zcnre"® and that |f|logt | f| belongs 
toL. Then Xc*/n is convergent and Yexp(—k/|¢n|) ts convergent for 
every positive value of k. 


We mention finally a result concerned with “‘ majorants”’ of Κ(θ). 


THEOREM 12. Suppose that p = 2k/(2k—1), where k is a positive 
integer, and that f ~ Xc,e" belongs to L”. Then there exists a set of Cu, 
satisfying Cy >\|cn| for every n, which are the Fourier constants of a 
function F(8) of L’. 


We add that Mr. R. M. Gabriel, in a paper recently communicated to 
the Society, has shown that, when g = 2k, the factor A(q) of Theorem 4 
may be omitted. | 
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CORRECTION 
p. 7, line 9. For nm” read π 1. 


COMMENTS 


For further references concerning Theorems 1-8 see 1948, 1 and the comments on 
1926, 7. Alternative proofs of Theorems 1, 2, 7, 8 are given in Z II, p. 127. 
Proofs of Theorems 11 and 12 are given in 1935, 6 and 1935, 7 respectively. 


Some new eases οἱ Parseval’s Theorem. 
By | 
G. H. Hardy in Oxford and J. K. Littlewood in Cambridge. 


1. Introduction. 


1. In what follows we are concerned with a pair of analytic functions 
(1.1) (a=) ἀν; ἡ 2) = 26,2", 


regular for r= [2] <1. It is convenient to suppose that the series have 
no constant terms. We call 


a h(z) = P(t, 9) = 54,2" 


the “Faltung” or “Parseval function” of f(z) and g(z), and our problem 
is that of the convergence or summability of the series 


(1.3) P= dia, δ, δ. 
the Faltung or Parseval series of the series 
(1.4) Sige. 2y be", 


It is classical that P is absolutely convergent whenever f and g are L’. 
More generally, suppose that 


, Pp 1 
De, CTP See ἘΣ ΞΘ Ὰ 
and that f and g are 15 and 1, respectively. Then it was proved by 
M. Riesz that P is convergent+), uniformly in 6, but in general not abso- 
lutely convergent. Riesz’s theorem holds for general Fourier series, whereas 
we have stated it for power series only; but it follows from his theorem 
on conjugate functions that there is no real loss of generality in this limi- 
tation. Here we shall be concerned with cases in which p or q is less 


than 1, and the limitation to power series will prove to be essential. 


1) That P is summable (C,1) had been proved earlier by Young (22). We 
have made extensions in a rather different direction; see Hardy and Littlewood (5). 


1932, 5 (with J. E. Littlewood) Mathematische Zeitschrift, 34, 620-33. 407 
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Ii p <1, q (as defined above) is negative, and Riesz’s enunciation 
ceases to be significant. But there is a certain analogy between the Lebesgue 
class {7 and the Lipschitz class Lip (— >). a theorem true for functions 


of the first class when » >0 being often also true, with appropriate 
changes, for functions of the second class when y « 0.5) Here this ana- 
logy suggests that, when f is L? and p <1, the appropriate class for g 


is Lip Ε —1). Guided by this analogy, we were led to the following 
theorems. 

Theorem 1. Jf 

(i) 0<k<1, pk2l (s0 that w= | ΕΞ <1 and p>1 tf 
k<1); 

(1) -f 8°"; 

(ui) σ ts Lip(&, p) ὃ): 
then P ts untformly convergent, and indeed uniformly summable 
(C, -- ; +6) for every positive ὃ. 

Theorem 2. 7} 

GQ) O0<k<1 (so that p= ary <1); 

(uu) f es L*; 

(1) g és Lip κα; 
then P 1s untformly summable (C, δ) for every positive ὃ. 


Theorem 3. If, in addition to the conditions of Theorem 1, p< 2, 
then P is absolutely convergent. 

It will be observed that Theorem 2 is the limiting case p = oo of 
Theorem 1. The question whether P is necessarily convergent in this case 
remains open. It is also to be observed that, in all the cases considered, 


1 
Zz: 


*) Witness for example Theorems 4 and 12 of our paper 7. 
ὅ It may be convenient that we should repeat the definitions of the classes 
Lip & and Lip(k,p). The function g(z) belongs to Lip k if | 


Ι σ (27) -- σ(3}} ΞΞ ΟἹ τ’ -- τ|", 
where Οἱ is independent of z and z’, and to the class Lip (k, p) if 


σ 
-- i ΓΞ ὩΣ 


where C is independent of 7. 


0202 : G. Η. Hardy and J. E. Littlewood. 


There are doubtless similar theorems in which u < $, but they will plainly 


demand definitions of Lipschitz classes of order greater than 1 (in which © 


there is of course no difficulty of principle). 


Our theorems are largely applications of theorems which we have | 


proved in previous papers, and in particular in 20 (to which, and to the 
earlier papers of this. series, we shall have to refer continually). 


2. Convergence and summability: proof of Theorems 1 and 2. 


2.1. In this section we shall make free use of theorems from 20, 
and one preliminary remark is required. There, we defined the fractional 
integral f,(z) by the ἸΟΉΘΌΙΑ 


ς 1" (τι - 1) n+a 
(2.11) Zia  ἱ 
Here, we shall write instead 
(2.12) | f(z) = Sn-"a,2". 
1 


The reader will find no difficulty in satisfying himself that any property 
quoted for the one form of f, is also possessed by the other. 

Suppose, for example, that one of the functions belongs to L?. The 
factor 2° in (2.11) is unimportant; and apart from this factor the two 
forms differ only by a factor of the wd 


Mt aa + Get) Grey bo) 
in the coefficient of z". If then we call the two functions g and y, y is 
the sum of φ, a finite linear combination of ordinary integrals of », and 
a continuous function. By Theorem 33 of 20, the integrals of » belong 
to 1 (and indeed to higher classes). Hence, if » belongs to L”, w also 
belongs to L”. 

The advantage of the definition (2.12), for our present purpose, is that 
(2. 13) h=P(f,9)=P(f9°) 
for any real «. 

2.2. Passing to the proof of Theorem 1, we dispose first of the case 
p=-1, k=1, »=1. In this case, if f(e*®) and g(e’®) are the boundary 
functions of f(z) and g(z), the first is integrable and the second (by 
Theorem 24 of 7) is of bounded variation; and 


ἢ (619) = — ἐς fn e'? ) g (et 9 i?) dy 


4) A finite series followed by an error term of lower order than any pre- 
ceding term. If f(z) belongs to any L?, then a, =O(n*) for some K. 
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is also of bounded variation. It follows, by Theorem 16 of 4, that Σ᾽ [α 


is convergent. Finally, since a,b, = οἱ τὴ, the series (1.3) is summable . 
2 
(C, —1+ 6) for every positive ὃ. | | 
We may then suppose that p>1. We prove that 
(1) P is the Fourier (power) series of a continuous function, 


(1) P is the Fourier (power) series of a function of the class 


Ro fA 

Lip - ᾿ p) 
or A,. It will follow from (i) that P is uniformly summable (C, 1), 
and from (1), by Theorem 1 of 8°), that it is uniformly summable 


(σ, -- -- = + δ) and in particular uniformly convergent. 
2. 4 Proof of (i). We shall prove rather more, viz. that 
‘ _ 
J \h'(ret®)| dr 
0 
is uniformly convergent. A fortiort, h(e*®) is continuous and P is its 


Fourier series. 
If r= o7< 1, we have 


rh'(r γ 619) -- = D/na, b ornente mh fr (oe?) g ‘(gere- εὐ dq, 


[rh (ret®)| < My(f) Mp(9’).%) 


By Theorem 48 of 20 (Theorem 8 of 8), 


M,(9’) = O((1— ο)" 7), 
and our result will plainly follow if 


1 


J (1—@)** Mp(f) de 


is convergent. This follows from Theorem 31 of 20, when we replace 
p by μ, ῳ by p’, and L by 1, so that la is replaced by 


°) There is no reference to uniformity in 8, where we are concerned with a 
particular point; but the whole argument is “uniform in θ᾽, the difference between 


1 
any two Οὀβᾶγο means, of order greater than a being shown to tend uniformly 
to zero. 


5) As usual p’=—*—., 


Pp 
p—1 


624 G. H. Hardy and J. E. Littlewood. 


2.4. Proof of (ii). By Theorem 33 of 20, f, 1(z) belongs to ἢ 
(since : ‘ 
—- =); 


ὭΣ ae 
1—(k——| 
Ῥ Ub 


; | | | 
and, by Theorem 49, σ᾿ ? (2) belongs to Lip (i —k+ a p) or A,. Also 


1 
h is the Faltung of f, 1 and σ᾽». It is therefore sufficient to prove 
that the Faltung of a function F of L and a function @ of A,, belongs 
to A,. 
But in these circumstances, writing 4 F(0) for F(0-+h) — F(0—h), 
and supposing h > 0, we have | 


[4H(8)| <a [|Flo)||440—9)| ἀφ, 


(f\an0))"a0)? <2 fi F(p)|dp({[4a(0— 9) a8)? (ἢ), 


the result; required. This completes the proof of Theorem 1. 


2.5. Proof of Theorem 2. The argument of §2.3 is valid as it 


stands in the limiting case p= oo, if we replace M, and M, by M, 
and M., or M. This is all that is required to prove the theorem. 

The argument of § 2.4 fails, and we cannot assert convergence; but 
we have no ‘Gegenbeispiel’. 7 | 


3. Absolute convergence: proof of Theorem 3. 


8. We shall give two different proofs of Theorem 3. The first, in 
which we make use of theorems from 20 and of what we have proved 
already, is much the shorter; but the second depends on subsidiary pro- 
positions which are interesting in themselves, and also proves more. 

(i) We observe first that it is sufficient to prove the theorem in the 
case p= 2. For suppose that g belongs to Lip(k, p) and that p< q. 
Then, by Theorem 5 of 8, g also belongs to Lip(/,q), where 


1 1 
and 
= q πεν Pp mm. 
μί, q)= qt+ql—l τ ptpk—l = uk, Pp). 


It follows that, if Theorem 3 is true for gq, 7, u, it is also true for p, hk, μ. 
The same argument would show, of course, that Theorem 1 is true for a 
given p if it is true for some larger p. 
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(11) We may therefore suppose that » =2, when we have to prove 
that Σ᾽ a,,5,| is convergent for an f and g belonging respectively to 
2 
p*tP Lip (k, 2). 
The hypothesis on g, viz. 
J | g(ete+#®) — g(et9-+®) 540 — O82), 


16, |"sin* nh = O(n"), | 


or 


is then equivalent to 
2/78, |"= O(n" *"), 


1 


and is a hypothesis on the moduli |},/ only; the arguments argb, are 
at our disposal. It follows that S’a,b,, which we know already to be 
convergent, is absolutely convergent. | 

Our second proof demands some preliminary theorems concerning 
series of positive terms. These have some interest in themselves, and we 
have developed them a little further than is necessary for our application. 


4, Some theorems on series of positive terms. 


4.1. Theorem 4. Jf x, y,, and i, are positive; 


1 1 
p>l, ee a foe 
and 


Dien <0, Syn < 00, Shy = O(n); 


IP amet, m+n ™ < OO. 


The theorem becomes false if we replace r by 1. 


then 


The summations are over m,n=1, 2, 3,.... The case A, =1,p=q=2 
is Hilbert’s double series theorem. 


We write 
A, =a, +a, t+... +4, 
so that 
1 n = 
Ann" (S745) = O(n). 
1 
We have’) 


1 


c= a m Jn 4 =» ee (ὅν Ann \ 4 ΤΣ 
=) m+n Amin = Dt Um m--n a : 


‘) Compare Hardy, Littlewood, and Pélya (21, p. 280). 
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where s is ἃ positive number to be chosen later. By Hoélder’s inequality 


ἃ 


S< PQ’, 


P= ΣΙ > Y Ρ Me 8D din tn Q me : ΘΝ ig dm tn 5 
᾿ς πὶ tm \ τὰ m+n’ 7. Yn\ m mtn? 


and it is enough to prove the convergence of P and Q. 


where 


Now 


, 
sp XV. —sp “mtn baa p SD 
(4. 11) = xem an ia Ξ > Gn" Ls 
ae 


say. Summing partially, and observing that A, = O(n), we obtain 


Sp 
/ A 83 i 
Li =O πεῖ min A) 7 hives ΑἸ i 


—S$p 


¥ 7) 
=>) ἢ ἢ _ A,,) 4 m—-n? 
Ξ : 
where .fu, denotes u,, -- U,.,: Now 
n Ὁ" n ~sp~-1 
K = 
A ea min ἢ 


where K is independent of m and n. Hence 


nose 
Ti = SKA men A.) m+ no 


But 
mtn MH 1 ᾿ 1 1 
, r\r σ΄ γ' ; r. 
Aigo er ye <Kn' (m+n); 
τι γυ- 1 
and so 


1 
—sp-—1 -- --ἰ 
7 «κΣ (m-+-n)" =O(m-*"), 


We = 
ἡ. 


provided only that 0 «- 5} «- ἊΝ If s satisfies this condition, it follows 


from (4.11) that P is convergent. 


Similarly Q@ is convergent if 0 < sq < ἢ Since we can choose s to 
satisfy both these conditions, the theorem is proved. 


1 


To prove that the result is false when r = 1, take 2, =m when n =‘ 
and 4, = 0 otherwise. The theorem would then assert that 


Ai Bin In 


» mitn=2? 


is convergent whenever δ᾽ χῷ and >’ y{ are convergent, and this is false. 
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4.2. Theorem 5. If 
p >, ee ae ee en ee 
and 
St, << OO, A,, = O(n), 


> (2 VA, < 00. 


We do not require this theorem, but we insert it because it cor- 
responds to a theorem of Hardy’) as Theorem 4 corresponds to Hilbert’s 
theorem. It will be observed that a difference between the two theorems 
appears when (in the notation of Theorem 4) r—1. 

Suppose that A,< Cn. Then 


᾿ 
Σ ὥς, -Σ A, (2 *\ + An(3") | 
1 


then 


1 
and the last term tends to zero because y= O(N) and Xy= o(N Β΄) aa) 
Hence 


c= =>) (* See =, (2 za sy SOK τ) OK Come 
<ox 5 (7) +0K( 5) (= 4)" (Se a 20K Dak, 


the K being positive numbers which depend only on p. 
4.3. Theorem 6. Jf p >1, 


and 


then 


This theorem is related to one of the theorems®) of our paper 19 
(to which it reduces when ἢ, -- 1), as Theorems 4 and 5 are to the other 
known theorems to which we have referred. 

We suppose again that 1,< Cn. We can choose M so that 


4 P p 
a) tm< ε΄, 
M+1 


*®) Compare the proof in $4.3 of the corresponding property of 7,. 
ὃ) Theorem 2.(2. 54). 
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| and then 


from which it follows that z =0 (n?’), But 
Ν Ν-1 
ΣΟ =D 4.4} ἀν (BH): 
1 1 
and the last term tends to zero. Hence 
s=)> >} (ta)! | "5 ἢ 4. 4(5} <CKS,+CKS&,, 


δ᾽ ΣΟ » ᾿ς =) (141,15. 


and the K depend only on p. Since 8. « oo (by the theorem of 19 just 
referred to), and 


where 


as (SVP (Saar) 


it is sufficient to prove that 
T= 3 |\47, |? <0. 


But | 
ean ΒΕ _ mm ae 
= n+l 2” \" 4n,. _ yrdan 
42! = (¢ ya as γ3 — dime mS any yi Ke Lm= AE 
and so 


r= Sarl SKS (ee) KS ΟΞ ΚΣ οἰ. 


This completes the proof of the theorem. 


5. Direct proof of Theorem 3. 

5.1. We return to Theorem 3, proving, as we said in ὃ 9, eather 

more. 
| Theorem 7. If u<1 and 

(1) f(2) te 1)", 

(11) [e,| + [eg] +... +]¢,| = O(n), 
then 

Sn "la, "16 


a 


28 convergent. 


10) Ay, is negative. 
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When c,—1, this reduces to Theorem 16 of 4 12). 
We may plainly suppose that c, is positive. It is also sufficient 
(on grounds to which we have appealed many times in this series of 
papers, and need not repeat again) to prove the theorem for an f(z: 
which has no zeros in the unit circle. 
We write 
2 2 
(so that (k —1)u—=—r), and 
=P", p= U2" 
(so that belongs to L”). Let 
: 1 
kin 
o=e"’. 
Then 


a, 


<5 fir(oets)|a0< K [\ol*a0 - ΚῸΣ (1.10 2}}Ὁ 


by Hausdorfi’s theorem, K depending only on k. If now we write 
Ms 


Em =|Unl > dn =| C»|, and define χ as in Theorem 6, we have 
|< Κχι 
and 
—2 (k—-1) uw —9 Cone 
Ze a,|"|¢,|< K San mnt 1, = Κι; ce An? 
But | : 


. . . 2 . 
Is Convergent, since m is £°; and our conclusion therefore follows from 
Theorem 6. 


Theorem 8. If the conditions of Theorem 7 are satisfied, then 
1 


an “|a,||¢,| 


28 convergent. 


This is included in Theorem 7, since 


by Theorem 28 of 20. 
9.2. When μ «1 (ὦ. 6. when pk >1) Theorem 3 may be deduced 
from Theorem 8. For, by Hausdorff’s theorem and Theorem 48 of 20, 


1 
p’ 


(S(|nb, |r")? )” < M(9’) = Ο(α — r)*-4), 


“t) Stated as a convergence theorem. 


630 6. H: Hardy and J. E. Littlewood. 
1 


Hence, taking re “, we see that 


N ; ' 
ΣΊ αν, |" = O(N"), 


and a fortsore 


We may therefore take c, — n“ b, in Theorem 8, and this proves Theorem 3. 


5.3. Theorems 7 and 8 are false when uw =1. In fact, in the 
notation of ὃ 5.1, k=2, f=, and 


an | ‘| α, [16,1 = 20” “eal & ὃ Un u, |; 


and it is plain (since the condition on f or Φ is a condition on the 
moduli |, { only) that each of the theorems is equivalent to the forbidden 


mr | 


case ry —1 in Theorem 4. 


Theorem 3 is however still true, since the c, of § 5.2 satisfies 
ΞΘ; 


for r= p’>1, so that the theorem follows from Theorem 4. 


5.4. We shall not attempt to show systematically that the theorems 
which we have proved are the ‘best possible’ of their kind, but we shall 
discuss shortly some examples whose general tendency is in this direction. 

(i) We stated in §1 that the limitation of our theorems to power 
series is essential. To illustrate this, consider the analogue for general 
Fourier series of the case pk =—1, μ-- 1 of Theorem 1. This would imply 
that the Faltung of any two real functions F(@) and 6 (θ), of which F 
is L and G is A,, is continuous; and this would imply that any G of A, 
is bounded. That this is untrue is shown by the example 


G (0) = log 16: 
which is A, for every p "51. 
The same point may be illustrated rather differently. Take 


F(r, 0) =1-+- 2 dr" cos nO, G(r, 0) = >)” cos n@. 


Then F is ZL, since M (F) = 1, and G is A,, but the Parseval series 
diverges for 0 = 0. ) 
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If we desire similar examples with «<1, it is natural to use the function 


F(r, 0) = (= 1 (1 +2 δ᾽," cos nO) = 2 ΣΓ r "cos (nO +5 π 6), 

1 | 
where β is a positive integer. It is easily verified that Fis L'*’, In this 
case, however, μι <3}, so that either k >1 (when the example is not rele- 
vant here) or k=1, p= oo (in which case it is used in (2) below). 

(2) In Theorem 2 we left the question of convergence unsettled. 
The function just mentioned, with 6 -- 1, enables us to answer the corre- 


sponding question for harmonic functions negatively. Take 
F(r,0)=S nr" sin nO, 
and for G(@) any odd function of Lip1 (¢.e. any odd function which is 
the integral of a bounded function). Then k& —1, p= co, w=, and 
the conditions corresponding to those of Theorem 2 are satisfied. It is 
not true that 5’nb, is necessarily convergent (since the Fourier series of 
a bounded function is not necessarily convergent). 
(3) The example 


sy nb or ettn log n Vs 
f(z) = (log n)?? M2 ae , 
a>0, O0<k<1, p>2, pok—-<, γεν, 
shows that Theorem 3 is false when p - 3. Here f is L“ and 9 is Lipk, 
a fortiort Lip(k, p); and Sa, b,| is divergent. 
(4) In Theorems 1—3 we ἘΞ always pk >1 and so w<l. If 
pk <1 then « >1; and we give an example to illustrate the ees of 


where 


the theorems in this case. Suppose that 0<p<2 and k= : -- ΠΕ 80 
that μι τε. 2, and take g(z)=(1—z) Ζ it is easily verified that g is 


Lip(k, p). If the conclusion of Theorem 1 were true, it would follow 


and this is false. 


that the convergence of δ᾽ [α͵ [ἢ implies that of Yin>*a,; 
6. On a theorem of W. H. Young. 
6.1. The theorems of this and the next section are of a different 
type, but also depend on theorems from 20. 


It was proved by Young?) that if 
(6.11) p>l, q21, ΤΈΣ ΣΙ, 
Γ(θ) and G(6) are any functions of 1} and 1.3, and H (0) is their Parseval 
function or Fourier Faltung, then H(0) belongs to L“, where 
(6.12) an 


12) Young (28). 
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In particular, when 1 (0) and G(0) are the boundary functions f(e'?) 
and g(e*®), we have | 
Theorem 9. If p and q satisfy (6. 11), f(z) ts 1}, and g(z) ts L’, 
then h(z) ts L” and 
(6.18) M,(h) < M,(f) M,(9). 
The question arises whether this theorem for power series remains 
true when p or q is less than 1, and, if not, what replaces it. The answer 
to the first question is easily seen to be negative; if 


> n® n 
ΓΑ) τ Gog αν ὅς 
ΟΜΏΘΙΟ α and γ are positive and τος >1, and 


g(z) = Σ 2. δ" 2”, 
eM 
where 0 < 6 <a, then f belongs to L*** and g is continuous, but 
ae Se =e an 
does not belong to any Lebesgue class. 
It is known that if h ἐμὰ to L”, where μ > 0, then 


(6.14) finiear 

υ 
s (uniformly) convergent 15), and that, if 0 « μ « 2, and 

H(r) = SY la, |b, )r", 

a τ (=a 
6.15) : [9“0᾽) ἀν 

0 
is convergent‘), the converse propositions being false. This suggests that 
the appropriate conclusion, when we allow p or q to be less than 1 in 
Young’s theorem, may be the convergence of (6.14) or (6.15). 


Theorem 10. 7} 
1 
fis L? and g is 1,3, then (6.14) és (uniformly) convergent. 
Theorem 11. Jf, im addition to the conditions of Theorem 10, 
p <2, q<2, then (6.15) zs convergent. 


To prove Theorem 10 we observe that, since ate >1, we can 
choose k so that 


k>p, k>@, 


13) Fojér and F. Riesz (18). 
14) Hardy and Littlewood (4, Theorem 15). 
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Then, if r= 07<1, we have 


(6.16) |h(ret®)| N= ize [πὸ εἰ) σίο εἰθ-ἰσγάφ < My (o,f) Mv(o,9): 


fia ire ao fm f) M;:( (g)deo 


(Ap) te (Δ’ ἢ -- 4) μι 


(fat P(r) ie] " (fae \ae) ee 


by Theorem 31 of 20, provided only that k >, k’>4q, and 
(k= παι ΤῈ Ξ (ὠ’ δα ΟΕ Ἢ 
pk qk’ 
all of which conditions are satisfied. 


If p<2, q<2 we can suppose that &=2, and then we can 
replace (6.16) by 


Ὁ (7) = Σ |α͵ [18,1 0°" < Ma (0, ἢ) Μς,(ο, 9). 
We then obtain Theorem 11 by the same argument as before. The case 
in which p or q is 2 requires a trivial modification of the argument which 
may be left to the reader. 
If p=>1, g=1, these theorems are naturally corollaries of Theorem 9, 
in virtue of the theorems of Fejér-Riesz and Hardy-Littlewood just referred to. 
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(For numbers less than 18 see the list of papers at the end of 20.) 
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(Eingegangen am 27. April 1931.) 


COMMENTS 


p. 621. Parts of Theorems 1 and 3 correspond to the case s = οὐ of Theorem 3 of 
1937, 4 (see T. M. Flett, Pac. J. Math. 25 (1968), 463-94). 


The question whether P is convergent under the hypotheses of Theorem 2 is settled 
(negatively) in 1932, 6. 


It has been shown by C.-T. Loo, Duke Math. J. 12 (1945), 373-80, that if, in Theorem 
1, p > 2, and the hypothesis (111) is replaced by 
M,(9’) = O((1—p)¥-Mlog 1/(1— ρ)) δ), 
where ὃ > 1 (ef. p. 623, line 6 from below), then P is summable |C,a| for a > 4—p. 
p. 622, two lines following (2.12). See 1932, 4, § 3.2. 
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An additional note on Parseval’s Theorem. 


By 
G. H. Hardy and J. E. Littlewood in Cambridge. 


1. In our paper “Some new cases of Parseval’s Theorem”’) we left 
open a question to which we have since found the answer. 
Suppose that 0 <« <1, that 


f(z) = Sa, 2”, σία) = 31,2", 


and that f(z) and g(z) belong to the classes 
1 
Li**  Lipe 
respectively. Is it true that δα, b, is necessarily convergent? The answer 
is (as was to be expected) negative. 


2. We shall prove (what is, except when a -- 1, rather more) that 
1 


»/a,, 6, 18 not necessarily convergent when f belongs to L'** and g is 
the a-th integral of a bounded function. Since the Parseval series of f 
and g is identical with that of f, and σ΄, it is the same thing to prove 
that the proposition | 


1 
(A) “Sa, b, is convergent whenever f* belongs to L*** and g 
is bounded” 
is false. 
The “inequality” form of (A) would be 
i+a 


(1) 3 a,b, |< K(o) Max|g| ( {Π|’ {53 α0) 


and we begin by disproving this. The disproof of (A) itself is then a 
matter of familiar routine. 


*) Math. Zeitschr. 34 (1931), S. 620—633. We refer to this paper as P. 


1932, 6 (with J. E. Littlewood) Mathematische Zeitschrift, 34, 634-6. 
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Suppose first that «1. It is known?) that there are functions g 
for which |gj <1 and | 


(2) | By| = |b, +b +... + by] > KlogN 


for a constant positive K and an infinity of N. We choose such a g and’ 


such an WN, and define f(z) = fy(z) by 
- ; ss 4 Ζ 1—2%Nt1\s ᾿ 
(9) f(z) τ a,z -ἰ-3α, 53- 8a,z Του γεπ(-ΞΞ.-} 
Then, writing » for Ν- 1, we have 


ἢ 1 ois 
1 sin 76! 3 a 3 
(4) firfaost = ao<* [ν'40.. fotao<x. 
yy θ᾽ τ» ay 


— 7 


On the other hand, the first N terms of f(z) are 


N 
1 n 
yw Tye 631)" 
a 1 
and so ᾽ 
ol 2b,+3b,+...+(N+1) by 
(5) 2 Oy ὃ, = DN ET) 
1 Β.-- Β +.. + By-i 
= By — SLT > K log N, 


since By > Klog N, by (2), and the second term, which is substantially 
a Cesaro mean formed from the bounded function g, is bounded. It follows 
from (4) and (5) that (1) is false when «1 and f and g are chosen 
suitably. 
The same example shows the falsity of (1) for general a, since 
/ 1 αἴτα ᾿ 2.4 
Sir ae) «κι ({{ 1540]. 
3. The falsity of (A) itself may now be proved as follows. We suppose 
for simplicity of writing that «= 1. 


ὅ H. Bohr, ,Uber die Koeffizientensumme einer beschrankten Potenzreihe“, 


Gottinger Nachrichten (1916), S. 276—291 and (1917), S. 119—128. See also a paper 


by Τὶ. Neder, with the same title, Math. Zeitschr. 11 (1921), 5. 115—128. 

ὅ f*(z) is not quite the ordinary derivative f’(z), just as f%(z) is not quite 
the Liouville or Hadamard derivative of fractional order; but the differences are, 
for our purposes, trivial, and we ignore them. See § 2.1 of P. 

*) This follows (if we pay attention to the glosses in § 2. 1 of P) from Theorem 33 


of our paper 21 (in the bibliography of P), with 1—« for «, 1 for p, and so 


for g = eae ᾿Ξ 


l+a 
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We define g(z) and fy(z) as in § 2, but now take 
(6) 7 f(z ) -Σὰ ἔν, (2), 


where ().) is an increasing sequence of numbers which satisfy (2) and. 
tend to infinity so rapidly that 
log N, 


(1) ΙΝ Net) 
and a fortiori 
(8) > 00. 
Then, first, 
(9) flip ae<s Σεῖ ΠΠ 140 « Κ'. 
᾿ 1 


If we write 


ἔν, (2) = Sa, 2" 
(so that a, .>0 and Ay, =9 if n >3N_+1), we have 


rr = 


1 
gNrt1 
ἢ Sangh farce, 
᾿ 0 
and | 
Ν, wy? 
(11) Σα,.- ewan (Ὁ 1) < Κὰρ 


ifs>r. Also δ] <1. Hence, if we write 


Nr 
(12) 30,5, 30,5 
| 1 


s=1 


39 


where 7,, T,, and T, are the contributions of the terms for which s <r, 
s=r and s>r respectively, we have 


(13) ΕΠ ΣΡ ΟΣ ας << K(NM4N,+...4-N,_,) 
by (10), and ᾿ 
(14) | ini< Σ-: Ὄπ. 


πα: n=1 


by (11). It follows from (14) and (8) that 7,-+0. Also, by (5), 
(15) 11,1» KEE, 
and (13), (15), and (7) show that .\'a,b, is divergent. 


(Eingegangen am 5. September 1931.) 
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NOTES ON THE THEORY OF SERIES (XVIII): 
ON THE CONVERGENCE OF FOURIER SERIES 


By Pror. G. H. HARDY, Trinity College 
AND 
Pror. J. E. LITTLEWOOD, Trinity College 


[ Received 18 March, read 3 June 1935] 


1. In this note we give first our proof of a theorem (Theorem 1) which we 
stated in Note XIII. We then prove a new theorem (Theorem 2) which leads to 
another proof of the main theorem of Note XVII. 

The first of these theorems requires some preliminary explanations. We are 
concerned with an integrable function f(@) with the period 27. We write 

f(0)~ Σ cner 
xc,,e* being the complex Fourier series of f (6). 

If f(@) is measurable and | f (8) |log*|f(@)|, where log* «=max (0, log x), is 
integrable, we say that f (9) belongs to Z. A function of Z is necessarily integrable 
(belongs to L). 

The numbers c+ are the numbers |c,, | rearranged so that 

Cp 205; 20) 201, 2c) Stl 42a, 
Since c,, > 0 when | n|—> oo, such a rearrangement is possible. 
We can now state our first theorem in the form 


THEOREM If. If f (6) belongs to Z, then 


ES <o, (1-1) 
and Hexp(— |) “Ὁ (1-2) 
for every positive a. | 
2. We show first that (1-2) is a corollary of (1-1). It follows from (1-1) that 
n ot 


D> 
νιιν- 


«ε, 


* The notation is that of Gabriel (1): see also Hardy, Littlewood, and Pélya (5, Ch. 10). 

+ Our statement of the theorem differs slightly in form from that in 2. 

The theorem has been proved in another way, and extended to more general or¢hogonsal 
series, by Zygmund: see Zygmund (7, pp. 234-5; Theorems 4, 5, 6). 


1935, 6 (with J. E. Littlewood) Proceedings of the Cambridge Philo- 
sophical Socrety, 31, 317-23. 425 
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where N =[n*], for n>, (ε); and a fortiori that 


+5 .} 
ὡς Poe ν- 1 “ 
ee 5ῈῈ "dx n 
But “π΄ =log— > hlogn, 
u rere a eer Of 7 = 2zlogn 
| Ι 
and so δ᾽ =0 (ca) (2-1) 
for large positive n; and similar reasoning shows that (2:1) is true also for 
negative n. Hence o-ulet _. 0 


when n-> oo, more rapidly than any power of | |, and 


. _ + 
ve ~Aenl ΣΡ aler — oH 
for every positive a. 


3. For the proof of (1:1), we need two lemmas. 


R R 
Lemma A. If ἐμ (@)= Xc,e%, ft (O)= Σ οὐ er, (3-1) 
aes» | —R 
then | [ | f(A) |* 403 | | ft (θ}3 40 | (3-2) 
_ for every positive integral k; and ; 
iy eb fa (0) 40:3 [ἡ ΜΟΥ (3-3) 


for every positive b. | 
We proved (3-2) for cosine polynomials (i.e. with c_,,=c,,) in 2. The general 
inequality is Gabriel’s*. To deduce (3:3) we have only to observe that 


[6408 | cosh b |f|d0=23 555 [Ὁ | f ))%ab 


$22 opt | 7} )e*d0=2 feosh 6 [71] 4θ.ς 3 [ὁ 0140. 


a 


Lemma B. If —7<@S7and 


cos n@ 
a re 
. ] 


where A is a constant, for all 6 and N. 
Suppose that 6 is positive and m=[1/6]. If N<™m, then 


h(6)|< S—- <log N <log! 
| (6) |S ZT Slog S log 5. 


* Gabriel (1, p. 41, Theorem 4). 
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If N>m, then 


| m |} Ν cos né 
|h(0)|< 2—— + 
12+] {mii ntl 
] Vv 
<logm+—— = max | 4 cos nd 
M+2mcvsNn |m+1 


] 
m+ 2 


<log 5+ |cosec $0 | <log 5 +A. 


4. Passing to the proof of Theorem 1, we define v,, by 
| Cn |= Cy ? 
ν; isa “permutation function” which assumes every integral value just once for 
an integral n. Then 


Sy = Σ oi ey 254 | Cn | 
Ὁ ae el 
say, where M=M(N), M2N, 


Σ΄ is a sum over those n for which |v, | $ NV, and A, takes, in some order, the values 


1 1 l : : 
1 (once); 5) 8) ΡΝ (twice); UGE =e Urea: 
Hence Syv= τ. | f (Og (8) a8, (4-1) 
TJ -π 
, Μ Φ ; M e 
where g(0)= SA, sgné,e-"@ = Σ A_, sgné_,e”™. 
—M : -Μ 
-Now* uv=l [υ i) <lulog u + lee)" s lu logt wt leon (4-2) 


for ἢ} 0, 1} 0, and all real v. We take 
u=|f(O)|, v=|g(0)|, t=4. 
It then follows from (4:1) and (4-2) that | 
8S ae [ | f (8) | log | f(@)|d6+A { etlol 10, (4°3) 
TJ .-π -π 
where A is again a constant. The first term is independent of N, and the second is 
less than | α΄ etliot Ol dp, 


by Lemma A. Butg* (0) =1+ 2h (8), where h (0) is the function of Lemma B, and so 


: ctor 1 αθ ς AT” [061-40 «Α. 


9 π 
Hence 8.5 2 [700 }Π10ρ 7100} 49.: 4, 


which proves the theorem. 


* ‘“Young’s inequality’. See for example Hardy, Littlewood, and Pélya (5, p. 61,. 


Theorem 63, and p. 107). 
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5. In what follows we are concerned with the behaviour of the Fourier series 
of f(@) at a particular point, and make the usual formal simplifications. We 
suppose that f(@) is real and even, that 


J (@) ~4a)+ Xa, cos né, 
1 


that the particular value of 6 to be considered is 0, and that the sum of the series 
for 6 = 0 is (if it exists) ee to be 0. 


We write ο΄ 8 = hag ta,t+...4+4, 
* 
and denote by ST, SF «τον SH 
the values of | s,|, | 5.|, ---, |s, | eee in decreasing order. It is to be 


observed that st=s*(n) (1<vSn) 


is a function of both n and v. 


1\-1 
THEOREM 2. If J(@)=0 (log ἢ (5-1) 
n * 
jor small positive 6, then > le (log 7). (5-2) 
ΟΡ + ] : 
6. We suppose that | 8, [Ξε (O<msn), 
so that v,, is now a permutation function of the indices 0, 1, 2, ..., n. 
_2(" f) .. 1 
We have Sm == »2sin ἫΝ (ηι -ἰ 3)0d0 (6-1) 
and so δ, ὡς sn > ΒΕ FO g (0) dé, 6-2 
0 mm +4 1 x Vn + 1 WT (9) ( ) 
where Ff (6) = Je : δ 
SBN Sim : 
and g(@)= ΣῈ πε (m+ 3 5) 8. (6-3) 


We choose 6 so that | f (0) | <1 for 0<@<8, write 


8,-3({ + +[ + [Ὁ (8) σ (θ) dO = drags (6-4) 


and consider the three integrals separately. 


7. (1) Ifn2 n=) (e), then, in J,, 


ε < € 

Δ 9}. 5 log (1/8) ~ log n’ 
(9) |, |9()|_, 8 1 

2sin 46 57 θ Ξ Ἐπ ἘΣ τ ee, 

1{{π 
and so [J,| sen] d0= Ae | 
0 
for n2n,. Hence J,=0(1). τ (7:1) 
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8. (2) By the Riemann-Lebesgue theorem, we can choose mz, (ε) so that 


εν ee . 
lim | = =| F (0)sin (m+ $) 6d0| «ε 
ὃ 
for m2 m,. Then 
3 882 Sim ] ΞΕ ἫΝ 
[Jal =|3 nares m s=(" | F (8) {| dé = ate 


2 
sam |" | F (0) |d0+clogn <(e+0(1))logn; 
ὃ 


and so J,=0 (log). (8-1) 
9. (3) It is sufficient, after (6-4), (7-1), and (8-1), to prove that 
=o (log x); (9-1) 


and we prove this by an argument very much like that of § 4. 
We apply (4:2) to J,, taking 

f(9) 

2 sin 40|’ 


| 4 [δ ὃ 
Then also] | F@|log*| F()|do+A | etloOid@=K,+L,, (9:2) 
1/n 


u=|F(6)|= v=|g(0)|, 1=2. 


say. Since 1.00) [-11θ «δ, we have 


+ 
logt | F (9) | Slog 5, p< Aloe 
4 [ὃ 1 δ dé 
andso K,= ΗΝ (scars) O (log 3} d@ =o is δ) =0(log7). (9-3) 
On the other hand, if Son 81, | 
Vin we ] =Pm> 
we have g(8)=B (εἴθ y (8), [9 (9)| S| v (8), 
where y (0)= Σ pee, 
0 
a polynomial of degree n whose coefficients have (in some order) the absolute 
values 1 l 
l, 9? eoes ee | . 


Hence, in the notation of § 1, 

yt (0)=1+ $e-7 + 1οῖθ 4 de PP + 
the last term having modulus 1/(n+1) and an argument depending upon the 
parity of n. The imaginary part of y* (@) is bounded in 7 and 6, and the modulus of 


the real part is less than ] 
Ιο (5) + A, 
att] 
by Lemma B; and so | y+ (8) | < log (a) +A. (9-4) 
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Using (9-4) and Lemma A, we obtain | 
ΕΝ aio@idos Α [΄ οἰ!σών 4θ «4 [ἢ οὗ |v! dg 
1/n --π | --π 


«ΑΓ ai ldd<A |” |O|-#d0<A. (9-5) 
The theorem follows from (9-2), (9-3), and (9-4). 


10. ΤΉΠΟΒΕΜ 3. Suppose that f (0) satisfies (5-1), and that 
| v=v(d, 2) 
1s the number of values of m for which 
| γι, |8,| 25. 
Then v= O(n‘) (10-1) 
for every positive ὃ and ε. 
This is a corollary of Theorem 2; for 
2 gt vj 
Σ- ἘΞ δ Σ.--» δίορ ν, 
117 17. 
and so | log v=o (log n), 
for every positive ὃ. 


THEOREM 4. Under the same conditions 


Σ | Sm [2 =0 (2) | (10-2) 
i 


for every positive q. | 
This is a theorem of “strong summability”’, and says the more the larger q. 
It is a corollary of Theorem 3. For 


s,, =O (log n), 
since [(0}) is bounded near the origin*. We choose ὃ so that 8¢< 7, and take e =}. 
Then 
Σ [8,. [13 ΣΟ (log n)? + 6% < Ο (πὲ (log n)2) + nn < 2nn 
for large n. 


11. THEOREM 5. Suppose that f (0) satisfies (5-1), and that 
ey ἀην (11-1) 
for a posite A and ζ. Then s,,>0. 
If not, then one of 8,» 2δ, 8,< —26 (11-2) 
is true for a positive ὃ and an infinity of n. Suppose, for example, that 
8, >26 (n=n,;,1=1,2,...). 


* Indeed (5-1) involves s, ΞΞ (log logn). 
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nr 
Then Sy > δ᾽: αι μα toe +A, >2—-A Σ ποῦ 
: ntl 


>25—A(n—n,)nz ὃ ὃ 


for Ἔν. 
t= t A 1} 
i.e. for a block of terms, of order n§, near n=n,. This contradicts Theorem 3. 
The second of the possibilities (11-2) may be disposed of similarly (using a 
block of terms to the left of n =7,). 


12. The main theorem of Note XVII asserted that s,—0 when (i) f(@) 
satisfies (5-1) and (ii) a, =O (n-2) (12:1) 
for a positive ζ. We have now given three proofs of this theorem, viz. (a) a “direct” 
proof, which is substantially that given in Zygmund’s book*, (δ) a “'Tauberian”’ 
proof, written out in 4, and (c) the proof given here. 

We have also proved two generalizations of the theorem}. We may replace 


(5-1) by 
re t , 
Jivole=o(cgam): oe 


and we may replace (12-1) by the one-sided condition (11-1). Proof (a) effects the 
first generalization, but not the second, while proof (ὁ) effects both, but requires, 
for the second, a very difficult Tauberian theorem. Our present method (c) covers 
the second, and more difficult, generalization (which appears in Theorem 5), and 
it is a little curious that it does not cover the first. We do not know whether 
Theorem 2 remains true when (5-1) is replaced by (12-2). 
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CORRECTION 
p. 322, line 5. For (9.4) read (9.5). 


COMMENT 


p. 323. In an attempt to answer the question raised in the last two lines, O. Szdsz, Bull. 
Amer. Math. Soc. 48 (1942), 705-11, proved that if f satisfies (12.2) and there exists c > 0 
such that f(?) = O(|@|-°) as @ > 0, then (5.2) holds. 
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NOTES ON THE THEORY OF SERIES (XIX): 
A PROBLEM CONCERNING MAJORANTS 
OF FOURIER SERIES 


By G. H. HARDY (Cambridge) and J. E. LITTLEWOOD (Cambridge) 
| | [Received 25 September 1935] 


1. Statement of the problem 
1.1. Suppose that f(#) is a complex and integrable function of the 
real variable 0, with period 27, and that 


7 


em = Enh) = τς | fl)em? do 


στ 


is its typical complex Fourier constant, so that 


S(f) = Sc, em (1.1.1) 
_is the Fourier series of f(@). We sails formal series 
Σ ΑΕΓ 2... (1.1.2) 
in which C. = ἰδ 


a majorant of (1.1.1). If (1.1.2) is itself a Fourier series, say the 
Fourier series S(F') of F(6), then we say that F is a majorant of f; 
and we write 


F>f, f<F, SF) >S(f), 50) « 50}. 
for every m, we say that F is the exact majorant of f. 


1.2. We consider relations of inequality between | 


ἼΓ L/r 
If) = Ε ] pra , 


where r > 1, and J,(F).{ There are special cases in which it is easy 
to establish such relations. 
(a) If r = 2 then 
Jf) = (Σ leml?)* < (Σ Cin)? = I(F). 
In this case there is equality when F is the exact majorant. 


+ If f or F is not L’, then J,(f) or J,(F) is to be interpreted as οὐ. This gloss 
does not affect our results and need not be referred to again. 


1935, 7 (with J. E. Littlewood) Quarterly Journal of Mathematics, 6, 
304-15. 
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(0) If r = 2k, where & is a positive integer, and J,,(f) < οὐ, then 
the Fourier series of f* is Σ᾽ c e”*9, where 


chk) — Cin, Cm, +++ Cg: 
. Mm+m,z+...+m=mM 
and Cote Ons fo: 
Hence Jaf) = TYPE) < TBF’) = Jy, F) (1.2.1) 


for any majorant F. 
(c) Let r= 1, 6 = |f|?, and let ® be the exact majorant of ¢. 
Then F = ©? is a majorant of f, and for this special majorant 
J (FP) = Jx®) = σξ(φ) = J,(f). 
1.3. In what follows we suppose 
ee ee ΠΟΤ Lp =. ὦ, q > 2. 


r ] 1 
t τὸ are 1. 
ΕΣ 


As usual, we write γ' = : 
r—l 

Here r may be a p ΟΥ 8 4; p’ isagandq’ ap. 

The first suggestion of (1.2.1) is that 

If) < IF) (1.3.1) 

for every q and every majorant F. This is untrue and, since it is the 
falsity of (1.3.1) which first reveals the difficulties of our problem, 
we prove it at once by an example. 

If f(z) = 14+2—az’, 
where ὦ is real and positive, then 

φ = fi = 14 32+32?-c22 + ..., 

where c= 4+ 2a, 


for small z. Hence, if z = re’? and r is small,t 


ὩΣ | Wee 40 -- = | oe) ao = LHe partons... 
TT TT 


which is greater than it would be if a were replaced by —a. In other 


words, if f(0) = 1—re®—arr¢3%8 


and F is the exact majorant of f, then 
If) > (5) 
for sufficiently small 7; and this contradicts (1.2.1). 


+ (c) of § 1.2 contains all we have to say about the case r = 1. 
{ This use of 15 temporary and will not cause confusion. 
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1.4. It remains possible that 

IAf) < Agd(F), | (1.4.1) 
where A, is a function of ᾧ only (and A, = 1 for gq = 2, 4, 6,...). 
Whether this is true or not we cannot say, but it is a quite plausible 
conjecture; and the conjecture leads naturally to another. In pro- 
blems of this character there is very usually a ‘skew symmetry’, 
resulting in a reversal of the sign of inequality, about the index 2:7 
and it is natural to suppose that, if (1.4.1) is true, then also 

(8) < A,d,(f), (1.4.2) 
not indeed for every majorant F (which is plainly impossible), but 
at any rate for some majorant. 

1.5. Our main theorem here (Theorem 1) contains a partial solu- 
tion of this problem. We cannot prove (1.4.1) or refute it, but we 
can show that (1.4.1) implies (1.4.2). More precisely, the truth of 
(1.4.1), for a particular g (and all majorants F), implies that of 
(1.4.2) for p = q’ (and some majorant F’). Since (1.4.1) is true at 
any rate when φ = 2h, we obtain a proof of (1.4.2), which is not 
trivial in any case (apart from p = 2), for p = 4, §, §.... 

It is instructive to contrast our argument with those used, by other 
writers and by ourselves, in similar problems such as the Young- 
Hausdorff problem or M. Riesz’s problem of conjugate functions.{ In 
all these problems the case p = q = 2 is trivial, and the full proof 
may be divided into three stages. We have to establish two pro- 


positions P(p), Q(q); 
@ may be (as in Riesz’s problem) of the same form as P, but more 
usually (as here) it is not. We proceed as follows. 
(a) We prove that O(q) > P(q’).§ 
This proposition (‘reciprocation’) reduces the problem to the proof: 


of Q(q). 


(b) We prove that = Q(q;). (92) > Ο(4) 
for 4) <¢ <q. This proposition (‘interpolation’) reduces the proof 


t For example in the Hausdorff inequalities 


Ty(f) < (Xlem|p)?, (Llemlayl* < (Ὁ): 
or in our own inequalities involving 
J olf), (XS |rm|+1)?-2 |e |P.--55 νος 
t The original model is Hausdorff’s (Hausdorff, 4). 
§ g’isap. Thesymbol ->, when standing between propositions, is Hilbert’s 
symbol of implication, 
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of Q(q) either to a proof of Q(q) in the two extreme cases, g = 2 and 
q = ©,f or to its proof for some particular sequence of values of q, 
usually the even integers.{ When the operations or functionals in- 
volved in the problem are linear, ‘interpolation’ may be inferred from 
M. Riesz’s theorem concerning the convexity of linear functionals.§ 

(c) We prove, say, Q(2k), and this generally requires some special 
trick. It is here that the individuality of the problem is likely to 
declare itself most clearly, the other stages of the proof being usually 
effected by appeals to general theorems or arguments now of 
standardized types. 

This is the standard position; the position here is abnormal. Here 
stage (c) of the argument is trivial, as we saw in ὃ 1.2. Stage (b), on 
the other hand, collapses altogether. The operations involved here 
are not linear; /’, even the exact majorant, is not a linear functional 
of f. There is therefore no general theorem to which we can appeal 
for the proof of ‘interpolation’, and we are unable to prove it by any 
special device. Indeed ‘interpolation’, in the most obvious sense 
(and the sense in which it would be true if the operations were linear), 
is false, since (1.2.2) is true for g = 2k and not for general gq. 

It is perhaps rather surprising in these circumstances that, in spite 
of the non-linearity of our operations, we can put through stage 
(a) of the argument and so prove Theorem 1. The arguments gene- 
rally follow familiar lines, but the non-linearity gives them some 
curious twists. 

2. Proof of the theorem 

2.1. Our main theorem|| is 


THEOREM 1. If p' 1s aq for which (1.4.1) ts true, for every f and EVERY 
majorant Κ᾽, and in particular of 


«2k 
— _ το τος oo eae ean τω )ς 
page Ὁ ( ) 
then (1.4.2) is true for every f and SOME majorant F. 
7» 
We write i,= D> τοῖν. 
—n 


+ As in F. Riesz’s proof of Hausdorff’s theorems; see Εἰ. Riesz (6). 
ΠΣ As in Hausdorff’s own proof of his theorems (where the case g = 2k is 
derived from Young), in one of M. Riesz’s proofs of the theorem about con- 
jugate functions, or in our own proof of the theorems referred to on p. 306, 
note +. See Hausdorff (4), M. Riesz (7), Hardy and Littlewood (1). 

§ M. Riesz (7); see also Hardy, Littlewood, and Pélya (3), 214-19, Theorem 
295). || Which we stated without proof in (2). 
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Thus ἢ, is the ‘Fourier polynomial’ of f of degree n. We use a similar 
notation for other functions. 


We denote by F) any integrable function such that f, -« (F™),,, 


i.e. such that eal =O, (jm| <n). 


Thus F™ depends to some extent upon f,,, but has an arbitrary ‘tail’, 
in which the coefficients may be complex. When n --» οὐ, F™ becomes 
a majorant of f. We define A,(n) by 


A,(n) = max I oy (2.1.1) 


Here ‘max’ means ‘upper bound’, and the upper bound is taken over 
all f,, and all £'™ associated with each Sue We shall see in a moment 
that this upper bound exists. 

Next, let g be any function of L?, G,, any ppoiiciin of degree 
n which majorizes g,,, and 


| mene ᾿ Jy(G,) 
ACE n) mn J,(9) 
(the lower bound for all such G,). This lower bound is attained for 
one or many G,,, which we call G*; and we can select one G* so as to 
be uniquely defined by g.t We now define p(n) by 


y(n) = max u,(9,) = max ae (2.1.2) 


the upper bound being taken over all g and the uniquely corresponding 
Gi. In this case also we shall see that the upper bound exists. 


2.2. Lemma 1. The bounds d,(n), μι (01) exist. 
(1) Given f,,, F™, we havet 
ml = lem(Fn)] S Cm( PO) < ALP) SIF) (μη) <n), 
Ifn| < (2n+ 1)max jc (2n+ 1} (ὦ), 
|Im|<n 


ae 
In) max|f, 
TF) S Tape) SPF} 


Hence A,(n) < 2n+1. 


Τ᾿ The existence of one G¥ at any rate is shown by the ‘Bolzano-Weierstrass’ 
argument, applied to the space of 2(2n+1) real coordinates defined by the 
real and imaginary parts of the 2n+1 coefficients. 

If there are many G*, let τ - ἦν be the central coefficient of a G*, and select 
those for which wu has its maximum value. If this is not enough to define a 
unique polynomial, apply the same process to v, and then, if necessary, to 
eter coefficients. 

; We use c,(h) generally for the mth Fourier coefficient of h. Without an 
explicit argument, c,, means c,(f). 
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(2) Given g, let G,, be the exact majorant of g,, 1.6. 
| “..: 7. 
By the definition of G*, 
Ip( GE) < (αὶ. 


Also en(,) = lenlg)| < 9) < Jplg) 
J,(G,) < max|G,| < (2n+1)maxc,,(G,) < (2n+ 1) (9), 
and so J(Gn) τς (6) < 2n-+1. 


9] (9) J(9) | 
Thus both A,(n) and y(n) exist (and do not exceed 2n-+ 1). 
2.3. In what follows we write generally 
χρῷ) = |Elrsgn ζ, 


where the bar denotes the conjugate. Thus y,(¢) = p’-!e-** when 


{= pe. 
Lemma 2. If his a trigonometrical polynomial, and t and y are real, 
then Ε 
Ε : | a tety +mid |r i) = rR{e'¥c_,,[ x-(2) }}- (2.3.1) 
dt 27 
a "ΣΕ 


We may differentiate under the integral sign. Also, if h = ροῖα͵ 
we have 


|hy| = |A-tetv+mi8| — vip? +B + 2pt cos(mb+y—a)}, 
© thy!" = rlhult-2(¢-+p cos(mnd-+y—a)} 


djl r r aan 7 ἢ r—1 = 
sa [Ὁ 4) - | οοδῴμηθ-Ἐ-γ---α) 40 


ἐ-- 0 
= ἽΕΙ | |h|\"sgn h emié a) 
2a \2r 
the formula required. . 


2.4. Our next lemma is decidedly more difficult, and its proof 
contains the kernel of the proof of Theorem 1. 
Lemma 3. For every q and n | 
A,(n) = By (n). (2.4.1) 
(1) We show first that do S Pe’ oo (2.4.2) 
this is the easier half of the proof. 
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We start from an f, an f,,, not null, and an associated F™, take 
g = Xq(fn) = fn |2-3sgn ἢ,» 
and denote by G* the function associated with g in the manner of 


§ 2.1. We write 
kim = ορι(9), Κὰρ = Cm(Gn). 


Then σα.) = = wa | fs gue = 2% I, 
27 
SS lemlleml <3 Cn KE (2.48) 
since |c,,| < C,, and |k_,,| < K*,,, by the definitions of FPF“ and Gy 


respectively. But 


ΠΤ 


Σ ΟΝ ΞΞΞΞ ᾿ | FOG dé = “Ὁ (ΡΟ). (GE). (2.4.4) 


Hence, by the definition of μῳ; 
οὔ.) τ ( POW (6) < TLL) bag TQ) = μῳ (Fons 


pe. 2m, (2.4.5) 


which proves (2.4.2). 
(2) Secondly, we prove that 


ἐφ aN, (2.4.6) 
Suppose that g is L”, G* (not null) is the function associated with g, 
ane ok, = e,(g), Ke = οὐ (ΟἿ). (2.4.7) 
We writet H™ = x,(G*) = |G* |p sgn GS, (2.4.8) 
Doe): 
and we begin by proving some properties of the L,,. 
(i) It follows from (2.4.8) and (2.4.7) that{ 

HO — |G*[p-2G* = |G |p? Ὁ K* e-mi9 (2.4.9) 


(since K* is real). Since 


|Gn(—9)| = 1G (8)| = [Gn (@)I, 


+ It will be shown later that H™ is related to an ἔμ as F™ is to ἔμ in § 2.1: 
the notation anticipates this. 
1 Unless G* = 0, which can happen at most for a finite πα ἐδ of values 
of @. : 


4.39 
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the first factor on the right of (2.4.9) is real and even, and has, 
therefore real Fourier coefficients. The second factor also has real 
coefficients, and so therefore has H™. Hence 


(4) δι 18 real for all m. 


(i) If K* > μὲ, | (2.4.10) 
then, by the minimal property of G*, | 
J2(G*+-tem) > JP(G) (2.4.11) 


for small real ¢ of either sign. Hence 
d | : 
G*+temi9)' - 0; 
5 JP ( — 6 Mf > 
and L_m = R(L__) = R{e_n(xp(G*))} = 0, 
by Lemma 2 (with y = 0). Thus 
(ὁ) Lim = 0 if KE > [κω]: 


(ii) This argument fails when Kt = m = |Km|, Since K,, = ¢,,(G) has 
to satisfy K,, > |k,,|, and ὁ cannot be negative. But (2.4.11) is still 
true for positive t (and |m| <n), and so L_,, > 0. Hence 


(c) L_,, = 0 for |m| = nN. 
Hence (H™) => L,, em® 


! 
Θ 


has non-negative coefficients. And if we write 
L, = L,sgnk_, (\m| <n), I,=O0 (lm| >n), (2.4.12) 
then (H) is a majorant of 
hy = > 1,0, 
--ν 
and 
(d) H™ ws of the type H™ of ὃ 2. L, v.€. 18 related to h, as F™) is to 


f, wm § 2.1. 
Now 
I 


J2(G*) = = | G* H dp = SKRL, = Σ eal Za 


on account of (b). This, by (2.4.12), i 


n ] ᾿ 
Σαρα, τὸς, | gy dO < ST, Ah) 
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Combining these results, and using the definition of A,,, we obtain 


TE(Gn) < ὦ. ae Πρ (9) "(6 5), 


and therefore (2.4.6). This completes the proof of Lemma 3. 
2.5. Lemma 4. For every r, f, and n, 
Telfn) < Arf): (2.5.1) 


This is one of M. Riesz’s seas 

Lemma 5. If (1.4.1) is true for a particular q, all f, and all majorants 
τ Fe Ey) < Ag JAF) (2.5.2) 
for every f,, and every F™ associated with f, as in § 2.1. In particular 


(2.5.2) is true when q = 2k. 
Since F™ is a majorant of ΤᾺ 


Tf) K< AgI (Fe) < Agh (Ph), 
by Lemma 4. 

2.6. We can now prove Theorem 1. Since (2.5.2) is true for all f, 
, (n) 
and #™, A (n) «- 4, 
and therefore, by Lemma 3, 

Lg (n) <. Aes 
_IR£f then p = ψ΄, ᾳ = ρ΄, we have 
I(Gn) < 4,,.. 9) 

for every n and every associated pair g and Gj. There is thereforet 
a sequence (n,) such that ΟἿ, converges weakly to ἃ G* for which 


J, (G*) < — A, J(9 ). 
Finally C, n(Gm,) = emg) | 
if n, > m, so that 


Cm(G*) = lime, (GE) > len(g): 


Vo 


for all m, and G* is a majorant of g. 


1 M. Riesz (8), Theorem 5. t F. Riesz (5), ὃ 7. 
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3. An appendix 
3.1. We have now completed the substance of the paper, but we 
add a few minor observations. These do not take us far, but, since 
they may have some bearing on the unsolved problem, are probably 
worth recording. It is inevitable in the circumstances that they 
should seem rather disjointed. 
We require 


Lemma 6. If fis 177, 
g = x(f) = [fi senf, 


and bn ἘΞ Ο. μ((9) = 0 
for a particular m, then J,(f) is increased strictly by any alteration of c,,. 
Let fi =fteen? 


where c #0. If JA(f) = 0, f is null, f; not null, and J,(f) < J,(f,). 
Otherwise we have 


lf Ι ἢ 
Jif) = sz | lado = = | fig ao 
7 Qa 


SIMA)IG) = FADE MP), 
and so J.(f) < J(f,). Equality demands 

eo ἃ ae 
and also senf, = sgeng = senf; 
so f, = f, which is false. 


3.2. THEOREM 2. If 
| ml SC 


m (Mm, <M) | 
and, among all polynomials f,, which satisfy these conditions, f* gives 
a maximum for J.(f,,), then . 

ml = Cy (jm| < 2). 


If g ἘΞΞ Χ 118}; ee ἘΝ Cy (J), 
and ; = 0, (3.2.1) 


then, by Lemma 6, any change in c,, increases J,(f,,) strictly. Hence 
fn cannot give the maximum unless C,, = 0, when there is nothing 
to prove. 
If [οὐ] < C,, then 
(fa +terven®) < dfn) 


Tt Since k_,, = Ὁ. 
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for all real y and small positive ¢. Hence, by Lemma 2, 
R(e'vk_,,) = 0 
for all real y. This implies k_,, = 0, which is impossible because 
C0, | 
3.3. From Theorem 2 we can deduce another theorem bearing on 


our main problem. 
It is easy to see that there are ‘maximal pairs’ f,, F™ for which 


σι) = Aq MIF) Ὁ 
For such a pair f,, F™, all of (2.4.3)-(2.4.5) become equalities. 
From this it follows that g, G* are a maximal pair in the conjugate 
problem, and that , 
ΟἹ = VNgXqlF™) = dA, | F211 sgn Fo, 


Also len | (kan | = Oy K* ns 
and so lem = Cn (μη) - ἢ) 
unless | tea 


Theorem 2, however, enables us to say more. 

THEOREM 3. If f,, and F™ area maximal pair, then F™ is the exact 
majorant of f,,. 

For, if this were not so, we could leave F™) fixed, and increase 
Iulfn) JE) by changing f,. 

Finally we prove 

THEOREM 4. If C= ¢. =< ©. 
and, among all polynomials f,, which satisfy these conditions, fr gives 
a maximum for J.(f,,), then every cX is 0 or Οὗ, 

In the first place, as in § 2.4 (2) (i), 
| g = x,(f) = If" senf 
has real Fourier coefficients. 

Next, as in the proof of Theorem 2, 

Kin = δ. ,,(9) = 9, 


1 We select a maximizing sequence f), F(%), Then f™) has a limit function 
Jn» when N -> co appropriately. Also 1, ) has a weak limit F™ for a sub- 


sequence of N, and J(F™) < lim J(F™¥). 


τ Π89 Tn) > Aq nT F™) s 
and the opposite inequality is a consequence of the definition of A,(n). 


443 


444. 


ΟΝ MAJORANTS OF FOURIER SERIES 315 
if 0<c,,<C,; and then, by Lemma 6, any change in ¢,, will 
increase J,(f,,). Hence, for the maximal polynomial, c,, is Ὁ or C,. 

There are other proofs of Theorems 2-4, but we have chosen those 
connected most closely with the analysis of § 2. 


REFERENCES 


1. G. H. Hardy and J. E. Littlewood, ‘Some new proper of Fourier con- 
stants’: Math. Annalen, 97 (1926), 159-209. 

2. , ‘Notes on the theory of series (xiii): Some new properties of 
Fourier constants’, J. of London Math. Soc., 6 (1931), 3-9. : 

3. G. H. Hardy, J. E. Littlewood, and G. Polya, I nequalitres (Cambridge, 
1934). 

4. Ἐς. Hausdorff, ‘Eine Ausdehnung des Parsevalschen Satzes iiber Fourier- 
reihen’: Math. Zettschrift, 16 (1923), 163-9. 

5. F. Riesz, ‘Untersuchungen iiber Systeme integrierbarer Funktionen’: 
Math. Annalen, 69 (1910), 449-97. 

, ‘Uber eine Verallgemeinerung der Parsevalsche Formeln’: Math. 
Zeitschrift, 18 (1923), 117-24. 

7. M. Riesz, ‘Sur les maxima des formes bilinéaires et sur les fonctionnelles 
linéaires’: Acta Math. 49 (1927), 465-97. 

, ‘Sur les fonctions conjuguées’: Math. Zeitschrift, 27 (1928), 218-44. 


6. 


8. 


CORRECTIONS 


p. 305, (1.2. η. The indices 2/k should be 1/k. 


p. 305, (c). The argument here seems to be incorrect, since a majorant of |f | 


need not be a majorant of f (take, for example, f(@) = sgn@). The argument 
can be corrected by defining ¢ by 4(6) = | f(@)|te#***/, where arg [(0) has its 
principal value (i.e. -- πὶ < argf(@) < 7m, and argf(#) = 0 when f(@) = 0). 
However, the measurability of this ᾧ is not quite obvious, and to complete 
the proof we need the following lemma. 


Lemma. Let f be a complex-valued function measurable on [—2,7], and let g 
be the function with domain [— 7, 7] whose value at each 6 € [—7, 7] is the principal 


value of the argument of f(@). Then g is measurable. 


Let f = u+iv, where u and v are real-valued, and let E; (j = 1, 2,..., 6) be 
the subsets of [—7,7] in which respectively u(@) > 0, u(@) < 0 and (8) > 0, 
μ(θ) < 0 and (8) < 0, u(@) = 0 and υ(θ) > 0, u(@) = 0 and υ(θ) < 0, and 
u(@) = ν(θ) = 0. These six sets E; are clearly measurable. For points @ 
belonging to £,, H,, E;, Ε,, Ες, Ἐς» 9(8) is equal to 

tan—1{v(8)/u(8)}, π- tan—{o(9)/u(8)}, —aw+tan—{v(6)/u(8)}, 42, —4r, 0, 


respectively. The restriction of g to EH, is the composite of the continuous 


function ὕϑη 3 and a measurable function, and is therefore measurable on ἢ. 
Similarly the restrictions of g to HZ, and H, are measurable on £, and HE, respec- 
tively. Since g is constant on H,, H;, E,, it follows that g is measurable, as 
required. 

p. 305, second line of § 1.3. For g > 2 read g > 2. 

p. 305, line 4 from below. Read (0) = 1+ re —arre3?, 

p. 305, last line. Read (1.3.1). 


p. 306, note t, line 2. The first sum should be > |c,,|”, and similarly for the second. 
In line 4 transpose (>. 


| COMMENTS 
§ 1.2. The results of (a) and (b) can be strengthened to the following forms. 
(x) If fe L?, then f has an exact majorant F Ε 1,3, and J,(F) = J,(f). 


(8) Let k be a positive integer. If f € L, and there exists a majorant F of f such 
that F € L*, then fe L*, and “,κ(5) < Jox(F). 


Here (a) and the case k = 1 of (8) are trivial consequences of the Riesz— 
Fischer theorem, so that it is enough to prove (β) for k > 1. The argument 
of § 1.2 (δ) shows that if F is a majorant of f, and both f and F belong to L*, 
then Jo;(f) < Jo,(F). Now let f ε L, let F be a majorant of f such that F ε L*, 
and let s,, be the nth partial sum of the Fourier series of f. Then F is a majorant 
of s,, whence Jo,(8,) < J,(F), by the case already proved. It follows that 
a subsequence (8,,) of the sequence (8,) converges weakly in L** to a function 
ge L* such that Jy,(g) < Jo,(F). Moreover, οί) = limcm(8p,) = Cm(f) for 
all m, so that f(x) = g(x) p.p., and this proves the result. 


There is also a result corresponding to k = +00, namely: 
(y) If F is a bounded function with non-negative Fourier coefficients C,, then 


οο 
Σ C, < esssup |F|. 
— © 


Hence if F 1s a majorant of f, then f 1s bounded and 
esssup|f| < esssup|F'. 
Here the Fourier series of F' at 0 is bounded (C, 1), and, since it has non- 
negative coefficients, is therefore convergent. 


§1.3. R. P. Boas, J. d’Analyse Math. 10 (1962-3), 253-71, has shown that 
(1.3.1) is false for every g greater than 2 that is not an even integer. 


§ 2. The argument of this section actually proves the equivalence of results 
of the form of (1.4.1) and (1.4.2). More precisely, the argument gives the 
following: 

Letl < p < +0, and letq = p’ = p/(p—1). Then tf ecther of the statements 
(I,), (II,) below is true, so is the other. 


(1,) For each f of L? there exists a majorant F of f (belonging to L”) such that 
J(F) « Ci(p)J,(f), where C,(p) depends only on Ὁ. 

(II,) Each integrable f which possesses a majorant belonging to L* itself belongs 
to 1.4, and there exists a constant C,(q), depending only on q, such that 


Tlf) < ClQIl F) 
for all majorants F of f. 
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Since (110) is true when q = 2k (k = 1, 2,...), this implies that (I,) is true 
when p = 2k/(2k—1). 

The result that (I), implies (II), has been proved independently by R. P. 
Boas, loc. cit. Boas includes also the case p = 1. 

We can also show that (I,) is false for 2 < Ὁ < +0, so that (II,) is false 
for 1<q< 2. To prove the falsity of (I,) for 2 < Pp < +00, we use some 
results for power series. Given a function ¢ regular in the unit circle, with 
Taylor series > c,2", we say that a function ® regular in the unit circle is a 
majorant of ¢ if ᾧ has Taylor series Σ᾽ ΟἹ, 25. and C,, > |c,| for 8}} n. We call 
the function ®* with Taylor series > [6,2 the exact majorant of ¢. 

The following result is an immediate consequence of M. Riesz’s theorem on 
conjugate functions (see Z I, p. 253). 

If (1,) holds, where p is any given number such that 1 < p < +00, then for 
each ᾧ € H® there exists a majorant ® of ¢ belonging to H” such that 


| (0)? do < Alp) [|φ(ὁ,9γ}ν a8, 


where A(p) depends only on p. 
We note now that if ® belongs to H?, then, by an inequality of L. Fejér 
and F. Riesz (Math. eee 11 (1921), 305-14), 


f (p)|? dp < Bip) Ϊ | (08) |? a. 
aa | 

Hence if (I,) holds ΕΗ any p satisfying 1 < p < +o, then for each ¢ ε H? 
there exists a majorant ® of ¢ such that 


1 7 . 
i [(p)|? dp < Op) [| [p(e%)|? a0. (1) 


Since also ®(p) > δὴ) 5 > 0, where ®* is the exact majorant of ¢, (1) implies 
that 


f {O*(p)}? dp < O(p) [ |p(e!®)|? a0. (2) 
0 -π 


However, this inequality (2) is known to be false when p > 2, acounterexample 
being given by 
φ(:) = Σ »γγ-ὶ -δρίαπτοι nn (α > 0, ὃ » 0) 
(see 1926, 7, p. 206; the inequality is true for p < 2). Hence (I,) is false for 
2 «» - +o, and therefore (II,) is false for 1 < q < 2. 
It should be mentioned also that Kahane, Proc. Koninklijke Ned. Akad., 
A. 60, No. 3 87); 268-71, has given an pepe of an integrable f with 


. Fourier series 6, e™® such that the series c, |e™® is not a Fourier series. 
n n 


— © 


NOTE ON THE THEORY OF SERIES (XXIII): ON THE 
PARTIAL SUMS OF FOURIER SERIES 


By G. H. HARDY anv J. E. LITTLEWOOD 
Received 17 February 1944 
1. In what follows f(0) is a periodic function of L?, 
T(0) = taygt+ 9 (a, cosn? +b, sinn@) = $A,(0)+ “ A,,(9) 
is the Fourier series of f(@), i 
s,(0) = $Ag(0)+ Σ Ay(O) = Σ΄ AO) 
is the nth partial sum of 7'(7). We denote by n(@) any function of ? which is measurable, 
is finite p.p.t, and assumes non-negative integral values only, and by n(/, H) an n(/) 
none of whose values exceeds H. We shall sometimes write NV for n(@), and V() for 


n(0, H), to simplify the set-up of formulae. 
We define S,,(@) and (0) by 


S,(@) = Max |s,,(@)|, 5.(0) = lim S,(@): 


mae 


S(O) may be infinite. Finally, we write 
λ, = (In) = flog (n+2)}-?, AR(@) = Δ, 4, (6), 
and derive s*(0), S*(0), S*(0) from A*(@) as we derived s,(@), S,(@), S(@) from 4,,(). 
Our object here is to give a fairly simple proof that | 


(A) [7 Ist) ρα ΞΟ [ἢ | £0) a0, 
where C is an absolute constant, for every n(@). The inequality is equivalent to 
(ΑἹ [Γ 1850) 548 ὁ (1 P03 


2. Some preliminary remarks are desirable to clear the ground and show the 
relations of (A) or (A’) to inequalities proved already by other writers. 
(1) We may suppose without loss of generality that /(@), @,, 6, are real, aj = 0, and 


[7 pao =. 


+ Almost everywhere (presque partout). 
t{ If we choose N = n(0)<H so as to make [85(0}} as large as possible for each 0, we obtain 
an inequality like (A’) for S2(0); and (A‘) itself follows when H -> oo. 


1944, 1 (with J. E. Littlewood) Proceedings of the Cambridge Philo- 
sophical Society, 40, 103-7. 
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104 6. H. Harpy and J. E. ΤαΤ ΤΙ ΒΟΟΡ 
(2) The inequality (A) is the special case p = 2 of 


(B) [7 leo) 1? 205 C(x) {” | f(a) |v a9, 


where 1<p 2, s3(0) involves a convergence factor (In)-/?, and C(p) depends only 
on p. This is proved by Littlewood and Paley(4), who mention that we had proved (A) 
before. The proof of (B) is so intricate that it seems worth while to print our much 
simpler, and still unpublished, proof of (A). 

(3) It is the last, and strongest, of a system of nine inequalities, most of which 
appear somewhere in the literature, namely 


(1) | svcand9 <C JIA), (2) ΠΣ σι (ΗΠ, (8) | shuedd 5 ClH, 
| | S| sy 
w franmise— Frans ©) {1} γε 
(7) [sso <C, (8) ΠΣ σ, (9) |ewaos σ. 


Some of the relations between these inequalities are obvious. Thus the implications 
83>2>1, 6>5>4, 9-+8>7, 653, 5352 
are all trivial; and ° Il>2, 4>5, 7>8 


are all but trivial}. Also 


| s,,(9) | = Σ ΝΣ ΞΞ ι Max | Sm 0) | ΒΑ xu, oul, 
by partial summation, so that 9>6, 8-5. 


Thus (9) implies all the other inequalities; actually we shall find that it lies a little 


deeper than the rest. | 
(4) The inequalities (1), (2), (4), (5), (7) and (8) are due to Kolmogoroff and Seliver- 
stoff(2,3) and Plessner(5). The first concern of these writers was to prove the theorem 


(C) ‘T*(0) = X'A*(@) converges p.p.’, 


and the inequalities contain the kernel of the proof. Actually Kolmogoroff and Seliver- 
stoif used (1) and (2) in (2), in which they prove only the convergence of DATA, (0), 
and (4) and (5) in (3); Plessner proved (7) and (8) in (5); and Zygmund (6, pp. 252-5) 
follows Plessner. It should be observed that, although Kolmogoroff and Seliverstoff 


+ Suppose, for example, that we have proved (7), so that, in particular, 


fon 2)(9) dé 


with a C independent of H. If ¢,(0) and y,(0) are the lower and upper bounds of s*(0) for 
nH, then ᾧ (0) Ξ 85(0) Ξ yy(9); and }$,(0)S0, wy(9) = 0, since ay=0 and so sy (0)=0. Hence 


| Su 9) | S¥,(9) a ? (9), if Siu) | do = [va do | ΕΝ || 640) αὖ | = 20. 
Making H +o, we obtain (8), with 2C for C. 


ΞΟ, 
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proved less in (2), this paper contains the fundamental identity (8.8), which is the first 
key to all these theorems. 

Considered merely as a weapon for the proof of (C), (9) has no advantage over (8)7, 
though each has some advantage over (5) or (6). But it proves ἃ good deal more, in 
particular that XA*(0) converges ‘dominatedly (L*)’. 

(5) We prove (9) in two stages, proving first (6) and then (6) - (9). 


3. Proof of (6). We have supposed f real and 


[ [340-- 1} 81) 
We have to prove that [ura <C, (3-2) 
where [7 = Ayo sno) = Avsy(9); (3:9) 
and it is sufficient to prove { Uzd0< C, | (3-4) 
where On = Anunsnun(9) (9:8) 


and C is independent of H. For, if we have proved (3-4), and define ἤῃ and W by 
Wiz = MaxaA,, | 8n(9) |, W = lim W,, 
MSH H->o© 


we have | waa0 <C, |weao <C. 


and the last inequality is equivalent to (3-2). 

Thus what we have to prove is (3-4), and from this point we may suppress the /, it 
being understood that all suffixes which occur are bounded by H. It 1s necessary and 
sufficient for the truth of (3-4) that 


[J] =| [vedo <C (36) 
for all ὁ = ¢(8) with [sao = J. (3-7) 
: πῆρ. 
We write C,,(0) = 4+cos0+...+cosné = ee 
2 sin $0 


Then J = | [An (0) 40} Κη ον -- Oat = « [float] v6) Cy(t — 0) dd; 
and hence, by Schwarz’s inequality and (3:1), 


Pes | | Ay(0) Cy(t—8) 49) at 


1 
= at [A,G(6) Cult 01) AM, | Aa6(02) Cyt — 0) As, 
where N,=7(9,;), N,=n(O.), Δ, ξλν, Ae = ἀν, 


+ Since S*(6) increases with n, it follows at once from either (8) or (9) that s7(@) is bounded p.p. 
If D(a? +62) «οὐ then there is a y,, increasing to co with n, such that Lyj(a,+6),)<co. Hence 
the partial sums of LA, /4,4,(9) are bounded p.p., and therefore LA, 4A,(7) converges p.p. 

t All integrals are over (—7, 7) unless the contrary is indicated. 

§ Not A,S,(0), because A,,S,,(9) is usually not monotone. 
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Changing the order of integration, and observing that 


= [Cult 01) Cv,(t 84) dé = Oy, (0.—0,), (8:8) 
where Δι = Min (Δ᾽, Δ), 
: 1 
we obtain σὴς [{4|42]φ(90}}|φ(09}} Oy, κ(θι -- 9,}} dO, dy 
Νον Ay Az φί(θ0 | | $2) | Ξ HAIS*(,) + A39"(9.)} 
a _ {sin {(M2+4) (9, — 92) Ο 
ον πὰ π| + a 
Hence AFSC, +4), 
40, 
h - [Δ3φ: : 
μὰ = [ἀῤλόυαο, |g a aR 
I 1 
But INN a, 
a poe |, — ὅς | + (Δ᾽. Ὁ 2) 1 | O,—6,|+ (N+ 2)-1 
and hence (since δὴ is independent of 6,) 
n dO, an do 
1; nn; Pe cee — ----- 2 log {2m(N, + 2)4+ 13< CLIN, = CA=?. 
[π —6,|+ δ. +2) nL prea og {27(N, +2)+ 1} 1 1 


‘Thus I<C | $(0,) 40. < 


Similarly J, < 0, and (3-4) follows. 


4. Deduction of (9) from (6). To deduce (9), we must use one of the theorems of our 
paper (1), viz. 
" Max o2(A)d0<C “PO ) dé, (4:1) 
where σ΄, (0) is the first Cesaro mean of s μ(θ), and Max o?(@) the upper bound of 02 (6) 
for all nt. It will be observed that (9) is the only one of the nine inequalities which 
depends upon a theorem of this kind. | 
We may suppose NV > 1. Then two partial summations give 


N N-1 
δ΄ (0) = Σ΄ Am Am(4) ἘΞ ~. Sm(@) AA, + Ay Sy (9) 


N-2 
= py (m+ 1)0,,(@) AA, + Noy_;(@) AAy_1+AySy(9) = Py t+ Oy + Ry, 


say; and so SN S3(Py+ Q% + RB). (4-2) 
First | Ba0 = lz dO SC, (4:8) 
by (6). Secondly OSAAy_41S ἘΞ ἘΝ < a ; 

N(LN)?~ N | 
and so | | exa0 < σ [σὰ 0) ἀ0Ξ3 0, | (4-4) 


Τ (1), pp. 110-11 (Theorem 21), where more is proved. 
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| C 
« 1 < 2 “0. τ. oreo — 
by (4:1). Finally 0<A7A,,8 (m+ ΠΣ (hm) 
= 1 
and so | Py | SO Max | om(9) | & Gray Gini 3 CMa | 0() 
ΠΩΣ ¢ [Maxo3(0) dos C, (4:5) 


again by (4:1). Finally, (9) follows from (4:2)—-(4-5). 
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COMMENTS 


p. 104. The inequalities (1)}-(9) were the fruits of attempts to decide whether the Fourier series 
of a function of L? converges p.p. This question has now been answered affirmatively by L. Carle- 
son, Acta Math. 116 (1966), 135-57, and to this extent the inequalities (1)-(9) have been super- 
seded. 
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(d) Special Trigonometric Series 


INTRODUCTION TO PAPERS ON SPECIAL 
TRIGONOMETRIC SERIES 


Trigonometric series > a, cosn6 and > a, sinn@ with coefficients a, which decrease 
to the limit 0 have a number of special properties, and in 1928, 9 and 1931, 1 Hardy 
dealt with the case in which a, ~ An, where A #4 0 and 0 < a < 1, obtaining 
asymptotic relations for the sums of the series as @ > 0. He also dealt with the case 
α == 1 for the sine series, and in 1943, 2, in collaboration with Rogosinski, he returned 


to this case and gave a simplified treatment of his own earlier theorem and of other | 


results. The culminating paper of this group is 1945, 1, again written in collaboration 
with Rogosinski, in which the results for series with decreasing coefficients of order n-* 
are extended to the case where the coefficients are in some sense slowly varying. 


The literature of this subject is fragmentary, since different writers have tended — 


to consider slightly different problems, and no attempt is made below to give references 
to related work. Accounts of the histories of the theorems considered by Hardy, and 
by Hardy and Rogosinski, can be found in 1931, 1,§ 6and 1945, 1,§ 6. Other references 
are given in ZI, Chapter 5, and R. P. Boas, Integrability Theorems for Trigonometric 
Transforms, Berlin, 1967. | 

The remaining paper of this group, 1941, 3, is on a different topic, and connects 
with Hardy’s work on transforms and integral equations. 
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A THEOREM CONCERNING TRIGONOMETRICAL SERIES 
G. H. Harpy*. 
[Extracted from the Journal of the London Mathematical Society, Vol. 8, Pies 11 


1. The theorem which follows was suggested by Mr. Haslam-Jones’s 
note in a recent number of the Journalt+, and is in fact a “transform ’’t 
of the theorem of Bromwich§ which he quotes. It is curious that, in 
spite of its simplicity, it has apparently been overlooked. 


ΤΉΒΟΠΕΜ 1. 1 f an ts positive and decreasing, and a, ~~ An~*, where 
A>0, 0<a<1, when n>, then 


- (0) = Σ a, 608 ΗΘ ~ A sin ξαπ I'(1—a) 677} 
1 


when θ --. Ο through positive values. 


* Received 15 October, 1927; read 10 November, 1927. 

1 U. 5. Haslam-Jones, ‘‘A note on the Fourier coefficients of unbounded functions’’, © 
Journal London Math. Soc., 2 (1927), 151-154. | 

+ See G. H. Hardy and J. BE. Littlewood, ‘‘On the strong summability of Fourier 
series ’’, Proc. London Math. Soc. (2), 26 (1927), 273-286 (278-279), for an explanation of the 
meaning ΟἹ tne word, 

ἢ T. J. TA. Bromwich, Infintte series (ed. 2, 1926), 518. 


1928, 9 Journal of the London Mathematical Society, 3, 12-13. 


18 A THEOREM CONCERNING TRIGONOMETRICAL SERIES. 
We choose a (large) positive number c and write 


(1) fO=A Sn-* 808 n0— A Σ n-*cosn 
: 1 


etl 


+ Σ (α,,---. 4 5) cos nO-+- Σ An cos nO 
1 w+] 


me S,+8,+83+S8,, 


say, where μ =([c/0]. Since a, is monotonic, we have 


v 
Σ cos 20 
μτὶι 


(2) | S4 | « An41 Max < K(<) = = Ke-* 62-3, 


v>p 


where K is independent of θ andc. A similar argument gives the same 
upper bound for | S,|. We can therefore choose ὁ so that 


(3) | Sa+S, |< 6" 


for all @ in question. But, when ὁ is fixed and θ-» 0, we have 


(4) S, = 5 o(n-*) =o "0 )=00™ 
1 

and 

(5) | S,~ A sin sar ΓᾺ ---α)θ.-1; 


and the theorem follows from (1), (3), (4), and (5). 


2. There is naturally a similar theorem for the corresponding sine 
series, and more general results in which a, ~ An-“(logn)~*, but it is 
unnecessary to state them formally, since the theorems and their proofs 
will easily be supplied by anyone who has read Haslam-Jones’s note. A 
more interesting observation is this: Theorem 1 (like Bromwich’s theorem) 
stands in a certain relation to the most familiar test for the convergence 
of a Fourier series, and it is to be expected that there will be a (still 
simpler) theorem bearing the same relation to Fejér’s theorem, in which 
no condition of ‘“‘ monotony” will be required. This is 


ΤΉΒΟΒΕΜ 2. If a, ~ An-*, where O0<a<l, then 


οο 


sin 20 A. 
An “ὦ — βὴ απ T(1—a) . 
1 n a 


The theorem is all but trivial, and its proof may be left to the reader. 


COMMENTS 


The result of this paper is included in Theorem 2 of 1945, 1. A converse is proved 
in 1931, 1. 
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SOME THEOREMS CONCERNING TRIGONOMETRICAL SERIES 
OF A SPECIAL TYPE 


By G. H. Harpy. 


[Received 10 May, 1930.—Read 15 May, 19380.] 


[Mextracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 32, Part 6.] 


1. In this note I develop more systematically a group of theorems 
some of which have been proved already in the Journal or Proceedings. 
They concern primarily the series 


(1.1) 2a, cosné = f(0), (1.2) Xa, sin ηθ = g(), 


in which n = 1, 2,38,..., and the a, are positive and decrease steadily to 
the limit 0. It is, of course, familiar that the sine series is convergent 
for all 6, and the cosine series for all @ save multiples of 27, and that they 
are the Fourier series of their sums when these are integrable. They also 
possess a number of interesting and less obvious properties, among which 
I may mention the following. 


(1) It was proved by Chaundy and Jolliffe* that a necessary and suffi- 
cuent condition for the uniform convergence of (1.2) is that na,—->0; more 
precisely, the condition is sufficient for the uniform convergence of the 
serves and necessary for the continuity of tts sum. 


(2) In a recent note in the Jowrnalt I proved that if 
(1.8) Ayn~An~*, 


where A>0,0<a<1, and the formula is to be interpreted as meaning 
Qn = o(n~*) when A = 0, then 


(1 . 4) f(0)~A sin ξαπ ΓᾺ ---αὐ θ5-|, 
(1.5). g(0)~A cos ξΖαπ Γ( ---αὐ 627} 


(with a similar gloss), when 0->0 by positive values. 


* Chaundy and Jolliffe, 2; Jolliffe, 8. Only the first form of the theorem is given in the 
first paper. In the second Jolliffe considers also series of more general types. | 
t+ Hardy, 8, | 


1931, 1 Proceedings of the London Mathematical Soctety (2), 32, 441-8. 
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(3) Littlewood and I have shown still more recently that ὦ necessary 
and sufficient condition that f(6) or φ(θ) should belong to the Lebesgue 
class L", where r > 1, is that Xn"-* a? should be convergent. 


The last theorem is of a different character and I shall not refer to it 
again. My object here is to go further in the direction indicated by (1) 
and (2). 


2. ΤΉΒΟΒΕΜ 1. Suppose that a, is positive and decreases steadily to 
the limit 0, that f(0) and φί(θ) are defined by (1.1) and (1.2), and that 
A>0, O0<a<l. Then(1.8) ts a necessary and sufficient condition 
for the truth of either (1. 4) or (1.5). 


I proved in my former note that the condition is sufficient, and it 
remains only to prove it necessary. The proofs for (1.1) and (1.2) are 
not quite the same, but we require in either case a lemma of a “ Tauberian”’ 
character. 


_ Lemma. If ας is positive and decreasing, or, more generally, if n~*a, vs 
decreasing for some k, and if (1.3) holds in some Cesaro sense, then (1. 3) 
holds in the ordinary sense. 


By saying that (1.8) holds in some Cesaro sense, say (C, 7), where r is 
@ positive integer, we mean that, if 
=a, αἱ Ξε α-...-αθ͵, α Ξε αἰ-Ἐ...- αὶ, we, 
then | 
Ε ΤᾺ -- α) 
(2.1) W~A DE» 


It is obviously sufficient to prove that (1.8) holds (C, r—1) if it holds 
(C, r). . 

Suppose then that (2.1) holds for a particular 7, and write A, for αὐ 
and C for the constant on the right-hand side. If 6 >0 and »=[{n+6én], 
then 


(2. 2) AnsitAnsot... $A, ~ Οἰ(-Ἐδ)ὺΡή. “--1} 7 αὶ 
If γ7}"1, An increases with 21, so that 
én An < C{(1+6)"-*—1} 2" *+0(n"—%, 
An 


r—l-—a 


T-—a 


N 


«Ὁ ery +o(1), 


1 r—l—a < 


3 
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and so, since 6 is as small as we please, 7<(r—a)C. Similarly, con- 
sidering a block of A, to the left of A,, we find that 1 > (r—a)C. Hence 


— 


= 1 =(r—a)C, and (1.8) holds (C, r—1). 


lf r= 1, (2. 2) is 
ῶ. 8) ἀρ αν eo ty ~ τ - [( Ἐδλ-6-- 1} εἴτα, 


We have now (supposing that k > 0, obviously the most unfavourable case) 


k 
Ay <= (+) An <= (1 +6)" An (n < hs v), 


and we deduce that 
A (1+6)!"*—1 


i= lim na. > 1 τς ee 


and so 1>A. Similarly ἰ < A, and (1.8) holds in the ordinary sense. 


Actually we require only the cases of the lemma in which ¢ is 1 or 2 
and * is 0 or 1. 


8. (1) Considering now the cosine series, we prove first that 
(8. 1) ΓΞ Ξ| (6) cos nO dd, 
0 


1.e. that the series is the Fourier series of its sum*. In fact, since the 
series is uniformly convergent in (e, πὸ for any positive ε, we have 


F(é) = ic du = — Zan anne 
θ 
and the series on the right is uniformly convergent for all θ᾽. Hence 


Os ez -Ξ [ ΕΘ) sin n8d@ = — — lim ei F'(9) sin nO dO 


qv WT ¢€—>»0 
= eas lim | — F(6) cos ne-+| F(@) cos no) ee [70 cos nO dd 
NT ——>0 \ € NT Jo | ; 


The integral here is in the first instance a “Cauchy” integral, but it 
plainly exists also as a Lebesgue integral. 


* This is a corollary of general’ theorems of a ‘* Riemannian’? aoe It is more 
appropriate here to give a direct proof. 


+ Since = nee is boundedly convergent. 


444 τς (. H. Harpy [May 15, 


We now deduce from (3.1) in the usual manner 


_ 1 [aq sin(n +8 ἫΝ af sin? 4(n+1)6 
a, = oT ; 700) sin 20. ἀθ, a, = re as (0) sin? 40 40. 


The kernel in the last integral being positive, the asymptotic value of 
a? may be calculated in the obvious way. We find that 


4 d Ξ ᾿ A 
ἘΣ ἈΝ εἰ ὑπο 1 α -- 8 2 πὶ ee 2—a. 
a, ~ — A V\(1—a) sin dar \ θ'"" sin $nO dé (i —a)Q—a) ως 
the justification of the process in detail is a straightforward piece of 
routine which may be left to the reader. Applying the lemma, with 
ry = 2, k = 0, we obtain (1. 3). 


(ii) Passing to the sine series, we observe first that the series 
Da, sin 26 sin m0 is uniformly convergent, since 


< ee ΩΝ a 
== sind@ Ὁ 


( (f 
Σ a» sin nO sin mO | < | m0 | | Σ a, sin nO 
Pp } 


It follows that* c= Ξ | σί(θ) sin mé dé. 
| 0 
Hence 


6 Man 1 τ eae 1 
" =i| (ὁ) ἢ οοϑύι- 2)θ =| 6) ὦ cos 30 70. 


: d@— — 
sin 30 w Jo 9 sin 40 


The second term is independent of 2, and the first, having again ἃ positive 
kernel, may be evaluated by substituting the asymptotic value of g(@). and 
replacing the upper limit 7 by o. We find that 


l-a 
1, An 


a, 


1—a’ 


and (1.8) again follows from the lemma, with r= 1, k = 0. 


4. The argument fails when a = 1, but the result still holds for the 
sine series with the obvious modifications. 


THEOREM 2. If a, decreases steadtly to the limit 0, then na, A isa 
necessary and sufficient condition that g(0)—> 347A, where 0-0 by positive 
values. . | 


* This again follows from general theorems ; the simple proof given here was suggested 
to me by Dr. Zygmund. See Zygmund, 10, 105. 
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The case A = 0 is the theorem of Chaundy and Jolliffe. The general 
case is not immediately reducible to the special case, since dy — An is not 
necessarily monotonic. 


(i) If na, > A, we have 


sin 16 


g(0)—9,(0) = La, sin nO—A Y —— 


= a,sinnO—-A 2» sin n@ = @,sinn@ 


n<c/é n<c/é 70 n> 619 


—A 2X smn νος Σ (a,—4) sin 90 


n>Cjo ἢ cla<n<Cle 


91 (9) +92(0)+93(9)+94(9) + 9ε(θ), 


Ἷ 


say, c and C being positive (small and large respectively) and independent 
of 6. Then 


nO= Σ OG =) O(n6) = 0(0.4) = 00, 


)= οἱ -) - ο(6): 


where the constants of the O’s are independent οὗ c and C. There are 
plainly similar upper bounds for g,(0) and g,(@); and we may therefore 
choose c and C so that 


q 
> sin 20 


Pp 


g3(0) = 0 (arora Max 


q>p>C]e 


| (θ᾽ --- σο(θ) --- σε(θ)]} « ε 


for all 8. Since σρίθ) 427A when θ-»Ό0, and 


= A\. pon ea 
9s(0) " "“ν- ἥ 0 (log Cc Ξ 00) 


when c and C are fixed, it follows that g(@) > 474. 


( To prove the condition necessary, 1t seems most convenient to use 
Poisson’s integral. We have 


2 oF. 7 1 ft  U—rygig)d 
2 Ont sin nO = on i 1— 2r cos(¢—8)+77 
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for r <1, and so, differentiating with respect to @ and putting 0 = 0, 


e  , 2» [-6 -- - γῇ σ(φ) sin φ ἀφ 
2 nag? as Ϊ (1—2r cos φ-)γ 


OA ! (l—r)¢d@ Α 
» [4 -ρῦφ}}} 1-Ὁ} 


when 7γ- 1, Since a, > 0, it followst that 


Ay +2ag+...+20n~ An, δι, = na,->A (C, 1). 


Since 6,/2 decreases, it follows from the lemma (with r= 1, k = 1) that 
b,—2 A. 

There is no precise analogue of Theorem 2 for the cosine series. It is 
easy to prove that na,—> A implies that 


f(0*) ~ A log oa 


but the converse is false. Thus, if we take 
bg Or AG ane Ot. ΕΞ 1, ...,): 
we find without difficulty that /(6) differs from 


VO = % Ea sin 20 
1 


by a bounded function, and that W(0) -- log(1/6) when 0+>+0. But 
plainly na, does not tend to a limit. 


5. There is a theorem “ reciprocal’? to Theorem 1 in which a, is not 
restricted to be monotonic but the series are supposed to be Fourier series 
of monotonic functions. 


ΤΉΕΒΟΒΕΝ 8. If the serves (1.1) is the Fourter serves of Κ(θ), or (1. 2) 
of g(@), and Κ(θ), or σ(θ), decreases steadily as 0 increases from 0, then 
(1.3) ws ὦ necessary and sufficient condition for the truth of (1.4), or 
(1.5). : 


The proof is very much like that of Theorem 1 (the roles of θ and n 
being roughly interchanged), and I need hardly write it out at length. 
One half of the theorem, that (1. 4), or (1.5), implies (1.8), is nearly, but 
not exactly, the same as a theorem of Bromwich generalised by Haslam- 


* Here again I omit some details which the reader will easily supply. 
+t Hardy and Littlewood, 4; Hobson, 7, 185; Landau, 9, 50. 
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Jones* in a recent note in the Journal. Bromwich supposes, for example, 
that /(0) = 6-*4(8), where (0) is of bounded variation. If φίθ) decreases 
steadily, the result is included in Theorem 8. We could replace the hypo- 
thesis that /(@) decreases by the hypothesis that its variation in (0, 7) is 
O(@-*), and then our result would include the more general form of 
Bromwich’s theorem. 

We may also modify the theorem by assuming that (1.1) converges to 
f(0), or to Κ(θ) = 41 f+0)+f(@—O)}. It is then easily proved that the 
series 15 the Fourier series of f(@). 


6. Theorem 2 reduces to the Chaundy-Jolliffe theorem when A = 0. 
The most sophisticated part of the theorem is that which asserts that 
Na, > Ο is a necessary condition for the continuity of g(@). It may be 
worth while, in conclusion, to reproduce Jolliffe’s ingenious proof, which 
does not depend in any way on the theory of Fourier series, in its simplest 
form, since the point is rather obscured in his paper by the greater 
generality of the series considered. 

Let θ = 7/(2m-+-1), where m is integral, and write 


m = 
gO) = SH 2 + = = 91) +92(6) +956). 


Then 
gi (9) = An Σ sin 20 = 9 oe 10 cos 40, 
2m 
g2(0) > Gen 2 gin 9860 = — 5 os 7 cos(2m--4) 6, 
m+ 3 
Aan ᾿ 
| 93(9) | < @em41 Max > sinn0| < Tsin τὸ {1—cos(2m+4)6}. 
Hence 2 sin 5θ σ(θ) > am cos 40— don. 


The left-hand side is o(1/m), and we can omit the cos40 with error 
O(1/m?) = 0(1/m). Hence 


1 
Qi —Aan = O (—) 


and 
| Amn | < | Ain — Aom I+ | Lym — Aan me <7 —~ sae! +4+4-4.. 


if mis sufficiently large. 


* Bromwich, 1, 494; Haslam-Jones, 6. 
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COMMENT 
An easier proof of Theorem 2 is given in 1943, 2. 
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NOTES ON SPECIAL SYSTEMS OF ORTHOGONAL 
FUNCTIONS (IV): THE ORTHOGONAL FUNCTIONS 
OF WHITTAKER’S CARDINAL SERIES 


By G. H. HARDY 
Received 4 March 1941 


1. Suppose that » runs through all integral values, that (¢,,) is a system of 
normal orthogonal functions for the interval (— οὐ, 00), and that 7, is the Fourier 
transform of ¢,. Then, by Parseval’s theorem for Fourier transformsf, 


[Yntnde = [φ, , ἀν, 


and (ψ᾽,.) is also a normal orthogonal system. 

The system (¢,,) is complete if there is no non-null function of 13 sechoaoudl 
to every ¢,,. It is closed if the class of ‘polynomials’ in the ¢,, (the class of finite 
linear combinations Xa,¢,) is dense in 72; i.e. if we can make 


[it-20,4, Pde <e, 


for every f of Z* and every e. The properties of completeness and closure are 
equivalent. — 
If f and g are a pair of Fourier transforms of Z*, then 


, Ι j= La, P, |? da -{I 9a, γ᾽, Pda. 
It follows that (y,,) is complete (closed) if and only if (¢,,) is complete (closed). 


2. Next, suppose that (x,,) is a complete normal orthogonal system for a 
finite interval (—a,a), and define ¢,, by 


Pn = Xn ([5 <a), Py = 0 ({z| >a). 
Then (¢,,) is normal and orthogonal in ( -- οὐ, 99), but it is plain that it is not 


usually complete. For | f¢,dx = 0 is 
a 
{ ἔχ, dx = 0, (2-1) 
ie | 


and the truth of this for all 7 tells us nothing about the values of f outside (--α, a). 


t The bar denotes the conjugate. When no range of integration is shown, it is (— 00, cc). 
For the theory of Fourier transforms of L?, see Titchmarsh (8), ch. 3. 


1941, 3 Proceedings of the Cambridge Philosophical Soctety, 37, 331-48. 
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If (as in ὃ 1) ¥,, is the Fourier transform of ¢,,, then (y¥,,) is normal and ortho- 
gonal. If g is L?, and jgy,,da = 0 for all n, then | f¢,dx = 0 for all n, 1.6. (2-1) is” 


true. It follows that f=0 in (—a,a). If f=0 also outside (—a,a), then f and g 
are null. Thus (y;,) is complete for functions g whose Fourier transforms vanish 
outside (—a,a). Such ag is of the form | 


γα) = Tos | festa 


where fis 12. It is an integral function of order 1 and type a, and is L* on the real 
axis. It is natural to call such a function a ‘Paley-Wiener’ functionf. 


entz 


3. If we take | a=, X= am)’ 
1 ; (—1)" sin 7x 
ie Yn = a ie nm x£—n’ ~ 


and (7) is a normal orthogonal system, complete in the class of Paley-Wiener 
functions. It is odd that, although these functions occur repeatedly in analysis, 
especially in the theory of interpolation, it does not seem to have been remarked 
explicitly that they form an orthogonal systemt. 


+ Functions of this type play a very important part in Paley and Wiener (5). See in 
particular Theorem X, p. 13. 
{ Levinson (4) has shown (as an improvement of an earlier theorem of Paley and Wiener) 


that if - : ᾿ 
where [A,-n|<D<} 
for all 1; if p, is defined by 
Anta . 
Pa = 72m) (|| <7), Pn=9 (|x|>7): 


and gq, as the Fourier transform of 
G(x) 
σ΄ (λ,) (x ταὶ An) : 
which is 0 when | x|>7; then (},) and (4,) are biorthogonal in (—7, 77) or (what is here the 
same thing) in (— οὐ, οὐ). 
The Fourier transform of p,, is | 


1 {7 . ., sina(e—A,) 
yee, Anit—ait ee 
Rpg ae, 

Q(z) sin πίω —A,) 


Hence the two systems 


Θ'λ,) (ὦ --λι). πίω--λῳ) 


are biorthogonal. When A,, = n, each system reduces to the orthogonal system of the text. 
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It is easy to verify the orthogonality of the system cs 1) by Cauchy’s theorem. 
If m#n then 
(-- | sin? πὰ 
[tated SY em τ 
_ | ee | eee oe) 1- e2ntx z 
Qn? [ ὦ (“ -- 1) (x4—n) 


lf h i ec 
m =n then * Yade = 8 | “=I, 


-ο(α -- ως 
the last integral being a principal value at x = n. 


4, Suppose now that (7;) is the system of § 3, that f is L?, and that 


α, = | Unde 


so that Xa,,y,, is the Fourier series of f with respect to the system (y,). If 


nr 
Sn = p> Omnbm 
—n 


is the ‘Fourier polynomial’ of f, then there is a function F of 1.3, whose Fourier 
constants are a,, such that 


[e.-FPdx+o. 


This £ usually differs from f, but is f when f is a Paley-Wiener function. The 
general theory shows that s,, converges to Ff in mean square; actually, as we shall 


see, the convergence is uniform in any finite interval. 


There is little more to be said about f of L*, and in what follows I shall consider 
more general classes of functions. It will be worth while to consider first two 


᾿ examples of expansions of special functions. 


5. I begin by giving the values of four definite integrals, two of which will 
be wanted in this section and the third later. I suppose A and 1 positive, a and ὃ 
real, Then the four integrals aret 


1 [5 AE) Εἰαμ τ τ 0) ἡ κε NO) (6:1) 
Who --α x—b a—b 

1 1—cos A(x -- αἹ sin μ(α -- δ) | 7 eee) (5-2) 
TT J —0 x—-a x—b a—b 

Ι [Ὁ 1—e-A@gin u(x -- δ) _1 —e—vtb 

=|. 2 x—b = δ ᾿ 2) 
1? κω 8inu(e@—b), εἶδ (0<c< yp), 
7 a—b sea  (c>), 5) 


t See Hardy(2). 
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where in the first three formulae 
| ν = Min (A, μ). 


. The integrals may be evaluated in many ways. For example, we may prove 
(5-4) by putting x—b = y and using familiar formulae. If we then write it in the 
form 


1 [ Hea sin μα — δ) in = οοἰ(δ--α) (O<c< yp), 
7.) —o 


1 x—b 0 (c> 4), 
and integrate with respect to c between the limits 0 and A, we obtain (5-1) and 
(5-2), and (5-3) follows immediately. 


sin m(x% — a) 


(m>0), 
ζὥ--οα 


then, by (δ:1), 


ΝΎ ΞΡ - 
— T J —o t—a xr—-nN n—a 


2 


where ν = Min(m,7). Hence the Fourier series of f(x) is 


sin7zx 9 . Sinv(n—a) 
π Se (n—a)(x—n)° 


In this case fis 13. The series converges to f(x) if m<z7. 
(ii) If f(z) =e" (0<c<n), 
then f is not Z*, and the integral 
ΠΣ _ ee ae ee 


is not absolutely convergent. We may, however, regard e“” as a generalized 
Fourier coefficient of f, and 
SIN πῶς. (-- 1)» st 
7 xn 


as its generalized Fourier series. The series converges to (7). 


6. We shall say that f belongs to M if 


= If)! 
[ate ἄτα, (6:1) 
and to ΜῈ { oP A) AOS AN) aes (6-2) 
ass 2+ |a| ve 
Plainly M includes M*. 
If f belongs to M then a, = [fv dx 


469 


470 


Notes on special systems of orthogonal functions — 335 


exists (as a Lebesgue integral), and we can speak of the Fourier coefficient, 
series, and polynomial of f. The Fourier polynomial is given by the formula 


5,6) = Σ dy Vogt) = Τ. ” fy) Sala, y) dy, (63) 
where = 8,,(%,y) = Dale) Vly) = Sam any Σ της ετ: (6-4) 


We shall require the properties of S,,(z, y) set out in the following theorem. 
THEOREM 1. If S,(x, y) is defined by (6-4), then 


Le sin πία -- y) 
oF Sn ey) 


when n-> οὐ, for any fixed x and y; 
(iii) thes convenient 1s untform for |x| <X and all y (or |y|< Y and all x); 


xyes +9) 
S, |< B(x) 
oe fied 2+ y| 
for |x| <X and all y; 
: 15 nN Mm 
(v) of Sh = FES = Σ [1- δ yale aly) 
as the Cesdro mean of S,,, then 
B(X) 
+ly| 


for |x|<X and all y. Here A is a constant and B(X) a number depending on X 
only, and any term which is undefined for a particular x or y is then to be interpreted 
as a limit}. 


7. We begin by expressing S,, as a definite integral. Since 


] [5 1 {7 feo bcs 
Sten π τὺς γυϊέ--ατξ ie a —miutyru ὦ 
2) on [΄ 6 dt, Von(¥) 97 ἘΒ 6 U, 
we have : 
π π᾿. ᾿ n 
47S, (x,y) = Ϊ { e—rittyiu 5 emit-~) di du 
-ππῷπ-π 


—n 


seat iy Sin (n + 3) (ἐ--ὴ 
-[ [re +yt ἢ 11 -- οὶ didu. 


If here we make the substitution wu = ¢+w, and then change the order of integra- 
tion, we obtain 


2 1 πτ-τιῦ : 
| sin (n+ 3) w eviw dw Ϊ ο.ἀςπυ ft 


0 ϑβίηξωυ 
0 g 
| ΞῬ | sin (n + ἐ)τ ονΐω dw { ᾿ e—(a—uyt i, 
27 sin δι --π-τιῦ 


‘t Thus ¥,,(z) = 0 if ὦ is an integer other than m, and y;,(m) = 1. 
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Performing the inner integrations, and writing | 
ἕξ -Ξ a(v+y), | / -- 2(%—Y), 

we obtain, after a little calculation, 

1. f?7sin(n+4)w 


3 | 7.1 
oan ae Ser cos £w sin ἡ (27 — w) dw, (7:1) 


S,(2, y) = 

πρίῃ (n+ 4) w : 2 Rae F 

or S,(x,y) = Inky =|, ae {cos bw sin 9 (27 - w) + cos ξ(2π — w) sin nw} dw. 
| (7-2) 

8. We now write N for n+ 4 and express S,,, from (7-2), as the sum of the 


three terms 
sin 2πη ("sin Nw 


| τς 8-] 
ἴ, “aay ἘΠ τ cos 3 Sw cos ywdw, a (8-1) 
sin nate ™sin Nw , sin 7w | 
8-2 
V, = sin nf (sin Nn cy dno, (8:2) 
__ ΟΟΒ ci — cos 277 ("sin Nw sin yw | 
W, = a sr [ sin }w cos Ew dw. (8 3) 


We prove first that in each of these integrals we may replace the sin 4w in the 
denominator by 4w. The errors so introduced are of the types 


‘gin 277 
2πϑη 


᾽ sin Nw cos w cos nw χ(ιυ) dw, ..., ..., (8:4) 


where y(w) is regular. We show that these errors (i) are uniformly bounded, 
(ii) tend to zero when N -> 00, (iii) tend to zero uniformly for | a |< X, (iv) are 
O(| y|-4), for large | y|, uniformly for [5] « Χ. 

Of these propositions (i), (ii) and (iv) are obvious, the last because 


in| >3(ly|—). 
As ΡΥ (ili), we write the first of (8:4) in the form 
2 
- ams. Δ Οὐ δὰ Ν w) cos £w cos nw x(w) dw 
and integrate by parts. We thus obtain four terms} of the types 
1 sin ἘΠ, Ι sin ale 1 sin 279 1 sin 2777 
ON oly Nog ΡΟΝ ἢ iP 


where the O’s el uniform in a the variables. All of these except the second are 
O(N-") uniformly for all x and y. The second is 


1 sin =a 


Foy lvl +X) = 0 
and is O(N-") ee er for |x| <X. 


Ο ,-- 


Foetal +3) 


+ One from the terms integrated out, the rest from differentiating cos w cos yw x(w). 
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The other errors (8-4) may be dealt with similarly, if we remember that 
| sin yw | < | yw |. Thus, when we consider the second error, the most troublesome 
term (corresponding to that just discussed) is 


of etl = οἰ fine 


and is again O(N") uniformly for |x| < X. 
We have now to discuss the integrals U*, V*, W* obtained by replacing 
sin $w by 3w in U,, V,, Τῇ. 


sin yw 


sin wre dw| , 


9. (i) Thus | 
sin 277 (7sin Nw sin πη (7sin Nw | 
Us = = [cs aad 008 ywdw = “ea Ne (cos zw + cos yw) dw 
_ sin 2πη (7(sin(N+x2)w sin(N—x)w sin(N+y)w_ sin(N—y)w 
(9-1) 


It is plain that U* is uniformly bounded, tends to the limit 
sin27y  sina(z—y) © 
Ὡπη mx—y) ᾿ 
and is O(| y \-1), uniformly for |x| <X. 

We have still to prove that Uj} tends to its limiting value uniformly for 
[2] «Α΄. It is plain that it does so uniformly in any domain in which [4 and 
| y | are both bounded. We may therefore suppose (taking y, for example, positive) 
that y >3X , in which case € and — ἢ are greater than dy. 

It follows from the last formula in (9-1) that U% is the sum of four integrals 
each of which, except perhaps the last, tends to its limit uniformly for |x| < X. 
The last is 


(N— yn 1λ Γ[ῳ--Νὴπ 
o(-) { ΕἸΠ i GN: o(: | SM ay Pot 
0 0 


Y ἴω Y 
and differs from its limit by | 
15 sin u a i sin wu 
o(-) | du (y<WN), o(-){ a da >N 9-2 
— AY αΝ--νὴπ Ὁ ae Y) . Ψ--Νὴπ Ὁ en ΡΣ 


(all these O’s being, as before, uniform in all the variables). If, as we are sup- 
posing, y>3X, then the second of (9-2) is Ο(ψ ἢ) and so O(N-). The first is 
O(N) ify < ἐδ, and Ο(γ ἢ) = O(N) if y>3N. In any case the last of the four 
integrals in {73 tends to its limit uniformly. 


(ii) -Next 
* ς- ΣΕ 2m nay sin w sin nw dw 
7’ ἢ 0 
_ sin 2πξ ἜΝ πη Ων _sin (N+2)w sin(N—x)w Ζ 
ο΄ Ann Jo w w ι ΒΝ: ' τὰ 


(9:3) 
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It is therefore uniformly bounded, and O(| y [-2) uniformly for | z « X. Its limit 
is 0. It is also plain that it tends to its limit uniformly in any bounded domain 
of x and y, and the proof that it does so uniformly for | x |< X may then be com- 
pleted as before. 

(1) Finally 


Ws = 


cos 27Πξ — cds 2779 [7 sin 7w dw (9.4) 


is also uniformly bounded and has the limit 0. We have to prove that W7 satisfies 
clauses (iii) and (iv) of the theorem; and in doing so we may suppose, as before, 
that'y > 3X, and also that N > 3X. 

We can write W* in the form 


cos 277 — cos 2πξ ("sin Nw 


δ τ: ᾿ -- 
Wi = ὟΣ : (sin yw — sin ew) dw 
-_ K(L,, ~- M,) = £,- Qn (9-5) 
where K= cll Bs aie =O (") , (9.6) 
| άπ'η 7) 
π ns = (Nt+y)7 ] — 
Ι, -ἰ 008 (Δ) —y)w eh CUED εν - ")π} ἘΟΒΊ (9.7) 
0 ἴω ΙΝ --ν! a ἴω 
(N+2)7] 
and similarly M, -| : ce du. (9-8) 
(N—a) 7 ἴω 
We dispose first of Q,, = KM,. It follows from (9-8) that 
N+ [x| ἐν 2 π|- ( ) 
M, = 0 (log τ o(+). 
“[w—[al |) Ὁ 
Hence both of | 9, « « a, 1,4 < =) 
are true for|z|<X,y¥>3X, N> oe ; and @,, satisfies our requirements. 
As regards P,, it follows from (9-7), on the one hand that 
L,, = Oflog (N + y)}, (9-9) 
and on the other that 70 (log , " τ ) . (9-10) 
We distinguish the three cases | 
(a) γε ἐν, (ὁ) ἐν <y<2N, (c) y>2N. 
In case (a), (9:10) shows that 
- of ¥ - 0(1) =o(- 
᾿Ξ ο(3), f= (3) 7 (5) 
B(x B(x 
[P< [Bly (9-11) 
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In case (6), (9.9) shows that | , 
L, = O(logy), FP, = oe, = oF). 


N 
~ N 


[Pa < B(X)E4, | P, |< BX) 
In case (c), (9°10) shows that 


y= OU), Py= O(;) = 05): 


339 


(9-12) 


and P, again satisfies the inequalities (9-11). Hence in any case P, satisfies our 
requirements; and this completes the proof of clauses (i)-(iv) of the theorem. 

There remains clause (v). To prove this we observe (a) that what is true for 
S,, is true a fortiori for S},, and (δ) that the logarithm in (iv) arises only from 


L,=K | " a sin ywdw. 
0 


The effect of on is to replace sin Nw by 


{sin $w + sin 8w+...+sin (n+ 4)w} = 


a 1 l π (ot 1 2 
Since ec Cea ee { snd dw 
ο (n+1)wsin dw 2(n+1)J 0 sin 4w 


1 sin? }(n+1)w 


is uniformly bounded, there is no logarithm in the upper bound for the Cesaro 


mean of L,,, or that of S,,. 


10. THEOREM 2. If f(x) belongs to M*, then the Fourier series of f(a) converges to 


Poa) =f SR" fudy, 


uniformly in any finite interval of values of x. 


(10:1) 


THEOREM 3. If f(x) belongs to M, then the series is summable (C, 1) to F(x), with 


the same uniformity. 
To prove Theorem 2, we have only to observe that 


Eantn(e) =| fo) Sile,y)dy, 
that the integral is majorized, for | 7|< X, by 


sin πίω — y) 
d that S, x, jee eS 
an a (x, y)—> τς ἢ] 


uniformly for | |< Χὶ and all y. The result then follows from a familiar theorem 


of Lebesgue. 
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Theorem 3 follows in the same way if we use clause (v) of Theorem 1 instead 
of clause (iv). 


11. If f(x) satisfies the integral equation 


1 f° sina(y—z) ; 
fe) = = [ SAW") κυ αν, (11-1) 
then the sum of the series is f(x). This ον ἐὼ equation seems to have been con- 
sidered first by Batemanf. 

If fis L* then, after ὃ 4, it is necessary and sufficient that f should be a Paley- 
Wiener function. We now consider conditions for the truth of (11-1) when we 
are given only that f(x) belongs to M. In this ‘case (and only in this caset) the 
integral in (11-1) is absolutely convergent for all x. We shall denote by B the 
sub-class of M formed by functions which satisfy (11-1). 


ΤΉΞΒΟΒΕΜ 4. If fis B then 
γα) τς [ σπάσῃ, ane) 


Biles (11-3) 


where G(x) = if” 


The integral in (11-2) is a Stieltjes integral as defined originally by Stieltjes, 
and§ (11-2) is equivalent to 
an) 


, G(—-7) _. wf" _. 7 

πὸ ὃ ,,-π xit . 
f(z) = ---τ ὸ ae i Gi(t) dt. (11-4) 
The integral (11-3) is absolutely convergent, and uniformly convergent in any 
finite interval of z, so that G(x) is continuous. 


If we substitute for sali in (11-4), from (11-3), we obtain a sum of three terms. 


The first term is = * a —— {e7z—u) _ emt) dy 


and the second is mpl i “fos {e~7z—u) _ e—niz} dy, 
| 27 }_0 Ὁ 
so that the two together give | 
1" A) sin nm(u—2x)+sin 72} du. (110) 


Τ Bateman(1). See also Hardy(2), Hardy and Titchmarsh (3), and Titchmarsh (8, 349). 
1 Consider the special cases x = 0 and x = 4, and observe that 


| sin πὰ |+| cos mx | >sin® 72 + cos? πὰ = 1. 
ὃ See, for example, Pollard (7, 79). 


475 


Notes on special systems of orthogonal functions 341 
The third gives | 


= [" ort di a0 fl u) on ae == irae f (u) De! du [΄ {elamuyit _ exit) dt 
| _ > Hu) SS ae x) em | aus wie 
7 Ξ ab U—z x 


and this, added to (11-5), gives 
1". 7 ΠΡ sin m(u— ἐς Ξ gtijae=2[" f(u 5556 - 9) = = f(x). 


12. THEOREM 5. G(x) constant outside (— 7, 71); 1.e. 
G(z)=G(—-7m) («< ig G(x) = G(m)  (x>7). 


We have G(x) =7 be 


-ἰ Ft) dt | (12-1) 


a a 1. [Ὁ sina(u—t) 
ct “taf ᾿ “πω τῆ ἢ δίῃ πίω -- ἢ pe) dy 


= tlim " (u) χίω,.», T) du, 


T ρ-αἷῤ 1 ginn(t—u) 
where v(u, x, T) = [, ; at 4) 


(the inversion of the order of integration being justified by absolute convergence). 
Let us assume provisionally that 


di (12-2) 


tim |” (Ὁ x(u, 2, T) du = ἙΝ 7 (ω) χίω, x) du, (12-3) 
h = lim y(u, x, T) = pe sie a. (12:4) 
where χίυ, 2) = lim y(u, 2, 7) = Pear Tea 
Then, after (5-3), 
emu ἢ οπίω .] 
χία, U) = | (t>m), X(t,u)= (t< —7). 
Hence G(x) =2 | ᾿ --- : f(u) ἄμ = G(zm) 


if x>7; and similarly G(x) = G(—7) ifa< —7. 
It is therefore only necessary to prove (12-3); and, since f belongs to M, it is 
sufficient to prove that 


v(u, x, ΤῈ = o(-) or 


for large | u|, a fixed x outside (—7,7), and uniformly in 7. Let us suppose, for 
example, that 2 >7. Since (12-5) is trivial when 7' < 1, we may suppose that 7 > 1, 
and it is enough to consider the integrals over the ranges (— 7, — 1) and (1, 7): 
we select the latter. ; 
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| Separating the real and imaginary parts, we have to prove that 


᾿ | | 
I= -[Ξ oo nm) iy = o( =). . (12:6) 
i [ὦ] 
ΤΊ.. i: | 
au J= -[ 1 -Ξι.- sin πί -- Ὁ) 5, _ Ο[τ:}. (12-7) 
t—u ae) 
We suppose u > 0 (the case u < 0 being a little simpler). 
se aca ga Ι 1 
First {15 All sin zt sin πί -- τ) (τ) ὦ 
“1 t—u t 


and it is sufficient to prove that 


sin πίέ — μ) dt 
μ 


T «i T 
i={ BIN siti al) as =O(1), £ -| sin xt ; 
1 1 - 


: = O(1). (12:8) 


Now | I= cosmu { 


T sin xt sin mt act, { T sin zt cos 1t » 
; ---  --- df. 
1 


t 
1 
The second term is uniformly bounded. The first 1s 


ε di 
4cos mu | {cos (2 — 7) t — cos (x + 77) ΠΝ 


=+7™ cos wW (ἘΠῚ cos w 
= $C087U dw — dw}. 


g—-n W (2-7)T ὦ 


Each integral here is numerically less than 


so that J, is uniformly bounded. 


T-Ugin xv sin πῦ 


T-U cos xv sin σὺ 
π΄ dy+ cos xu dy. 


1-—u Vv 


Next, J, = sinzu | 
1—4u 
The first integral is plainly uniformly bounded. The second is 
Tu = a 
geos.eu | cos (x 1’ 8 er ay 
1—u : 


(+m) (1-4) 1] — cos 10 (z+m)(T—4) ] — cos w 
= —4cosru ] -- -  - dw— —_—_— dw}, 
(e—m(1-u) Ὁ (α--π πὴ Ww 


and is also uniformly bounded; so that J,, and therefore I, is uniformly bounded. 
Similarly, in order to prove (12-7), it is sufficient to prove that - 


a 1) dt = O(1). 


(12-9) 


1 
J, - ~~ S08 sin πίττα )dt = O(1), ΜΝ (Ι — cos 2t) 


ΤΊ .-- Ϊ ᾿ ΤΑ- t 
Now J, = cosmu | Cae NT at— sin mu | O08 COO 
1 1 
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The first term is uniformly bounded. The second is 


T = T = = 
- tsin mu [ cos πέ perma | cos πέ τ ath, 
1 1 


_ and may be accounted for in the same way as the second term in J,. Finally, 


Jy = -{- {1—cos2z(u+v)} 


T—U gin mv T-Ucos xv sin πῦ . P—Usgin xv sin πύ 
— dv — cos xu —_—— dv+sinzu ——_—_— dv, 
l—-u UV 1—u Vv 1—-u Vv 


sin πὸ ἢ 


and all the integrals here are uniformly bounded, so that J,, and therefore J, is 
uniformly bounded. This completes the proof of Theorem 5. 


13. It follows from Theorems 4 and 5 that 
ver = αἱ : . 
fle) = 5. [ tac), (13-1) 
| T 
the integral being defined as lim [, . We have also 


on ) G( -7 ) ; χὶ 1 ὃ ᾿ 
ees ext ext? _ τὰν “τ. δ ἐξ 
ala? adG(t) 5) 6 Ὁ | ev Git) dt. 


The left-hand side jens to f( v4 when 7'-— oo. The two first terms on the right do 
not tend to limits in the ordinary sense, but each of them has the (C, 1) limit 0 
except when x = 0}. Hence 


— nl ert Q(t) dt (C1) (13-2) 
if x0, this a ae 
tu ans | t | rit 


14, I prove next two theorems in which / is not assumed to belong to M. 


THEOREM 6. If f(x) = zl. ext dGi(t), where Gt) is continuous, then 


foe) - 2 [ RUE" γᾶν (0,1). (A) 
Wewrite —f(y)= oO) erty oD) ey ty = | evil C(t) dt 
| ¥- 
1 {πι16 55:9 jody = ht hth (14-2) 


T 
t (7) 1 (C, 1) means that = [ ¢(u)du->l for some fixed a, which it is natural to 
take as 0. a ᾿ 
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| GQ(n) ΓΤ |y|\sina(y—2) iy 
pened iad οὐ στ gt 148 
where  &§ 373 mt τὴ γε οπῖν dy, | | (14-3) 
τς @=m) [F ly panna) ee : 
L=- τα: {(-- Y ae iv dy, | (14-4) | 
Pens {ic γεῖσος iz Τ᾽ evil Q(t) dt. (14:5) 
. 277? -Υ̓ Y Y— 2 

G(m) [“ sina(y—x) __. — 6(Π)- in 
Then ἢ---- ς Pat les Gea 6 Τά = en, (14-6) 
and similarly 1,.--- a ge. (14:7) 


when Y->oo. 
As regards J,, the integrand (with respect to y) is 


o(y-7-¥-1) = (7) 


near y = Y, so that we can replace the limits by - Y+a2and Y +2. We may also 
replace | y| by | y—2 |, since this makes a difference 
sin 7(y — x) 


Y+ax 0 ] ld 
[-":. (τ) rae Ly | o(1) dy 


O z+] J για 1 P 
= _ ν) το { γι ῦ ")- ἀν 
That is to say, we may replace J, by 


} Y+2 ; 


27?) για ἘΣ ae yY—ax 
_ ὁ [ (2 |u|\sinzu ΒΡ ΩΝ 
Se “{ι- sou Ἀδάμ ay C(t) dt 


aya] ert cna | Hee ean. 


The inner integral here is 


¥ Jw|\. ὴ Υ͂ |u|\sinzu νὰ ᾿ 
mee (sin πον dusaf (1-' te du. (14-9) 
24 (sin? 4(7—t) Y sin? ἐ(π- ἢ Y)_ 
The first term is vt Gat crs) ae \; 
and its contribution to J; is 
1 τ΄. sin? (π-- ἢ Y | sin? 4(7+t) Y 

Pct wit _-_ | gait 

am ΜΗ Git) (nt dt — ay| 2 Gt) (nt? dt, 
which tends to ee), mia atm a) er. 
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The second term in (14-9) converges boundedly to 


Ὁ gsm7ru _. | 
x ——_—__ ett dy = πὰ 
Jig Ὁ 


for |¢|<7. Hence its contribution is 


27 | _» 
G(—7) 
άπ 
Finally, from (14:3), (14-6), (14-7) and (14:10) it follows that 


1: ly | sin 7(y — x) G(7) mtx G(—7) —ntzx 
1 (τ- ἘΝ ψ--ὰ 7 )άν- το nn 


G(7) mix —ntx __ ui” at | . 
and i> τ - 6 mle G(t) dt. | (14-10) 


-2 | ᾿᾿. Θ( ἢ dt = f(a). 


THEOREM 7. If G(t) is continuous and satisfies a Fourier convergence criterion 


att = —nandt = π (for example, if it is of bounded variation near these points), then 
_ 1% sina(y—2) 
fe) == [ SAM") fu) dy, ae) 


the integral being a Cauchy integral. 

The proof is an obvious modification of that of Theorem 6. We have only to 
omit the factor 1 — | y|/Y, and to appeal to the theory of Dirichlet’s instead of that 
of Fejér’s singular integral. When f is Uf, the integral in (14-1) or (14-11) is abso- 
lutely convergent. 

Combining either of Theorems 6 and 7 with Theorem 4, we obtain 


Tueorem 8. If fis M then, in order that it should be B, it is necessary and suffi- 
cient that it should be expressible in the form (11-2), with a continuous Gt). 


THE CARDINAL SERIES 
15. The cardinal series} of f(x) is 


N 
sin πὰ ΤΕΣ (-- 1)» ae μ-΄ δι - yp 12) 
Saf Say (2O0 ACO). aes 
It reduces formally to f(n) seu x is an ieee n. It may i be written as 
> 2 (0) Fal). 


If fis M, and F is defined by (10-1), then 
1 sin 77 
Pin) =F |" ETY y)dy =a, 


and tne Fourier series of f(x) is ne p,, Ἢ If f(z) is B, then ial = f(x), and the 
{+ The term was introduced by Εἰ. T. Whittaker (9). 
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Fourier series is the cardinal series. Hence, combining Theorem 8 with Pnoorems 
2 and 3, we obtain 
ΤΉΒΟΒΕΝ 9. If f(x) is M*, then (11-2) is a sufficient condition for the conver- 


gence of the cardinal series to f (2) forall x. If f(a) ts M, it is sufficient for summability — 


(C, 1). 

16. There is no reference to the class M (or any other order condition on f) 
in Theorems 6 and 7, and it is natural to ask what we can prove about the con- 
vergence of the cardinal series when we assume only that f is of the form (11-2). 
J. M. Whittaker} has proved that the cardinal series is then summable (C, 1) 
to f(x), and the theorem which follows is much the same as his, though a little 


more precise. 
I observe first that, if f(a) is of the form (11-2), then 


fin) =|" valu feydy (6,1), 


by (14:1), so that we can still, if we like, call f(m) the Fourier coefficient and the 
cardinal series the Fourier series of f(z). 


TuroreEm 10. If f(x) is of the form (11-2), then 


sin πὰ a ) ] 1 | 
fla) = SAE (0) AO) ἐσ αν (+5 |e. 
the series,.summed over a integral meee of n except n = 0, being convergent. If 
the Fourier series of G(t), for the interval (—7,7), ts convergent for t = --π and 


t = π, then the cardinal series of f(x) converges to f(x); and tt 1s summable ((, 1) to 
f(x) in any case. 


Suppose that Lu,e τ 
is the Fourier series of G. Then 
¥(—1)" th = HO) + G(—m} (C41). (16-1) 
Also, from (11-4), ns G(7)— G(—7), (16-2) 


2nf'(0) = m{G(7) ΕΞ α(-- π)} ---ὖ [΄ Git) dt = mi{G(m) + G(—7) — 2u}, (16-3) 


2nf(n) = (—1)"{G(7)- G(-—7)} —ni |" ent G(t) dt = (— 1)" 2nf(0) — 2n7miu,,, 
-π (16.4) 
and so ty, = ={fln)—(— 1)" F(O)} (m+ 0). (16-5) 


If now we substitute the Fourier series for G(t) in (11-4), remember that we may 
integrate it term by term after multiplication by e*“, and use a dash to exclude 
n = 0 from summation, we obtain 
: WT 
2nf(x) = cos ma{G(m) — G( —7)} +7 sin πα 6(π)-Ὁ Ο(-- π)}-- οἴσει, | efe—nyil dt 


= 27 vec a) “+ 2u | a (5 πὴ πη 


_t See J. M. Whittaker (10), 67-8. 
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sin πὰ 1x SIN 772 


f(x) = cosmxf Oe a O)= 


a 1p ᾿ 


sin πὰ sin πῶς. 1 
= cos πα f(0) + ——f’ (0) Ἔ ae a 1)* (;* ΞΗ {f(m) —(—1)"f(0)}. 
(16-6) 
Here the coefficient of f(0) is 
: ; [ ] ) sinmx sin7x sin πὰ 
cos ma — ΤΣ 1.3. + —— ] = οοβ σῷ -Ἡ -------- -- nm οοῦπα = ἢ 
nm χ--Ή π NX 


sin 7x 


and so f(z) = 


a {f(0) +f (0)}+ SP σι - ἀρ ἢ 


ζ 


1\ . 
+z )sm)}, (61) 
the main result of the theorem. 
Next, the Fourier series of G(¢) for t = —7 ort = 7, Viz. 

Ugt+ &'(— 1)" 4, ne (16-8) 

is summable (C, 1) to sum | 
0 
Hm) +O —m)} =O +0, 

and so 


FA) Σιμὰ, = 68)" yen) — (— 1). f(0)} = 2B’ "fn, 


akin for f’(0) in (16-7), we obtain 
fle) = SSPE (PO a (— ye LOH, (16-9) 


—n 


the series being summable (C, 1). This is the last result in Theorem 10 (J. M. Whit- 
taker’s theorem). Finally, if (16-8) is convergent, (16-9) is convergent. 


f(n) 


17. When Σ' ( 
| n 


<00 (17-1) 


the cardinal series is absolutely convergent. We may call the class of functions 
satisfying (17-1) the class M’. It is known that any function of M which satisfies 
(11-2) belongs to Μ΄. More generally, any integral function of finite type which 
belongs to M belongs to M’t. The converse is not true; a function of the form 
(11-2), even with an absolutely continuous G, may belong to M’ but not to M. 
For example, if 

son tdt 


1 π 
fla) πὰς [Γ δι ὦ (7 —|t]) flog (n—|#})}?” 


ft See Plancherel and Poélya(6), p. 126. It follows that the cardinal series of any f of 
M is absolutely convergent, and this enables us to strengthen the last clause of Theorem 9: 
of f 18 M, then (11-2) is α sufficient Connon for the (absolute) convergence of the cardinal 
series, to f(x), for all 2. 
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| | sin 7x 1 
onee | F(x) = nm log x oe fe =a 


for large positive x, so that f(z) is M’ but not M. 
It would be natural to ask whether Theorem 8 remains true when ΟΜ’ is 
substituted for M; but there is no such clear-cut theorem. 
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NOTES ON FOURIER SERIES (I): ON SINE SERIES. WITH 
POSITIVE COEFFICIENTS 


G. H. Harpy and W. W. Rogostsxi*. 


[Extracted from the Journal of the London Mathematical Society, Vol. 18, 1943.] 


1. In this note we prove five theorems concerning series of sines. We 
suppose that f(?) is odd and integrable and that 3.(θ) = XO, sinné is its 
Fourier series (F.s.). By 


(1.1) {(0)>4nA (C, a), 
where a > 0, when θ-» +0, we mean that 

(1.2) Ὁ) _ 0 at (6—t)'-1f(t) dt> 4nA ; 
and by 

(1.3) nb,—>A_ (C, B), 


where β > 0, we mean that the Cesaro mean of nb,, of order B, tends to A. 
In the most important case, when a = B= 1, (1.2) and (1.3) become 


1 ub 
(1.4) Στ (l1—cosn@)—> 4A 
and 
(1.5) n-1(b,+2b,+...+nb,)> A. 


* Received 12 February, 1943; read 18 March, 1%43, 


1943, 2 (with W. W. Rogosinski) Journal of the London Mathematical 
Society, 18, 50-7. 
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ΤΉΒΟΒΕΜ 1. If b, is positive and decreasing, then a necessary and 
sufficient condition, either for the uniform convergence of S or for the con- 
tinuity of f, 1s that nb, > 9. 


THEOREM II. Jf b,, 18 positive and decreasing, and A > 0, then a necessary 
and sufficient condition that f(0)> 4A is that nb, > A. 


THEOREM III. If 6, >0 or, more generally, if 
(1 . 6) nb, = =—s l, 
then (1.5) is necessary and sufficient for (1.4). 


TueoreM IV. 1} b,, satisfies (1.6), and f is continuous, then S rs uni- 
formly convergent. 


ΤΉΒΟΒΕΜ V. [fb,, satisfies (1.6), then (1.3), for any B > 1,18 necessary 
and sufficient for (1.1), for any a>0 (so that all such hypotheses are 
equivalent). 


We begin by proving Theorems I-IV. None of these theorems is 
new: we indicate their history in §6. But our proofs are a good deal 
simpler than any given before, and show interesting relations between 
the theorems. 


2. Proof of I. (i) Suppose that nb, > 0, and choose N so that nb, <«€ 
forn>N. Ifq>plnNn,0<8<z, and k= [0.1], then 


k 
GS he EV, 
Pp p k+1 


»,4 
say: either sum may be empty. Either U is empty, or 

k 

|O| <0inb, < εἶθ <e; 

p 

and either V is empty or (by ‘“‘Abel’s lemma ’”’) 
| V| < by, cosec 1θ - mby44/8< a(k+1)b,44 -Ξ πε. 

Thus in any case |S, ,|<(7+1)¢ and S is uniformly convergent. 


(ii) If f>0 when @->0 then 


Σ on (1—cosn@) = ἴω di = ο(θ). 
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But the series is at least 


k 
Σ 28 (1—cosnd) > j6° 3nd, > HOMAL)* Oy > Nou 
yk 


for large ᾧ. Hence kb, = 0(k@) = 0(1). . 
Plainly the same argument shows that nb, = ~ O(1) is necessary and 
sufficient for either the bounded convergence of S or the boundedness of f. 


3. Proof of II. We may take A =1. 


(i) If nb,>1 then |nb,—1| <<? for n>WN (and a fortiori nb, < 2). 
We suppose that g>p >WN and k = [(e@)-4], and write 


4 ᾿ 4 PAC a: 4 
Xe, sinn§ = xX (ν,-- --ἹἙ sinn? = ΣΕ Σ = U+V. 
» p a p κιὶ 
Hither U is empty, or 
k 
JU <8 < eth <e 
PD 
and either V is empty, or 
[Vix (best Ea) cosec 46 < “τ ἀξ τ < ὅπε. 


Hence Xc, sinné is uniformly convergent, and 
lim 2&5, sinné = lim Xn-! sin nO = ὑπ. 


(ii) Since 6, decreases, S converges uniformly for 0<8<@<7. If 
also [- ἐπ, then f is bounded and, by the last remark of §2, 6, = O(n-) 


and c, -Ξ Ο(η 3). Since Xc, sinné is the F.s. of a continuous function, 


it is uniformly summable (C1); and it follows* that it is uniformly 


convergent. 
We can therefore choose A and μ so that 


(3.1) dn <A<p<dn, fe<pAce, 
and 

4 
(8.2) UCy sin nd <€ 

» : 


for ar eS (we? | =o 


* See § 6. 
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and small @. Also 


and 7@/(sinn@) increases with n and does not exceed ἐπ. It follows by 
partial summation that 
7 


ε3 uf πε 
Ξ σ᾽’ δ᾿ Mb, So—pt op 


Hence, since 0, decreases, 
qe? σ qe? 
(o—p) pb, So—p+ o> σὺ, «6 11 a το: 


and hence 


fim ob, < (1+4>*) | 1+ | < (πα πο. 


Mu —d) 


That is to say, lim ob, <1; and a similar argument shows that limob, > 1 


4. Proof of III. We may suppose ὁ, >0, replacing ὃ, by 6,-+-n7} 
when ὁ, satisfies (1.6). We need a lemma. 
Lemma. The hypotheses 
A 
eas ΡῈΣ = Dn On+1 Ap 
Un = 6,42b,+...+2b,~An,  v, πα ὙΠ" Ἶ 


are equivalent; and u, = O(n) rs equivalent to v, = Ο(π 1). 
Here there is no restriction on b,, and we may suppose A=0O. If 
U, = 0(n) then 


3 fn = Σαμαα. (1) +E 01m) ο( Τὴ = (1), 


n ™ n 7 


uniformly in N, so that v, exists and is o(n). And if v, = 0(n-!) then 
Un = Dm, 041) = O(n) + Σο( =) O(m) == 0(n). 


Passing to the proof of the theorem, we suppose first that nb,, >A (C, 1), 
ie.u,~An. Then Xn-1b, <0. Also 


On 
n 


(1—cosnd) = 0 (68 Σ nb,) τοί Σ, =a) = 0(0). 


Σ 
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Thus φ(θ) = 4 cot 10. es (1—cos n@) = § cot 40, (8) 
is odd and bounded. If 4(6)~2X§8,, sinné, then 


Bni1—Pn = = \ {sin (2+ 1) @—sin n6} φ(θ) dé 
wT J0 


ae 1 (On Onset). 

τ \ {cos n8-+-cos (n+1) 0! f, (0) d =-4(2 ἘΠ ἢ : 
ὃ, Dntt δ, b, nh: 

anes Pn = Qn a ἘΣ = On On" 


On the other hand, if 0-'/,(6)->47A, then again φ(θ) is bounded, and 


6 xX nb, = Oo : py On (1—cosn8)| = O(1), 
n<1/6 (8 nciyo ἢ 

or u, = O(n). It follows that Ση 1, ae; and the F.s of φ(θ) may be 

palbalated as before. 

The theorem now follows from Theorem IJ. For §, decreases, and 
φ(0) has a F.s. satisfying the conditions of Theorem II. Also φ(θ) -» ἱπά 
is equivalent to (1.4), and »8,, >A is equivalent to nv,,— A and therefore, 
by the lemma, to (1.5). 

It should be observed that our proof is valid even if, as may happen, 
xb, sinné is not a F.s. Thus 2m-'sin2”@ is not a F.s., though the 
conditions are satisfied with this choice of b,. In such a case, of course, 
we must not state (1.4) in the form (1.1). : 


5. Proof of IV. Since f is continuous at Ὁ, and b, satisfies (1. 6), 
nb, —>0 (ὦ, 1), and a fortior: (C, 2). 

If s,(@) and o,(@) are the partial sum and (C, 1) mean of S, then 

6)—>f(@) uniformly, by Fejér’s theorem, and therefore 


b, smd+...+nb, snné _ 
n+] 


1.€. nb, snn@>0 (C, 2). 


= 8,(@)—a,,(@) > 0 (C, I), 


Hence w, = $nb,(1—sinné)->0  (C, 2). 


But w,>-—I1, by (1.6), and therefore* w,-0 (C, 1). And hence 


* See § 6. 
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nb, βία ηθ-» 0 (C, 1), ie. s,(8)—o,,(@)>0; and all this is true uniformly 
in 6. Hence s,,(0)—>f(@) uniformly. 

The argument proves rather more, viz. that if 0, satisfies (1. 5) and 
(1.6), then S converges at any point where tt 1s summable (and so almost 
everywhere), and uniformly in any closed interval of continuty of f. 


6. History of the theorems. '‘Vheorem | is due to Chaundy and Jolliffe, 
Proc. L.M.S. (2), 15 (1916), 214-6, except for the clause about continuity, 
which was added by Jolliffe in Proc. Camb. Phil. Soc., 19 (1921), 191-5. 
Theorem II was proved by Hardy, Proc. L.M.S. (2), 32 (1931), 441-8: 
Hardy uses Poisson’s integral and the Hardy-Littlewood Tauberian 
theorem for power-series with positive cvefficients. Theorem III was 
proved by Szdsz, Acta Math., 61 (1933), 185-201, with similar weapons. 
The essentials of the theorem can be found in earlier work of Wiener: 
thus the integral analogue is Theorem 21 of his book The Fourier Integral 
(Cambridge, 1933); the substance of this is in an earlier paper of his in 
Journal L.M.S., 2 (1927), 118-25; and the substance of the theorem 
itself is contained in Theorems XI-XI” of his paper on ‘‘Tauberian 
theorems” in Aizals of Math., 33 (1932), 1-109 (though it is not included 
exactly in any of these theorems). ‘These general theorems of Wiener 
are of course much more difhicult. 

Finally, Theorem IV was proved, when ὁ, > 0, by Paley, Journal 
L.M.S., 7 (1932), 205-8. The extension was made by Szasz, l.c., and our 
proof is a simplification of his. 

The ‘“‘Tauberian ”’ machinery which we have used is very slight. There 
is a Tauberian argument in §3 (ii); apart from this, we have appealed 
only to two of the simplest Tauberian theorems. ‘hese are (i) if La, 18 
summable (C, 1), and na, > —4/, then La,, is convergent, and (ii) if A,>l 
(C, 2),and A, > —H, then A, >1(C, 1). Hither oi these is easily deducible 
from the other. We used the first (in the case in which na, is bounded) 
in 88, and the second in §5. 


7. Proof of V. We state the proof very shortly: we may suppose 
b, = 0. Weadd to our Tauberian apparatus the most obvious generaliza- 
tion of (ii), viz. (a) if A, 1 (C, k) for some k, and A, > --ἢ, then A,>1 
(C, 1); and (δ) if f>}3aA (C,k) for some k, and f= O(1) (C, a), then 
find (Ὁ, a’) for a’ >a. We denote the hypotheses (1.1) and (1.3) 
by F, and Bg. 


(1) Suppose that αὶ is a positive integer. We saw iui §4 that £, is 
equivalent to B,, and & repetitions of the argument show that Ff, is 
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equivalent to B,.* Hence, by (a), F, is equivalent to B,; and so F,, 
for any a > 0, implies B,. 


(2) Assume B,. This implies F,, and, if we can show that it implies 
(7.1) f=O(1) (C, a) 


for any a> 0, it will follow from (b) tiat it implies Ff, for a’ >a, and 
so F, fora >0. We may suppose that O<a<1. 
If 0<7 <8, then (@—t)* is of bounded variation in 0 <t <7, and so 


(7.2) } (0—t)1f(t) dt = Db, \ (6—t)-1 sin ntdt = Eb, x, (7), 
0 9 
say. We prove that 
(7.3) χρίη) = O(n6**1) = O(n-*) (n@< 1), χ,(η) = O(n-*) (nO > 1), 


in each case uniformly in ἡ. For the first, . 
| . 
yee ofn| (9-- ἐγ α αι} ες o(n| -- O(n§++1), 
1 Jo 0 
To prove the second, we write ζ = min (η, θ---. 1). Then 
) 4 ἢ 
Xn(n) = (τῇ (θ--- 5 1 sin nt di = xX (qn) +x? (n), 


say: the second term is absent if n(9—7n) > 1. Also x® is plainly O(n-*), 
and 


ζ ᾿ 
x(n) τς (θ-- )5 Ὁ Ϊ sin nt dt = O(n1-* n-") ΝΣ O(n-) 


for a ζ΄ between 0 and ζ. 
It now follows that 2b, y,(7) is majorized by 


un OF, =in wt (Up, —Uy—1) = py U, Ant = & O(n-*-}), 


and is absolutely and uniformly convergent for 0 <<» <0; and from this 
it follows that 


= f.(B) = Eby Xqn(8) = Σ ὃ, O(n) Eb, O(n-*) 
a n<1/é n>1/0 


TS A ARR RL et fp ney i tn 


* Suppose, e.g., k = 2, and write fi) and b'}) for the φ and β, of 84, f® and 6’) for the 
g and 8, derived similarly from f() and δι, Then F, is equivalent to [Ὁ >49A (Ὁ, 1). 
4.e. to f%—>4aA, and therefore to nb)» A; and this, by the lemma, is equivalent to 
nb" >» A (C, 1), i.e. to By. 
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The first term is O(@1+« . 6-1) = O(6*), and the second is 
οἱ Σ -*¥(thy Uy) = O(6*+1, @4)-+0( Σ nn) = O(6*). 
ln>1/e n>1/6 


This proves (7.1) and completes the proof of the theorem. 
The result is ‘‘ best possible’’ in the sense that we cannot take a = 0 
or B<1l. 


Trinity College, Cambridge. 
King’s College, Aberdeen. 
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NOTES ON FOURIER SERIES (III): ASYMPTOTIC 
FORMULAE FOR THE SUMS OF CERTAIN 
TRIGONOMETRICAL SERIES 


By G. H. HARDY (Cambridge) and 
W. W. ROGOSINSKTI (Aberdeen) 


[Received 21 October 1943] 


1. OvR object in this note is to find asymptotic formulae for the 
sums of the series 
CG = C(x) = Σ α,, cosna, S = Siz) = Σ δ, βίῃ πα, (1.1) 


where a, and b,, behave approximately like a power n-“, when Ζ-- 0. 
We shall suppose that a, and b, are of the form n-“d,, where 

a= β- ἴγ, (1.2) 
and ¢, is a function, in one sense or another, of a ‘slowly oscillating’ 
type; and that 0 < 8 <1 or0< 8 <1 according as we are dealing 
with C or 5. The case 8 = 0 is exceptional for 5, and both B = 0 
and 8 = 1 for C: we reserve these cases for later consideration. We 
state our proofs primarily for S, since in this case we can allow 8 to 
be 1. Our main results are 


THEOREM 1. Suppose that 


ὃ, = τῴ, (1.3) 

where « = B+iy, 0 < β <1; and that ¢,, satisfies 
(A) : Pit Pett hn ~ Ny; 
and one of the three conditions 
(B 1) φ,, 1s real and |b,,| decreases ; 
(B 2) φ,, 18 real and increasing ; 
(B3) bnvilby = 1+-0(n-). 
Then S(x) = > b, sin nx ts convergent, and 

S(a) ~ tbe J = ξἰ τα JT (1.4) 


when x -> +-0, where € = [a-], 


J= | t-“sintdt =T'(1—a)cos}am ὁ (1.5) 
0 


1945, 1 (with W. W. Rogosinski) Quarterly Journal of Mathematics, 
16, 49-58. 
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when «a ΞΕ], and J =140 when α -- 1. In particular, either of the 
conditions 7 


(C1) ¢, ὦ8 real and n°¢,, increasing, n~*¢,, decreasing, for every 
positive ὃ, 


(C 2) dnslon = 1+o0(n~’), 
is in itself sufficient for (1.4). 

It should be observed that a real ¢,, which satisfies (A) is ultimately 
of fixed sign. 

THEOREM 2, There are corresponding results for Q(x) when 0 << 6 <1, 
with J replaced by the corresponding cosine integral. 


It is not obvious in either case, except when we adopt hypothesis 
(B 1), that the series are convergent. 


2. It will be convenient to begin by proving the results in the 
special case φ, = 1. They are then familiar (at any rate for real a); 
but the usual proofs follow different lines, and it will elucidate our 
method and shorten our later analysis if we insert one here. 


Lemma 1. If y is real and fixed then 


Boe seat 1 
,η,,͵ἱγοπῖς — O [π᾿ 
Ζ [2 | 
when x > 0, uniformly in pw and v. 


We suppose that x > 0 and μ < — — [xz-1] < ν, and write 
T= Snr = $4 $= 147, 
μ μ ἔτι 
Plainly 7, = O(x-1). Also 
(1—ci)7, = Σ n-tvAerie = O(1)— Σ er*#A(n—1)-¥ = O(1)—T,, 
é+1 ἔτι 


τ 1 — 
1—e')7, = Ὁ A(n—1)-*7Ae™™* = o()— enizA2(n— 2)-*” 
(1—el#)T, = ¥ A(n—1)-W7he : Ὁ (n—2) 


~ a+ 5 f8)= af) = 8 


ἔτι 
Hence 7, = O(1) and so JT, = O(2x-). 
If €< por € >», then the estimate for 7, or T, alone suffices. 
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Lemma 2. Theorems 1 and 2 are true when ¢,, = 1. 
Here, and later, we argue as follows. Suppose that 
(x) = x(x)+-p(@, c)+9(x, C)+r(a,¢, ΟἹ, 


where ὁ and C are positive parameters; that 7, and yg are positive 
functions of ὁ and C, which tend to 0 when ὁ -- 0 or C > 0; that 


IPl<nlxl (0 «« « 4%),  lal<nelxl (0 « « « 12), (2.1) 
where x, = 2,(c) and x, = x,(C); and that 
r = ο([χ!) (2.2) 
when c and C are fixed and x>0. Then 
p(x) ~ x(2). (2.3) 


For plainly, given any positive ε, we have 


[ψ--- χ!] < (ne+ no) IxI+ Ir] < elx|+Ir] 


for sufficiently small c, sufficiently large C, and 0 <x < 2,(c, ΟἹ; 

and so deadly 

Him πα <e. 
x 


We shall express (2.1) by writing 


p= O(nlx!),  & = O(nelx)). (2.4) 


The O’s are ‘uniform in c or C’ in the sense that the constants which 
they imply are independent of c or C, but not in the sense that the 
ranges of x for which they hold are independent of c or C. 

In the special case relevant here we write 


S = ( >+ Fs +3 \n-*sin na = S,-+S,+05. (2.5) 


n<e/x cla<sn<C/x n>C]x!« 


Then S, = O(z Σ m-*) = O(c?-Bxf-1) = O(n, 28-1), (2.6) 
because |sinnxz| < nx; and 
ὅς = Of{(C/x)-Pax-¥y = O(C-FaP-) = Ο(ηραβ-, (2.7) 
by partial summation and Lemma 1. Also, if M = [c/x], VN =[C/z], 
Cla 


S= | t-“ sin tz dt = O(M-P)+O(N-A)4+ 


e/x 


_4ntl 
ἘΣ | {n-%(sin na—sin tx) +(n-“—t-)sin tz} dt. (2.8) 


n 
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The first two terms are o(x8-1), and the last is 


Ν--1 n+l es 
> | {O(an-P) + O(n-B-1)} dt = O(x > n-B) + O(1) _ o(a8-1), 
nm : ἢ 
Hence (2.6) gives 


C 
S, = 2%} i ἐπα sin t dt -1- ο(αβ 1) = x*-{ J+ O(n.) + O(ne)+0(1)}, 
: (2.9) 


for fixed c and C. Finally, from (2.5)—(2.9), and our remarks at the 
beginning of the proof, it follows that 5 ~~ x*-!J. The proof for C 
is similar, except that we use |cosnx| <1 instead of |sinnaz| < nz 
and must suppose 8 < 1. 


3. We need three more lemmas, in which ¢—> oo and f(t) is a 
function of ἐ continuous for ¢ > 1. 


Lemma 3.7 Jf 
(0) d(kt) ~ d(t), when t > 00, for every fixed positive k, 
then o(kt) ~ d(t) uniformly in any finite interval O< ky <k < ky. 


Let fl) = He), w= Wh) =F). 
Then ᾧ - 1 for every fixed h, and we have to show that it does so 
uniformly in any finite interval of h, say [(H) = (—H, ἢ). 

Since 4-0 for every h of J(2H), ψ-- Ο uniformly in a set K 
included in J(2H) and of measure greater than 3H,{ so that || < ε 
for all h of K and ¢ > ¢,(H,«). If h is a given number of J(#), and 
h, and h, run through K, then h—A, runs through a set of measure 
greater than 3H and included in J(3H); and this set and K, having 
measures whose sum exceeds 6H, must have points in common; 
so that every ἢ of I(H) is expressible as h = h,+h,, where h, and 
h, belong to K. Also |#(t,h,)—1|<¢« for ¢>%(H,e) and 
| b(é+h,,h,.)—1| < ε for t-+h, > (8, ε); and therefore 


| b(é,h)—1| = [b(t, hy )b(E+A,, ἢᾳ)--- 1} < Qe+e? < 3e 
for t > t,(H, «)4+-2H, which proves the lemma. — 


+ We owe this lemma (in which ¢ need not be continuous) to Mr. Besi- 
covitch. . 
t By ‘Egoroff’s theorem’. 
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Lema 4. The condition 
t 
(A’) b(t) = | b(u) du ~ ἐφ() 
1 
as equivalent to (D’). 


(1) If (A’) is satisfied, then ¢, 4 0 for large ἐ, and 


φι 1 ] Py(kt) | 
φι ΣῈ (1) log Gy = leak Ἐο(1)} 


φί(ἢ ξΨ Φφι([) Ἰ doeksoay _, 1. 
P(t) kot) & 

(2) If (D’) is satisfied, 6 > 0, 1 is a positive integer, and ὁ = 2ίμ, 

τῆθη IP(t)| < 218, φ(4)} < ... «« 2H d(u)| (3.1) 


for u>4u,(d). Hence |d(t)| < fu-Pid(u) ie and t-°|d(t)| > 0. 
Similarly ¢°/4(¢)| -> 00 for any positive δ. In particular, ¢|4(é)| -> 00. 

In what follows 0<« < αὶ and ζ, ζ), ¢9), ¢2),... are numbers, 
depending on various variables, whose moduli are less than ε. By 
Lemma 3, ¢(u) ~ d(¢) uniformly for 1 < u < t. Hence 


t 
| d(u) du = ¢ ὦ [τὸ du = ξιφ()(1-.- (9) (ἐ > tole)), 
. dt 


2: 
ζ 
| b(u) du = LP(H)(L+L) = HAD ULLP\I+L) (4 > tole)), 


g-lrl¢ 
[φ( du = 3-φ()1:-. 2) 1-Ὁ 5)...1- 0) 2H > ἐρε)). 
2-4 
Hence, if 2-4 = 7, where }t) < τ < ᾧ; we have 


(1) (h) 
φι()--φ(τ) = βίῃ S SEHD OT EN), 


#0) b(t) , (TAL)... 6%)—1 
~ YER iat >. ; Qh ᾿ Ὁ 5 


The last term has a modulus less than 


ε)}--- εὐ ε(1-Ἐ ε) 
he aan (1+ = i «ἘΣ a(S) ᾿ ae S49 


ft With the principal values of the logarithms. 
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Also 1-00 when t- oo, and ἐϊφ(έ)} > 0c. Hence it follows from 
(3.2) that 


lim 


Py (2) | 7 
i“ _]| < 12e 
tp(t) 
or $, ~ é¢. 

Lemma 5. Hither (A’) or (D’) involves the following consequences: 


(i) ἐπ δ φ] > 0, |] -> 00, for any positive ὃ; 
t 


(ii) of φῇ = [φ(ω)] du, then φῇ ~ th] ~ [φ,}:; 


i 
t ὃ 
(ii) Σ PAG (2) w f FAG (u) du ~ (0), 
nxt ᾿ ὃ 
for any positive 8, with similar relations in which ¢ is replaced by [φ|; 


= -ὃ 
(iv) Σ πτδ'ιφῥυ) ~ [ w-P-Y(u) ἄμ ~ —$(t), 
nat ; ὃ 
with a similar gloss.t} | 
Of these assertions, (i) has been proved already. For (ii), 
|\p(kt)| ~ |d(£)| and so φῇ ~ ἐφ] ~ |d,|. To prove (iii) we have 
t 7 t 
i μδ-ιφ du = t-14,-+(1—8) | ud-2g, du, 
7 (3.3) 
{ 114) du = ®-14* + (1—8) | ue—*p* du. 
1 1 


Since φῇ ~ ἐφ] and #-14* + oo, the second of (3.3) gives - 


t 
ὃ [δ΄] du ~ P-gt ~ Hig]. 
But then ᾿ 


f ipa - f u¢ du το Ϊ εδ-1}φ] au) = f w-16 du +o(t?|4|), 
1 1 1 1 


t 
and the first of (3.3) gives ὃ [ μδ-ὶφ du ~ t-14, ~ ἐδφ. 
1 


t We prove a little more than we actually need, for the sake of symmetry. 
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We have thus proved the assertions about integrals in (ili). Next 


t 
p40) J μδ--ῖφ du 


[+1 Ὄ 
[ μδ-οιφ() ὅν 
| i 
Here ηδ-:- μδ-οὶ — O(n>-*), d(u) ~ d(n), and the last integral is 
plainly o(¢°/4|). Hence the sum is 

n+ t+1 


(δ fo du) = of fs iu) = (6!) 


t] n+1 


« Σ [1πδφρὴ --αδοιφ(ω)} du + 


n=1 


: δ 
and Σ ηδ-ιβ(Η) “- | w-14 du ~ “'d(t). 

nat ‘ ὃ 
The sum with |d(n)| may be dealt with similarly, and this completes 
the proof of (iii). That of (iv) follows the same lines and need not 


be set out in detail. 


4, We can now prove Theorems 1 and 2. It is convenient for 
technical reasons to suppose that 6,, and ¢,, are the values, for ¢ = n, 
of continuous functions b(t) and ¢(t), the conditions on these func- 
tions corresponding to (A)-(C) of the theorems being (A’) ¢, ~ é4; 
(B 1’) ¢ 15 real and |b| decreases; (B 2’) ¢ is real and increasing; 
(Β 34) ¢’ = O(t-1!4|); (C1’) ¢ is real, ἐδῴ increases, ἐπδῴ decreases; 
(C z’) ¢’ = o(t-114|). These conditions are in fact satisfied by the 
b(t) or φ(ἐ) obtained from 6, or ¢, by linear interpolation. 

After Lemma 4 we may replace (A’) by ¢(kt) ~ φ(ἐ), or (A) by 
Pin] el Pn: 

We decompose S (assuming its convergence provisionally) as in 
(2.5), and we have to show that 

I 
fl) “ 


ΓΞ of" 
Sy = ofc })} | (4.2) 
8, = {J+O(n.)+ Olne)-+0(1)}20 (2). (4.3) 


+ We must interpolate 6, linearly in case (Β 1), ¢, in case (Β 2) or (C1): 
otherwise either interpolation is effective. In either case 6(¢) or f(t) will have 
angles at the integers, but we may interpret (B3’) or (Ὁ 2’) as referring to 
the backward and forward derivatives (or ‘smooth out’ the angles if we 
prefer to). : 
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First, 
ϑ' = ΣοὟ φθυ)γίη ne = 0: oa is(m)]} Ξε Ofer Fat 4) 
by (iii) of Lemma 5. Since ¢(c/x) ~ 4(1/x), this gives (4.1). 


Next . 
8, Cla l Ciz β 
= Σ᾿ n-“d(n)sin nx = 4(- )> nN sin me-+ol 4{:) 2 n ) 
The last term is of{#®-1|$(1/x)|}; and so (4.3) follows from (2.9). 
So far we have used only hypothesis (A’). In discussing S, we 
must assume one of (B 1’), (B 2’), and (B 3’). 


(a) If(A’) and (B 1’) are satisfied then, after Lemma 5 (i), |b,,| > 0, 
and S; is certainly convergent. And, if V = [C/z], then 


Se. SOs o(7] 7 of o(-)) 


" = off) = ofc) 


(5) The convergence of ὅς is less obvious when (B 1’) is replaced 
by (B 2’). We then write 
a= > n-B-tv4(n)sinnz (1 = 0, 1, 2....). 
2C)a<n<2tO/e 
Summing partially,{ and using Lemma 1 and (3.1), we see that 


+= 95) AED ~ ote 


for any positive 5; and the same estimate is valid for any partial 
sum of s, We may take ὃ = 38, and then it becomes plain that 
> 8,» S3, and S are convergent, and that S, is of the form (4.2). 

(c) Finally, suppose that (B 3’) is satisfied; that N = [C/z]; and 
that τ 


Xn = Σ m-“sin mz, 
nr 


} 


so that y,, = Ο(π-βχ-1), after Lemma 1. Then 

N’ . ΝΜ’ N’-1 

p ὃ, Sin NL = > $n(Xn—Xn+1) = by χν--φν χν 41 - ps Xn41 Δῴ,. 

t |S,| < He?-828-1|4(c/x)|, where H is independent of ¢, for 0 < x < Xo(c), 
and ¢(c/z)~¢(1/z) for every ὁ, imply |S,| < 2Hc*-#x®—1\¢(1/z)| for 


0 < x < 2,(c). We shall argue thus repeatedly. 
1 Twice, once on n~“sin nz and once on n~*’sin nz. 
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Now φ, x, = O(n®-fa-1), for any positive δ, and Ad, = O(n—|¢,,|); 


by (B3’). It follows that S, is convergent, and that 


Sy = dw Σ χα δός = O(a!) +O(2 > 0 Fld). 


The second term here may be absorbed in the first, by (iv) of Lemma 


"ὩΣ 4()}-- of (2) 


5. This completes the proof of Theorem 1, so far as hypotheses 
(A) and (B) are concerned. As regards hypotheses (C) or (C’), it is 
plain that either of them implies one of (B) or (B’). It is therefore 
sufficient to prove that either (C 1’) or (C 2’) implies (A’). 

(a) If (C 1’) is satisfied, then 


Ἢ οἰσ-βυβοι 


t 
pi-8 ἐφ 
ΜΝ ὃ -ὃ ὃ ἜΘ ον Oe 
il πεν du «ς ἐδῴ-- --- = 75 


for every positive ὃ. Hence 
i py 1 a φι 
a <=> =<; 
ἘΠῚ S τας: ποι κα < 
and similarly the lower limit is at least 1. 
(Ὁ) If (Ὁ 2’) is satisfied, then 


b= { up! du = tb-+o| fis du) = -+o($%), 


t 
bf = tlpi— | wlp|’ du = tid|+o(¢h), 
i 

since |é|’ < |¢’|. It follows by comparison that ¢* ~ ἐφ] and 
$, ~ td. 

This completes the proof of Theorem 1. The proof of Theorem 2 
is the same except for the discussion of S,. Here 

i 
()} 


8ι. -- Σ n-P(n)oosne = ΟΓΓΣ n-Fig(n)|) = οἰο-βεθι 
n<c/z n<cle ᾿ 

we must suppose 8 «: 1. A typical case of either theorem is that 

in which a, or 6, is of the form n-%j,,eX., where a = β- ἴγ, 

0< 8 <1, and y, and x, are ‘Z-functions’, in the sense of Hardy’s 


+ 5 > 0 in (iii) of Lemma 5. 
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Orders of infinity, of the ranges n> < ψ,, < πὃ and 1< x, < logn. 
Thus a, or ὃ, might be 


n-“(log n)4(loglog n)BeC#e"Y (0 < p <1). 


6. There are naturally similar theorems for integrals 


io 2) 


| a(t)cos xt dt, | b(t)sin xt dt, 
0 0 


which the reader can formulate for himself. Here, however, there 
is a dual problem, since x may tend to oo instead of 0, in which case 
it is the behaviour of a(t) or b(é) for small ὁ that is important. This 
case corresponds to the problem of finding asymptotic formulae for 
the Fourier constants of a function with a singularity of assigned 
nature at the origin. | 

There are a good many known theorems which are special cases 
of Theorems 1 and 2 or their integral analogues. Different writers 
have tended to consider slightly different problems, and the literature 
is fragmentary. We may refer to Bromwich, Infinite Series, 494; 
Hardy, Proc. London Math. Soc. (2), 32 (1931), 441-8; Haslam-Jones, 
Journal London Math. Soc. 2 (1927), 151-4; Titchmarsh, ibid., 1 
(1926), 35-7, and Fourier Integrals, 172-4. Theorems with wider 
conditions but less precise results have been proved by Salem, 
Comptes rendus, 186 (1928), 1804—6, and Young, Proc. London Math. 


Soc. (2), 12 (1913), 433-52: for these see Zygmund, T'rigonometrical — 


Series, 112-16. The theorems proved by Hardy, Messenger of Math. 
58 (1929), 130-5, and Young, Proc. Royal Soc. (A), 93 (1917), 42-55, 
are of a rather different character. 


[Added Feb. 1944. Lemma 1 is a case of the following more general 

theorem, in which 
Ay = Ag ta+...+Qq, 8 (2%) = Ap ta,2+... +442", lz| <1, 

H is an absolute constant, and H(f) a function of β only. 

If0<B <1, a, = o(1), Aa, = O(n*-*), then 

[9,.(2}} < H(B)|1—2|-8. 

The conditions are not sufficient when B = 0 or B= 1. But, if Ay = O(]), 
Aa, = O(n-*), then |8,(z)|<H; and if a,=O(1), A*a, = O(n), then 
|s,(z)] « Ajl—2[7. ᾿ 

This theorem includes (besides Lemma 1) a number of more special 
theorems proved by Hardy, Quarterly Journal, 44 (1917), 147-60; Landau, 


Ergebnisse der Funktionentheorie (1929), 68-9; M. Riesz, Acta Unw. Hun- 
garicae, 1 (1923), 104-13; Szegd, Math. Zeitschrift, 25 (1926), 172-87. 


COMMENT. 


p. 49. The cases 8 = 0 and β = 1 under the hypothesis (C1) of Theorem 1 
have been discussed by Zygmund (ZI, pp. 187-90). 
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(0) Other Papers on Trigonometric Series 


INTRODUCTION TO OTHER PAPERS ON 
TRIGONOMETRIC SERIES 


Of the papers in this group, perhaps the most striking is 1939, 3, where Hardy shows 
that, within certain limits, a function orthogonal with respect to its own zeros is 
necessarily a Bessel function. This paper displays well Hardy’s great familiarity with 
the properties of special functions. 

Other results proved in the papers of this group are: 

(i) An important theorem on term-by-term integration of integrals involving 
Fourier series (1922, 10); 

(ii) Extensions of Parseval’s theorem to non-conjugate classes L?, 14 (1927, 4); 

(iii) The arithmetic means of the Fourier coefficients of a function of LZ? are the 
Fourier coefficients of a function of L? (1929, 7). 
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NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By G. H. Hardy. 


LV. 


On the integration of Fourter series. 


1. Pror. W. H. Young, in the course of his researches 
in the theory of Fourier series, has discovered a very beautiful 
theorem which is of great importance for the evaluation of 
definite integrals which contain a periodic factor. The theorem 
may be stated as follows: 


THEOREM. Suppose (i) that f(x) is summable and periodic, 
with pertod 27; (ii) that g (x) ts of bounded variation in the 


506 1922, 10 Messenger of Mathematics, 51, 186-92. 
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anterval (0, ὦ); and (iii) that the integral 


(1) [: 'g (x) |dx 


ts convergent. Then the value of the integral 


4) [: σα 


may be calculated by substituting for f (x) its Fourier series 
δα, ἘΣ (a, cosnx +b, sinnx) 
and integrating formally term by term; so that 


[, fog Ὁ de =a, { g(x) ae 


ἜΣ {a, [. g (x) cosnede+b, | g (x) sinnade| ; 


In particular this is so vf (iia) φ (1) 18 positive and decreases 
steadily as x increases, and (ilia) the integral 


ω [, 9 (x) ae 


18 convergent. 

If a,=9, the condition (111) or a may be replaced by the 
less exacting condition that (1116) g (x) tends to zero when x tends 
to infinity. 


Although everything stated here has been proved by 
Young, his various publications bearing on the matter* do 
not, so far as I am aware, contain any quite definite and 
explicit statement of the theorem as a whole, which is the 
result of the collation of a number of different passages. And 
the proof, as presented in his writings, is In any case some- 
what intricate, In the first place it involves the assumption 
of ‘ Parseval’s Theorem’ in a very general form. Secondly 
it depends, in part at any rate, on a general theorem concerning 


* W.H. Young: (1) ‘On the integration of Fourier series’, Proc. London 
Math. Soc., ser. 2, vol. ix., 1910, pp. 449—462 ; (2) ‘On the theory of the application 
of expansions to definite integrals’ , rbid., pp. 463-485 ; (3) ‘On integration with 
respect to a function of bounded variation ἢ ibid., vol. xiii, 1918, pp. 109-150; 
(4) ‘On the Fourier constants of a function’ : Proc. Royal Soc. (A), vol. Ixxxv., 
1911, pp. 14-24. 

In order to obtain the theorem as I have stated it, it is necessary to compare 
Theorem 6 of (2) and ‘Theorem 2 of (1), together with the extension of this latter 
theorem to an infinite range of integration [(1), pp. 454-455]. ‘Ihe complete 
result is fundamental in (4): see in particular pp. 17-18. The simplification in 
the proof of Theorem 6 of (2), due to the generalised theory of integration, is 
indicated on pp. 147-148 of (3): the argument here supersedes the ‘delicate and 
lengthy’ argument of (2), pp. 475-481. 
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the integration of series, the proof of which presents con- 
siderable difficulty. Of this theorem he has offered two 
proofs. ‘The first is, as he remarks himself, ‘delicate and 
lengthy’; while the second, which is very much simpler, 
depends upon his general theory of integration with respect 
to a monotonic function (or function of bounded variation). 

It seems worth while, therefore, to include in these notes a 
proof which is more direct and presupposes a good deal less. 


2. I shall require three lemmas. 

(1) Jf (i) s,, (α) as, for every positive integral value of m, a 
measurable function of x; (11) s(x) ts bounded fora<u <b, 
m=1, 2, 3, ...3 (ill) 8,, (xv) tends to a limit s(x) whenm->o, 
for all, or almost all, values of x; and (iv) f (0) ts summable : 
then s (a) f (x) ὦ lat and 


lim - (2) χ() dx = [. f (2) de, 
Mm => OO 

This is a well-known theorem due to Lebesgue and Vitali.* 
T follow Young in saying that, when conditions (ii) and (ii!) 
are satisfied, s (7%) converges boundedly to s(x). 

(2) If s(x) is of bounded variation in the interval (0, 27), 
then the sum of the first n terms of its Fourier series converges 
boundedly to s(cx).t 

This is an immediate consequence of the ordinary theory 
of Dirichlet’s integral, when developed (in Jordan’s manner) 
by means of the Second Theorem of the Mean. A formal 
proot is given by Young. 

(3) If g(x) ts summable and of bounded variation in the 
infinite interval (0, oo )§, then the series 


g (x) +9 (a+ 27) +9(e@+ 42) +4... 


as convergent for every positive value of x, and tts sum G (x) is 
summable and of bounded variation in the interval (0, 27). 
xv+2(n-+1)ar 


Let g (x+ 2n7)=u, (x), | g (ὃ dt=v, (a), 
c+2n14 

where 0<%<2m. The series Συ, (1) is (absolutely and uni- 
formly) convergent. Also 

* See de la Vallée-Poussin, Cours d@ Analyse, vol. i. (third edition, 1914), p. 264 
(Theorem IT.) ; or Young’s paper (2), p. 468 (‘Theorem 2). 

Τ ‘Lhe limit function 1 is 

ᾧ {s (aw -- Ο) +8 (5 +0)}, 

which ace from s(x) at most at an enumerable set of points. 


1 ἰ.σ. (2), 


§ ie., if ‘the conditions (ii) and (iii) of the main theorem are satisfied. 
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-Ἐ2(η-0}}π 
u(x) — ¥, (2) = {g (a+ 2ηπὴ -- (ἢ) αἱ 
α-Κηπ 
is plainly not greater in absolute value than 27 V,, where V,, 
is the total variation of g (¢) in the interval 
x+2Qnr, +2 (n+1)7. 
Hence Σ {u, (2) —v, (@)}, 


and therefore Σὰ (α), is (absolutely and uniformly) convergent.* 
Thus G (x) is defined for 0 “ὦ “2π. Also 


|G (a) | <| 9 (@)|+ 1g (e+ 2nm) | teers 
so that G (zx) is summable and 


2π ου 
[J 1@@ldes] ig (@)|ae. 
Finally, if ας and 2, are any two points of the interval (0, 27), 
we have 
| F (a,) — G (a,) | <2 | 9 (w, + 2nx) — σία, + 2n7r) |. 
Hence if we form one of the sums by means of which the 
variation of G(x) in (0, 27r) is defined, it is less than or equal 


to a corresponding sum formed for g (x) and the infinite interval. 


(0,00). Thus the variation of G (a) in (0, 27) does not exceed 
that of g (x) in (0, ΟἽ). 


3. We can now prove the main theorem. Suppose first 
that the conditions (i), (ii), and (iii) are satistied. ‘Then 


ha, Ι. 9 (x) ἀα τ Σ («͵ Ι. g (x) cosnadat+b,, [. g(x) sin ne dz) 
1 


27 sin (m+ 4) (ὦ — 


== {. 9@) de { sn Er a 


0 
= = {70 dt [, δια (τε Ὁ δ) {5 — ἢ 6 (ay de, 


0 sin 4 (ὦ — t) 


* Tt is plain that, by a trifling modification of this argument, we can prove the 
following proposition : if g(x) ts of bounded variation in (0, 0 ), then the difference 
where a is a constant, tends to a finite limit when n τὸ 00 ; so that the series and integral 


Eq (n+a)—["  9(2) de, 


Σ΄ (n+ a), [ g (x) dx 


converge or diverge together. This is a generalisation of the classical ‘Cauchy- 
Maclaurin’ test for the convergence of series. If g(x) is an integral, its 
variation is 


J lg’) tae, 


The theorem then reduces to one proved by Bromwich, ‘ The relation between the 
convergence of series and that of integrals’, Proc. Lond. Math. Soc., ser. 2, 
vol, vi. pp. 827-338. 
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the inversion of the order of integration being plainly legiti- 
mate. But 


1 (δ sin (m+ 4) (7 -- ἢ 

Θ, (ἢ τς |, sin ἀ (ὦ - ὃ 
Π1 f?™sin(m+4)(x— 28) 
Dar ᾿ sind (7 --- ἢ Ge) ae 


is the sum of the first τὲ - 1 terms of the Fourier series of 
G (ἢ, and so, by Lemmas 2 and 3, converges boundedly to 
G (ἢ. Hence, by Lemma 1, 


[, S04. 4ι-» [FOG Wd=[" Feo g@ae 


when m->0oo. This proves the first part of our theorem.* 


g (x) da: 


4. We have still to consider the second part of the theorem, 
in which 


α,-- 3 [7 de =o, 


but the integral (1) is not convergent. This case is easily 
reduced to dependence on that which we have already discussed. 

Suppose that the conditions (i), (ii), and (iii δ) of the theorem 
are satisfied, and let 


y (a) =g9(2mmr) {2mr <x <(2m+1) 7} 


and 9 (@) Ξε (@) -- σ (@). 
It is plain that y (x), and therefore g (x), is of bounded variation 
in (0, 200). Also 


2(m+1)2 2(m+1)a 
I, (7) [de = | |g (2mm) —g (x) |dx<2rV_, 


where V, has the same meaning as in the proof of Lemma 3 
(§ 2). Hence the integral 


[, 19 @)|ae 
15 convergent. 


* It might be thought that it would be simpler to begin by considering the case 
in which g(x) is monotonic. If so, G(x) is plainly summable and monotonic in 
(0, 27) ; and the proof is materially simplified. 

There is however a difficulty. If g (ax) is summable and of bounded variation 
in (0, 0), it must tend to zero; and g(x) =h(x)—k (x), where h(x) and &(z) are 
positive functions which tend steadily-to zero. But the summability of g(x) does 
not necessarily involve that of h(a) and k(x). ‘The point may be illustrated by 
the example of the function 


1 1 
σ()-- - τι κα <ntl; ἘΞΙΣ 
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Thus g (2) satisfies the conditions imposed upon g (x) in the 
preceding analysis, and so (3) holds when γ (”)— 9 (2) is written 
for g(x). But 


[, Fey eyae=d (Fv (e) dx 


00 2π 
- 3g (2mm) |" f(e)de=0, 
and similarly 
I, γ (x) cosna dx=0, Ι. y (x) βίπ πῶ οἷα τεῦ. 


Hence (3) also holds when v(x) is substituted for g(x), since 
every integral which occurs in it vanishes. And hence, finally, 
(3) holds as it stands. 


5. The theorem of §1 enables us to evaluate, in the form 
of infinite series, the integrals considered in Notes 1V. and 
IX. 

δία) = ¢ (sin’2) 
wehave f(x) ὦ ξα, ἘΣ (a,,, cos2mx + b,,, sin 2mm). 


If g(x) is positive and tends steadily to zero, and the integral 
(4) is convergent, then 


6) [9 (inte) 9(2)de=4a, [7 σ (2) de 


ἜΣ α,| g (x) cos2max dx + b,,, ] g (a) sin 2mader Ἢ 
0 


If (4) is divergent, then 
(6) [. [φ (sin’x) — 4a,} g (x) dx 
=> ἷα f g (x) cos2mx dx + ὅς, [. g (“) sin 2mede! 
0 
One of the most interesting applications of the theorem, 
which is signalised by Young, is to the case in which 
g(x)=a?* (0O<p<l). 


In this case g (aw) has an infinity at the origin, and the analysis 
requires modification. We may begin by taking 


g (w) =0(0 <4 <0), g(x)=x"" (53 0), 


and applying the theorem to g(a). We thus justify term-by- | 


term integration over the range (0, 0). In order to justify 
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integration over (0, c), we have to impose an additional 
condition on f(x) in the neighbourhood of the origin. If we 
suppose that /(a) is of bounded variation in (0, c), its Fourier 
series converges boundedly in that interval. We may there- 
fore, by Lemma 1, multiply by the summable function x?” 
and integrate term-by-term. Combining our results, we see 
that term-by-term integration over the whole interval (0, οο) 
is permissible. We thus obtain Young’s formula 


χὰ Σ Ὁ a, οοδὲρπο-ῦ, sind pr 
(7) I, (F(a) —4a,} a? 'dac=P (p) 3 τος ΞΡ ASP 


J (x) being any periodic and summable function which has 
bounded variation in an interval (0, c). 


6. As an example of the use of theorems of this character, 
I add the following very simple deduction of the functional 
equation of Riemann’s Zeta-function. | 
Suppose that 
© sin(2m+1)ax 
fang, 


so that 
S(t)=gm [Qkr <x <(2kh+1) πὶ, 


S(e)=—jm {2k+1)T <a <2(k+1)}. 
‘Then (7) becomes 
dor Σ ({-- ι [στω- I'(p) sindpr Σ ἘΠΕ ΤῈ 
0 ἀπ ὁ (2m + 1) Ὁ, 
The series on the right-hand side converges to 
(1— 2") (1 +p) 
if R(p)>0. That on the left-hand side is 


TS λα εν» 


It is convergent if R(p)<1. Further, if R (p) <0, it is 


equal to 
lig Bt] 


a (1? -- 2°43...) = oe (1 -- 2°) ξ(: 3). 
Writing 1+p=s, we obtain 
ξ΄ (1 --- 8) = 2 (2π)" ο05}5πὴ (s) £(s), 
the functional equation. 
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NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By G. H. Hardy. 
[Extracted from Musee of Mathematics, no. 616, vol. lii., August, 1922.] 
LVL. 
On Fourier’s series and Fourter’s integral. 


There are three familiar repr esentations of an arbitrary 
τ associated with Fourier’s name, viz. 


(1) J (x)= = - = é, ("40 cosn (t— x) dt 


(where ες is 4 if n=0 and 1 otherwise), 


(2) f(e)= lim τ ἬΝ jo ”) a 


(3) ΡΥ dy { f (t)coay (t—x) dt. 


These are (1) Fourier’s series, (2) Fourier’s single tntegral,* 
and (3) Fourier’s double integr al. It is with the first two only 
that 1 am concerned in this note, 

The conditions under which (1) and (2) are valid are, so 
far as the behaviour of (ἢ) in the neighbourhood of t= is 
concerned, identical. ‘This is of course well known; but there 
is a simple formal relation between the two formule which I 
have not seen established generally. 


2. Suppose first that 7, (5) is a trigonometrical polynomial 
4a,+ Σ εἴα, cosn +b, sinnz)=4A,+ Σ A, 


n=l 


and that » 18 ‘aoaitiges A simple calculation shows that 
(4) a ee 


where 7, = 4 if n=0 or n=A and y, ag Ἐν δε ΐξο: The 
integral is defined in the ordinary manner when δ is non- 


* I follow Prof. Hobson’s nomenclature : see his Theory of functions of a real 
variable (firat ed.), p. 760. 


1923, 6 Messenger of Mathematics, 52, 49-53. 
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integral; but when » is an integer it must be defined as a 


principal value 
Τ' 


5 lim 
( ) T'-> 2 aT" 
as it would otherwise be divergent. 

Suppose that A is non-integral. Then the value of Fourder’s 
integral 18. the sum of the terms of Fourier’s series whose rank 
as less than X. [[ is this result which I wish to generalise, 


Ὁ. ‘THEOREM 1. The formula (4) ἐξ true for every periodic 
and integrable*™ function f(x), provided that the entegral is 
interpreted as a principal value when X is an integer. ἢ 

We may suppose that 0 Ξ α Ξ 27, since each side of (4) is 
periodic in 2. 

Suppose first that VW<’<N+1, where WN is an integer. 
Then, by the ordinary formule for Fourier coefficients, 


_ 1) [ὅπ sin (N44) (t—a) 
(6) ἐν nA, Ἐπ oor [. " - πὶ. dt. 


On the other hand 


Ss sind (f— x) es 2(k+1)ar sind (¢— x) 
aL sey si, 


sind (t—2x + 2k) 


t—wv+2kr dt, 


fore) 2π ; 
=  ["χὴ 
wo JO 
if this series is convergent. Let us assume for a moment that 
the order of summation and integration may be reversed. 
We havet 
fs) pays SUNS tha) _ sin(W +4) =2). 
ey = take sind (t— ax) 


There are ceriain terms in the series, namely those for 
which & is —1, 0, and 1, whose definition tails for particular 
values of ¢and x. It is to be understood that such a term is 
then to be replaced by its limiting value Δ. 

The formula (4) follows at once from (6), (7), and (8), and 
it remains only to justify the inversion. 

It is sufficient tor this purpose to show that the series (8) 
is boun‘edly convergent, that is to say that 


F . sind (é— a - 2/-77) [ 
( ) --Κ' t—a-+2kr 


<A, 


* In the sense of Lebeszue. 
+ See, for example, Bromwich, Injinite Series, p. 257 (ex. 19). 
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where A is a constant, for O<t<27, OS x <27, and all 
positive integral values of AK and . 
As each term of the series is individually bounded, we may 
ignore the terms for which ὦ is —1, 0, or 1. We have then 
| 1 1 τς t— 2 A 
| Π (ἐπ @  2}π) ἐπ 


| K sind ({ -- αὶ + 2k7) 
Sere ἐπ 


't—-x+2hn kr 1:5 
sin ACE — % + 2[πῚ 
2 t—w+2kr 


sin 2Akar 
k 


Σ 
2 


Τ 


cos2A kr 
k 


1 K 
=A+—|cosr(t—2) » 
27 2 


<A; 


and the same argument may be applied to the sum from — Α΄ 
to —2. We thus deduce (9), which completes the proof of the 
theorem when A is non-integral. 

If X is an integer NV, we have 


fee sin (NV + 4) (¢—2) = 
ἐπ τ που ον 


1 (πὶ 
==. |, sin N (t— δ) cot} (t— α) f (ἢ dt, 


᾿ K 
sind (ἐ-- αὐ > 
2 


and 

. Καὶ β Ν(-- ὦ 2. πὴ. ΜΝ ee 1 

lim > BUC eR) cay (pe lim Σ ——, 

| ee ae a t—e + 2 π _xt—«“x+2kr 
- 2 βῖ) ΑΥ (ἐ --- “) cot$ (t—2) ; 

so that our formal analysis still holds, the integral being 

interpreted as a principal value, and the series in the special 

manner indicated above. Also, if the terns for which k=—1, 

0, 1 are omitted from the summations as betore, we have 


E sin N(t—2+ 2k) | < K 1 
le) Ut e+ 2kr i= | 7 t-a“+ ἐπ 
K 1 
Ee (pee ee eee 
| 20-2) 3 καρήατι |< 4 


so that the inversion is still legitimate. It is essential here 
that our special definitions of the series and integral should be 
adhered to, neither the proof nor the result being valid with- 
out them. 


4, A similar argument establishes 
THroreM 2. If | 
ga, ἜΣ (a, cosne + d, sin nx) 
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is the Fourier series of a periodic and integrable function f (x), 
and > ts positive and non-integral, then 


ao) [ὦ 


51ὴ λα! 
a 


eo [.-. 
demr(ha,t, Σ a,) +43), log |" 
5. It appears then that, if /(x) is any function integrable 
over (0, 27), and F(a) is the function defined over (-- ὦ, 0) 
by periodic continuation, the problem of expressing / (2) by a 
Fourier’s series is identical with that of expressing 2 (2) by a 
Fourier’s single integral. We cannot extend this equivalence 
to Fourier’s double integral (3), without some generalisation 


of the definition of an infinite integral, since 


oo 


F(t) cosy (ἐ --- Ωἡ) dt 
—0o 
is not convergent. 
There are similar expressions for the Rieszian means of 


the Fourier’s series of f(7). ‘Thus 


2° {58:0 ἐλ (ὦ --δὴ᾽ νι 

(11) = [fo eer } dt=4A N+ oe n) A, 
is a formula for the Rieszian (or Cesaro) inean of order 1. 
This formula has however been established already by Young, 
who has given similar formule for the Rieszian means of any 
positive order.* 

It should be noted that there is a serious difference between 
(4) and (11), or any of the formule given by Young. ‘These 
Jatter formule are direct deductions from the general theorems 
which I considered in Note 55, since, for example, the function 


sin a) ᾿ 


g (a) = ᾿ 


has bounded variation, and a convergent integral, over the 
whole interval (—oo, oo). Neither of these conditions is 
satisfied when 

sin λα 


g (a) ᾿ 


μη 


so that Theorem 1 is not deducible from the theorems of 
Note 55. 


+ See his papers ‘Uber eine Summationsmethode fiir die Fouriersche Reihe’ 
(Leipziger Berichte, 43 (1911), pp. 369-387) and ‘On iufinite integrals involving a 


generalisation of the sine and cosine functions’ (Quarterly Journal, 43 (1912), 
pp. 161-177). Young restricts ἃ to be an integer. 
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6. There is a theorem concerning the allied series 
foe) οΌ 
= (6, cosnt—a,sinnt)= Σ B, 
n=1 n=1 
corresponding to Theorem 1. 


THEOREM 3. If f(x) ts any periodic and integrable function, 
and SB, is the series allied to the Fourier series of f (x), then 


+ | f(y OME) gy Σ 7B 


7 t— 1<nSd 


where ἡ, ts 4 if n= and 1 otherwise. The integral is an 
ordinary integral tf a,=0 and Ἃ ts not an integer ; otherwise 
it is a principal value, 


It is unnecessary to give the details of the proof, which 
will present no difficulty to anyone who has followed the 
proof of Theorem 1. 
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NOTES ON THE THEORY OF SERIES (V): ON PARSEVAT,’S 
THEOREM 


G. H. Harpy and J. BE. Litttewoop. 


[Received 17 May, 1926.—Read 29 April, 1926.] 


[Hatracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 26, Part 4.1 


1. Suppose that f(@). 18 a real, periodic, and integrable function of 
8, and that 


(1.1) sa,+ X(a, cosnO+b, sin 20), X(b, eos nO—a,, sin 720) 
1 1 


are its Fourier series and the conjugate or allied series. We say that 
f belongs to LL’, where p>1, if |f|? is integrable. A fundamental 
theorem of M. Riesz* asserts that the allied series is then also a Fourier 
series, and that the function —g(@) of which it is the Fourier series, and 
which we call the function conjugate to /(0), itself belongs to 1, The 


complex function 


(1 . 2) H(z) = Le,2" = D(ay—tb,)7" 6.18 


is then an analytic function of z regular for r=|z|<1, and 
h(0) = f(@)—ig(@) 1s the “‘boundary function’’ of H(z), that is to say 
the function defined, for almost all 6, by the values assumed by H(z) 
when z approaches the unit circle radially. Also 


Cy == 1 [ h(6)e-"* dé ; 
π}). 
and 
(1.8) ! | H(re®) 1» 40 (γ « 1) 


is bounded, and indeed increases steadily to {| h |? d@ when r—1. 


* M. Riesz, 5, 


1927, 4 (with J. E. Littlewood) Proceedings of the London Mathematical 
Soctety (2), 26, 287-94. 
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It is naturally often convenient to consider the two functions f and g 
together, in the form h = f—ig. We write 


(1. 4) | h(0) ~ Σ ΔΕ 
0 


Here h is not an arbitrary complex function, its real and imaginary parts 
being determined by one another. 

We may, on the other hand, start from a quite arbitrary complex 
and integrable h. Such a function will not usually be the boundary 
function of an analytic function. If 


(1.5) Cy = ξ(α,--- ἐδ.) = x \ h(0) e~ "8 dd, 
A ae ane 

we write 

(1.6) : h(a) ~ Se, e"”, 


and call this series the Fourier series of h. It will be convenient to 
suppose throughout, as plainly we may without real loss of generality, 
that co = 0. In these circumstances h = f—ig, where f and g are real 
functions whose Fourier series are 


nH [54] 
1. 7) > (ua, cosnO+B, 5ῖη. ,θ0), Xd, 6052 --- γα sin 26), 
I 1 
with 


Zan = Ay t+ Ans 2B, = b= 0-4; 2Yn = Ay — α. ἢ, 2d, -τ b, ϑοης 


These series are conjugate only when «, = γι; By = on, te. when 
a, = b, = Ο for all negative n. 

We shall call (1.6) a general Fourier series, and a Fourier series 
of the type (1.4), or a similar series extended only over negative values 
of n, a Fourier (positive or negative) power series. It follows from 
Riesz’s theorem that, if the series (1.7) are the (ordinary) Fourier series 
of functions of L?, where p> 1, then so are the series 


Σ (y, cosnO+6, Β1η. 0), ΣᾺβ,, cos ηθ--- αἰ sin 560), 
1 1 
and therefore, by addition, the series (1.1). In other words, Riesz’s 


theorem may be stated, from our present point of view, as follows: 1} 
Se,e"? is the general Fourier series of a function of L’, then the two 
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halves of the series corresponding to positive and negative values of n 
are the Fourier power series (positive or negative) of functions ‘of L?. 
The upshot of Riesz’s theorem is then, to put the matter roughly, 
that, so long as we are concerned with functions of a Lebesgue class 
greater than 1, it is indifferent whether we consider Fourier power series 
or general Fourier series. There are, however, many parts of our recent 
researches where the distinction is essential. For example, if Sc,e" 
is a Fourier power series, its integrated series is absolutely convergent, 
while the corresponding theorem for general Fourier series is false. 


2. The classical form of ‘‘Parseval’s theorem’’ may be stated as 
follows. If 


οὐ 


(2.1) fr~ Tae’, g~ be” 


are functions of 1,2, then 


1 1 ας 
(2 . 2) Zan by = 5 |" £0 9(-6 dd. 


I'he convergence of the series is absolute, since Zja,|? and =|, |? are 
convergent. 

Riesz, in the investigations which we have quoted, gives a very 
beautiful extension of Parseval’s theorem. He supposes that f and g 
belong respectively to L? and L”, p and p’ being ‘‘conjugate indices’’ 
satisfying 


| ἐπεὶ Ὁ. 1.1 

(2. 8) p> 1, π΄ es pg Ἢ 
(a notation which we adopt throughout, and for letters other than p), 
and he proves that (2.2) is still true under these conditions*. There is, 
however, an essential difference between the general case and the special 
case p==2, in that the series (2.2) is not generally absolutely 
convergent. 

Our recent researches have led us to consider Parseval’s theorem in 
a still more general form. We suppose that f and g belong to LZ? and 
L‘1, p and q being greater than 1 but no longer conjugate. The series 


* It had previously been proved by Young (7) that (2.2) holds when the series is summed 
(C, 1). 
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which is then relevant 15 not (2. 2) but 


2.4) Z| 2 |-* eter 89, bn, 
where 
1 1 
(2.41) = —+——1. 
ae ᾳ 


We may suppose that p< 4, and there are then four possibilities as 
reoards the magnitudes of p and 4, viz. 


() px<q<2(<p’), (Ὁ) ῳ «}2 «ᾳ «“"»", 


(Ὁ (» «23 «»' <q (ὦ φ' «})2 «» «4. 


Theorems which we have proved recently, together with Riesz’s theorem, 
enable us to settle the problem in all cases. 


3. THEOREM 1. In case (a) the series (2.4) ts absolutely convergent. 


In case (Ὁ) it is convergent, but not necessarily absolutely convergent. — 


In cases (c) and (d) it is not necessarily convergent. In cases (a) and (b) 
the number p ts the best possible ; the series may cease to converge when 
pts replaced by any smaller number. 


We use, besides Riesz’s theorem, two of our own. The first* is 
THEOREM a. If f belongs to L?, and pq <p’, then 

(8. 1) E|n-#a, | 

1s convergent. 


The second requires a word of preliminary explanation. Following 
Weylt, we define /,(6), the integral of (0) of order a, where O<a<l, 


by 
1 ee a 


The Fourier series of /,(0) 18 


ΣΙ n aa ο΄ aart sgn n An en8 


- πα ee a I eA A “----͵α-.-..---.-ςς--.-.-ς- 


* Hardy and Littlewood, 3 (Theorem 10). 
t Weyl, 6. | 
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The theorem which we require is* 


THEOREM B. If f belongs to L?, and 0<a<1/p, then f, belongs 
to [LPlG-pe). | 


With the help of these theorems and Riesz’s theorem, it is very 
easy to prove Theorem 1. The simplicity of the proof is naturally some- 
what illusory, since the theorems on which it depends are difficult. 

If one of (a) or (b) holds, then p < q <p’, and conversely. Suppose 
first that p< q<2 [case (a)]. Since g belongs to L‘, the series 
>| ὁ, |” is convergent, by Hausdorff’s theoremt. But, by Hoélder’s 
inequality, 

Xf a ay by |< (Z| a" ay [YD 8, [OMY 


and therefore, by Theorem a, the series on the left is convergent. 

Next, suppose that we are in either case (a) or case (b). Since 
q>1, »<1/p, and we may take a=, in Theorem 8. Hence ἢ, be- 
longs to L’, The convergence of (2.4) then follows from Riesz’s 
theorem. 

The remainder of the proof requires only the production of appro- 
priate ‘‘Gegenbeispiele’’. We observe first that if 


(3 . 2) f — poy lam Ee ae = Σ 9271-8 43/9 erie (ὃ > 0), 
1 1 
then f belongs to L’ and g to 1, The series ©n~’a,d, is then Sn7!~%+te-”, 
which diverges if ν «μ and 6 is sufficiently small. There is therefore 
in no case any possibility of replacing » by a smaller index. 
Next we take 


(8. 8) fg a cos 2} 6 (6 > 0), 

so that f and g are continuous. The series (2. 4) is then S2-@+®", which 

diverges if μ <0 and ὃ 15 sufficiently small. We can therefore only infer 

convergence if 4 <p’, and sop <p’ or p<_2. This shows that (a) and 

(b) are the only cases in which the series is necessarily convergent. 
Finally we choose f as in (3.2), but take 


g = Ση δον log n+ni6 (ὃ > 0). 
1 


* Hardy and Littlewood, 2 (Theorem 3). No proof is given there, but a proof is included 
in a Memoir which we are preparing for publication. 
+ Hausdorff, 4. 
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Then g is continuous*, while f, as before, belongs to 1», The series 
of moduli is now 


99773 26-1 


and diverges if 4 > 2 and δ is sufficiently small. ‘Thus we cannot assert 
absolute convergence in case (b). 

The sum of the series, in all the cases in which Theorem 1 asserts its 
convergence, is given by the formula 


ΣΙ [τ οτμέονι ας, ὅς = |" fy(6)g(—0) a0 
π]. - 
(or the corresponding formula in which f and g are interchanged). This 
requires no further proof, as it follows directly from Riesz’s theorem, at 
the point at which we appeal to this theorem above. 


4. We may observe that the first paragraph of our proof proves more 
than is actually incorporated in Theorem 1, and the position may become 
clearer if we embody the additional information which we have obtained 
in an explicit theorem, though this theorem really adds nothing to 
Theorem a. 


THEOREM 2. The series (2.4) is absolutely convergent whenever f 
belongs to L”, where p< 2, and the serics Σ᾽] ὑ, 1, where pqs », 
is convergent. 


In case (a) this asserts more than Theorem 1, since 2| 6, | is con- 
vergent whenever g belongs to ZL’, while the converse proposition 1s 
false. In case (Ὁ) the hypotheses are stronger than those of Theorem 11, 
and the conclusion (to absolute convergence) also stronger. 

One further question remains. Since the hypotheses are now un- 
svmmetrical, the assumption that p < q entails a loss of generality, and 
it may be asked whether we have really exhausted the question. It is 
however easy to see that the hypothesis p< q <p’ is ‘essential to 
Theorem 2. The conclusion involves the convergence of (3.1). Take 
now 


f= Sn-!+'P (log η) “69. (a > 0). 
2 


* Hardy and Littlewood, 1. 
7 The converse inference being valid and not the direct one. 
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Then f is regular except for @=0, where it behaves like a multiple of 


1." (log ra) : 
Thus f belongs to L? if pa>>1. The series (3.1), on the other hand, 
is convergent only when ga>1. If q<p, the first hypothesis does not 
involve the second. We must therefore have p< q. Finally, the 
example (3. 3) still shows that we must have 4 < p’. 


5. So far we have supposed p and q to be greater than 1. Our 
theorems may, however, be extended, with appropriate reservations, to 
all positive values of p and q, and here the distinctions of § 1 become 
important. We have to appeal at one point to a theorem* which we have 
not stated before. 

Suppose that H(z) is the function (1.2), that 0<p <1, and that the 
integral (1.3) is bounded. We shall then say that H(z) belongs to the 
(complex) class L?. It is still true that H(re®) tends almost always to 
a limit function 1(6), but h(6) is not necessarily integrable. 

We shall now require the following theorems. 


THEOREM yt. If H(z) belongs to L?, where p <1, then 
(5.1) Cp Ξε Oe PY. | 
and the series 
(5 . 2) ΣΡ le, |?, Zn- VP! cy | 
are convergent. 


ΨΉΒΟΒΕΜ δὲ. [f0<p<1, (l—p)/p<a<1/p, H belongs to L, 
and 


A= 2 δρῦς 
then H, belongs to LP/Q—pa), 


The last theorem is an analogue, for p< 1, of Theorem 8. Since} 
is no longer integrable, our former definition of the ‘‘fractional integral’’ 
is inapplicable. 


* Theorem ὃ below. 

t Hardy and Littlewood, 2 (Theorem 11) and 8 (Theorem 16). 

} We have not stated this theorem before. A proof will be given in our memoir referred 
to in §3 (p. 291, f.n. ἢ), 
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THEOREM 3. If Da,z, and Zbnz" are functions of the classes "ἢ 
and L‘, then the series (2.4) is absolutely convergent whenever 
O<px<q<2, and convergent whenever 0<pxeX®<qagp’. If 
p <1, the last inequality ᾳ ΞΞ ρ' is to be omitted. 


We “ae suppose p< 1, since otherwise there is nothing new to 
prove. If q<1, then 


ΣΉ] An On | — >. {Ὁ} An | i na-Vig| ba | } 


is convergent by Theorem y. If 1<q - 2 it is sufficient, as in ὃ 3, to 
prove the convergence of 


(8. 1) L(n-#| ὧς [)5 = T{nP-?| ay |? ..lP-Y!P | ας [)γ0τΡ); 


and this is again convergent by Theorem y. Finally, if 2<q<p', 
f, belongs to L%, by Theorem δ, and the conclusion follows from Riesz's 
theorem as in ὃ 9. - 

For the sake of completeness we add 


ΤΉΒΟΒΕΜ 4. The series (2.4) is absolutely convergent whenever 
0O<pxl1l<q, f belongs to L?, and S| },|* 1s convergent. 


This has been proved above when q=1. If q>1, the argument 
above shows that (3.1) is convergent, and the conclusion then follows 
by Hoélder’s inequality, as in ὃ 3. 
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CORRECTIONS 
p. 289, line 7. Read > ο, 6:38, 
p. 291, line 6 from below. Read Σ᾽ 2-(#+24!", 
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A POINT IN THE THEORY OF CONJUGATE FUNCTIONS 
G. H. Harpy and J. E. Lirrnzwoopt. 
[Extracted from the Journal of the London Mathematical Society, Vol. 4, Part 4.] 


1. Suppose that f(x) is periodic and belongs to the Lebesgue class 
L?, where p>1, and that 


(1.1) f(z) ~ X(a, cosnz-+b, sinnz) = LA, = A: 


we. may suppose, without real loss of generality, that the Fourier series 
has no constant term. Then the conjugates of f(x) also belong to L?’?. 
If we select that conjugate g(x) whose Fourier series also has no con- 
stant term, then 


(1. 2) —g(xr) ~ X(b, cos nx—a,sin nx) = XB, = B. 


The formal relations between f(x) and g(a) are expressed by the 
equations | 


(1.31) —g(x) = ΕΣ [ cot ἐ (ἐ--- αὐ Κ(ὃ dt, 


(1. 89) f(a) = mal cot 4(t—2) g(t) dt, 
WT J—xr 


in which the integrals are Cauchy principal values. Each formula holds 
for almost all x. More precisely, it is known, after the researches of 
Fatou and Plessner§, that (1.31) holds whenever (a) f(t) is continuous 
for t= «x or, more generally, 


t 
0 


(1.41) | | f(a+u)—f(z—w)} du = o(t), 


+ Received 8 December, 1928; read 13 December, 1928. 
t M. Riesz, 5; see also Titchmarsh, 6. 
§ Fatou, 1; Plessner, 4. 


1929, 4 (with J. E. Littlewood) Journal of the London Mathematical 
Soctety, 4, 242-5. 
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and (6) the series B is summable by Abel’s hmit. Similarly, of course, 
(1 . 32) holds whenever (a’) g(t) is continuous for t = x or, more gener- 
ally, 

t 
(1. 42) | {g(a+u)—g(x—u)} du = ο(ὃ, 


0 


and (b’) A is summable by Abel’s limit. 
If we substitute from (1.31) into (1.32), we obtain 


us 


(1.5) f(2) = -τῖς i. cot 4(t{— x) at | 


cot 4(a—t) f(a) de. 


We may describe this formula as ‘‘Hilbert’s integral formula’; it bears 
the same relation to (1.31) and (1. 32) that Fourier’s integral formula 
bears to the symmetrical formulae of the theory of Fourier transforms. 
(1.5) is true whenever the conditions (a’) and (0) stated above are satis- 
fied, for then (1. 82) is, and the inner integral is almost always, equal 
to g(t). | 


2. There is, however, a point which seems not to have been noticed. 
Of the conditions (a’) and (b’), the first bears on g and the second on f/f. 
Both conditions are satisfied, for example, when both f(t) and g(t) are 
continuous for t = x, but this does not yield a criterion for the truth of 
(1.5) in terms of the behaviour of f(t) alone. No one, so far as we 
know, has given such a criteriont ; and it is plainly a criterion of this 
character that is required if the theory of (1.5) is to run parallel to that 
of Fourier’s integral. 

There may therefore be some interest in the following theorem :— 


THEOREM 1. It is sufficient for the validity of (1.5) that f(t) should 


be continuous for t = x and belong to L?, where p> 1. 
We prove, in fact, 


THEoreM 2. It is sufficient for the validity of (1.5) that f(t) should 
be continuous for t= a2 and that g(t) should belong to Li. 


In Theorem 2 an explicit reference to g reappears; but the result 
is, none the less, a direct generalization of Theorem 1, since g certainly 
belongs to L?, and a fortiori to L, if f belongs to L?. ᾿ 

Since f(t) is continuous for t= 2a, A is summable by Abel’s limit 
(indeed, by Ces’ro means). We have therefore only to verify (1. 42). 


+ In terms of modern theories of integration. Criteria for the truth of (1.5), and of more 


general formulae, are given in paper 2, where references to the older literature of the formulae | 


(1.8) and (1.5) will be found ; but in these the behaviour of f(/) is very severely restricted. 
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Now g(z+u)—g(x—u) ~ 22A, sin nu, 

and 80 
᾿ — 

(2.1) G =| !g(a-+u)—g(e—u)} du = 2EA, —— 95 — τς, 
0 


; F(u+w) cos nw-dw. 


—F 


2 5 1—cos ἘΠ 


τ 7} 


244 


We may invert the order of integration and summation, at any rate when 


{is sufficiently small. ‘To prove this it is enough to show that 


(2. 2) dn =| f(a+w) Rrdw = o(i) 
when n—> οὦ , where 
1 ἘΞ Se 608 mw. 
αἱ m 


Now for a suitable ἡ <7 we have | f(a+w)|< Κα in |w|< 7. 


|t|}< 47. Then 


\Inf< ΤΟΣ (| +| | fR,|dw = T+, 


say. For ἢ we have 


” τ 4 
Leu \ | R,|dw << Κα (2n | LR, 40) 
--ἢ — TT 


| m 


In I; we have |w|2y7, |w+t|S4n, and so 


= ΚΊΉπηΣ ([Ξ555}} = 0(1). 


x A 
Σ (1—cos mt) cos mw | << —, 
nN 7] 
where A is an absolute constant. Hence 
1 ne A 
NM (xy | π nn 


i= =}. | f(a+w) | dw = o(1). 


WH j- 


This completes the proof of (2. 2). 


If now we perform the interchange in (2.1) and sum, we obtain 


sin 4(w+d2) sin 4(w—2) 
sin” 4 


G= a \ F(e+w) log 


dw. 


Suppose 
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We have to prove that G = o(t) when t= 2 is a point of continuity of 
f(t). 

We may suppose, without real loss of generality, that 2—=0O and 
(since G is unaltered by the addition of a constant to f) that f(x) = 0. 
Further, we may treat the parts of G in which w is positive and negative 
separately and by the same method. We may therefore consider 
sin Ζ(10- δ sin 5 (Ὁ --- ἢ 


Q* = ᾿ fw) log 


2t π 
dw = | + = G,+G,. 
0 


sin” dw at 
In Go 
sin $(w+2) sin 4(w --- ὃ 1l—cost _ (4) 
sin? 210 πὶ l1—cosw Pa 7? 
π ἕ ὃ 1 
so that Gg= |) ol|-4) dw =ol(t.—) = old. 
“--.ῳἬ δῦ ΐ 


In ἃ, the ratio of each sine to its argument is bounded, and we may 
replace Gi by 


__ #2 
x |dw 


ot 
Gs = | F(w) log 


with error O(t)o(1) = o(t). Finally we have 


= || dw = ο(ε] 
0 


This a the proof of Theorem 2. 

We may add finally that, by a recent theorem of Zygmundt, g belongs 
to L whenever f log| f| belongs to L. Theorem 1 may therefore be 
generalised by adopting this in place of the more restrictive hypothesis 
that f belongs to L?. 


log 1—-; 


yo | 


G; = -- o(1) “0(1)| log |——— 


|v) = 0(t). 
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NOTES ON SOME POINTS IN THE INTEGRAL 
CALCULUS. 


By G. H. Hardy. 


LXVI. 


The arithmetic mean of a Fourier constant. 


1. Ir will be convenient in what follows to confine our 
attention to even functions, with period 27, whose mean value 
over a period is zero. ‘I'he Fourier series of such functions 
are pure cosine series without constant term. 

The necessary and sufficient condition that a,, α,» ας»... 
should be the Fourier constants of a function belonging to the 
Lebesgue class ZL’ is that Sa,” should be convergent. If this 
is so, and if 

A =a, +4, +...+4,, 


1929, 7 Messenger of Mathematics, 58, 50-2. 


Prof. Hardy, On some points in the integral calculus. 51 


then Zn"? is convergent*; and so 
A, 44,, 1A,, ... 


are also the Fourier constants of a function of 175. It is 
natural to suppose that this result may be extended to functions 
of any Lebesgue class. ‘Lhe proof just given, however, cannot 
he generalised. 


2. THEOREM. If a,, a,, a,,... are the Fourier constants of 


a function of L?, where p= 1, then A,,}A,, 1A,, ... are also 
the Fourier constants of a function of L?. 


We have 
2 Tw 
α͵ Ξε -- [ » COS Re ἢ (x) dx, 


J (x) being the function of which a, is the Fourier constant, 
and 507 


1 Tv 
A *=a,+a,+...¢4,,+44,= = [; ain nx cot da f (x) da. 


It is obviously enough to prove that 4,*.has the property 
postulated for A, since 


AA ἃ: (+) 
n on 2 
is, by the theorems of Young and Hausdorff, the Fourier 


constant of a function of every Lebesgue class L?. 
We write 


g (x) = [ cot uf (u) du, 
and we prove first ° 
(1) that g (x) is integrable in (0, πὴ; 
(ii) that xg (7) -—>0 when 2->0. 


Of these assertions, the first follows from the inequalities 
are dv <2 {" a [ AGH 
[Rio tldes2 [ae [AEE ay 


=2 |" ee) du [i ae=2 |" [flu) |e 


0 


* Many different proofs and generalisations of this theorem, which I stated first 
in Note 41 of this series (vol xliv., 1915, 163-166: see also Notes 51, vol. xiviii., 
1919, 117-112, and 60, vol. liv., 1925, 150-156), have now been given. ‘lhe simplest 
is by Prof. Elliott, Journal London Math, Soc., vol. i., 1926, 98-96. 

1 Remembering that the integral is zero when 2=0. 
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δ2 Prof. Hardy, On some points in the integral calculus. 
T’o prove:the second we observe that 


[αν (2)| S20 |" LN au <a” |f(w)| du t 2x [ za} du 


u 


for any δ between z and a, and that the right hand side may 
be made as small as we please by choice first of 6 and then 


of 2x. 


We have now 


1 ΄ 1 [Tr 
Ae ees = UN ese, 
: τ [ sin nz σ' (wv) dz τ im | 


= : lim si neg (e)+n (i cos nz g (x) Ἢ : 


and so, after (i) and (ii) above, 
A* 1 [* 
ee ee ie cos nx g (x) dx, 


the integral being a Lebesgue integral. This proves the 
theorem when p=1. 


3. It remains only to prove that g belongs to L?, where 
p> 1, if f does so; and it is plainly sufficient to prove this for 


iG) = | . oe du 
(since g — 2A is continuous). 


1 1 
Let ‘= ἘΠ ΟΝ —+—-1., 
The necessary and sufficient condition that ὦ should belong 
to L? is that Ak shonld be integrable for every k of L?. Bui, 


if k belongs to L?’, then so does 
et ae * 
K (2)=— i h(u) (du. 
Accordingly 


fj imeiaes |) ἀρ): [ἡ LO au {" au [sa (e) ae 
a i TT (u) : Καὶ (u) du S (| 7} du)" (| κε du)” 


exists for every & of Z?. This completes the proof of the 
theorem. 


* By the principal theorem of Note 60, referred to above. 


COMMENTS 


A ‘dual’ of the theorem of this paper has been obtained by 
R. Bellman, Bull. Amer. Math. Soc. 50 (1944), 741—4, namely: 
Let g be an even periodic function of L?, where p > 1, with Fourver 


series Σ b,cosn@, and let B, = Σ dik (n = 1, 2,...). Then 

(i) > B,,cosn6 is the Fourier series of a function G ε 1, 

(ii) af f ts a function of L” with Fourier serves Sa, cosn0, and 
F is the function (of L?’) with Fourier series Σ A,cos n@, where 
As Σ ap, (n = I, 2,...), we have 


[116 d0+ is Fg do = 0. 


The result (i) was obtained independently by G. I. Sunouchi, 
Proc. Imp. Acad. Tokyo, 20 (1944), 542-4. The corresponding 
result for sine series is due to T. Kawata, ibid. 218-22. The cases 
p= 1 and p= οὐ were subsequently discussed by C.-T. Loo, 
Amer. J. of Math. 71 (1949), 269-82. 
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SUMMATION OF A SERIES OF POLYNOMIALS OF LAGUERRE 
G. H. Harpy*. 
[Extracted from the Journal of the London Mathematical Society, Vol. 7, Part 2. 
1. It is known that, if H,,(x) is the polynomial of Hermite, and 
φι(α) = samt igs Halt) -- (-- 1)» gore (2) ἐν 
the corresponding orthogonal function for the interval (— oo, 00), then 


0 ᾿ Ν π x? Qtay+y? 
(1) E(—O"$4(2) $9) = JR exp (— SEE) 


for [ὲ| << 17. 
It may be worth while to record the corresponding formula involving 
the polynomial of Laguerre. If 


is Laguerre’s polynomial, and 


as 
if, (%) = ' L(x) 
the nn ne, function for the interval (0, oo), then 
ζ ἀν fn yr -- -Ἅ {2 (2 ν (νὴ ryt) | 


faced for |t!< 1). More generally, if 


\ 7} 


xn (i) = {0 Pn 1+2a)}9 ὃς (Z)" (ereameenyy, 


then 


(8) Z(—8)" xn (2) xal) = {τ exp (ξεν) El J, 2 ey, 


* Received and read 10 March, 1932. 

+ Prof. N. Wiener, from whose lectures on Fourier transforms I learnt the formula (1), 
informs me that a substantially equivalent formula has been given by Miintz, ‘‘ Uber die 
Potenzsummation einer Entwicklung nach Hermiteschen Polynomen’’, Math. Zertschrift, 
31 (1930), 350-855; and refers me also to an earlier paper of his own, ‘‘ Hermitian poly- 
nomials and Fourier analysis’’, Journal Mass. Inst. Technology, 8 (1929). 70-73. See also 
J. Geronimus, ‘‘On the polynomials of Legendre and Hermite’’, Tohdku Math. Journal, 
34 (1931), 295-296, where other formulae of similar type are proved. Geronimus attributes 
(1) to Kapteyn, but without reference. 

Φ These orthogonal functions are used by Weyl, ‘‘ Singuliire Integralgleichungen’’, Math. 
Annalen, 66 (1909), 273-324 (especially 317-324). 


1932, 8 Journal of the London Mathematical Society, 7, 138-9; and 
addendum, ibid. 192. 
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2. It will be sufficient to indicate shortly the proof of (2). We find 
from the definition of ψ,, that 


᾿ “-8 1 (s—4 ian 
(4 | etia(elde = ET, 
if s > —4, and hence, by a familiar inversion formula, that 


1 c+in (s—$)”_ —4)" 
$,(%) = 5— [en (sti (5-Ε 1}}}1 ds (x>0, c>0). 


Hence we deduce 


(5) (a, t)= Σ (--ὃπψ, (2) 


1 1—t 
τς τὸς ΤΟ ΘΗ ΦΉ Ἐπ τ peta 
= Sat), en ATENEO ιν ἘΞ) 
the well known formula for the generating function of the Laguerre 
polynomials*. 


1 ΜᾺ esx a 8 


If now ω = Q(z, 5: t) = ai Σ (—t) zs af, (2 t) bb, (y), 
we have 
i ὁπ O(a, y, ἢ ἀν = (—1"H,(y) ᾿ eo, (xe) de 


1s 1 8 2 
~ 8th ἘΣ (τ +) Pay) = Sy Ἐν, 25: 
by (4) and (5). If we invert again, and ΑΝ ἐξ for Ὁ from (5 
find that 
ες Sy pene {_ 4, Ske 952) 
= Oa \ ΝΥ τε συ αἰ ea) 


If here we make the substitution 


), we 


1—t 
| oe ee τ 
we obtain 
1 (C2 1 (atte ἢ yt dw 
ep ee aie =e ss 2 (aa Bae hee ᾿ 


with k Ὁ» Ο; and {815 is (2)7. The proof of (3) follows the same lines, but 


the formulae are slightly more complicated. 
The %, are eigenfunctions for the kernel {0} = ‘(ay)}, with eigenvalues 
(—1)", while the x, are eigenfunctions for }(zy)~* J2.{v (zy)}. 


* See, for example, Courant-Hilbert, Methoden der Mati. Phys., ed, 2 (1931), 79. 
+ See G. N. Watson, Bessel functions, 177. 
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ADDENDUM: G. H. Harpy. 
SUMMATION OF A SERIES OF POLYNOMIALS OF LAGUERRE*. 
[Extracted from the Journal of the London Mathematical Society, Vol. 7, Part 3.] 
Formula (1) is stated incorrectly, a factor 
og 8 ct τ ἐν" 
having been omitted. It should read 


Σ (-- ἢ ΝΕ 1 { (εν) τῶ). 4ayt 
2 (--ἢ" φι(ω) daly) = Gi τ anew σ΄ }. 


Prof. E, Hille informs me that this formula (for which I referred to Geronimus, Kapteyn, 
Muntz, and Wiener) was probably first found by Mehler [Journal fiir Math., 66. (1866), 
161-176 (173-176)], ‘‘ and has been rediscovered by almost everybody who has worked in this 
field.’’ 


Prof. Hille also refers me, in connection with (1) and my formulae (2) and (3), to 
1. S. Wigert, Arkiv for Mat., 15 (1921), no. 27. 
2. H. Hille (3 notes), Proc. Nat. Acad. Sc., 12 (1926), 261-269, 348-352. 
8. ————,, Annals of Math. (2), 27 (1926), 427-464. 
4. —-——., Math. Zeitschrift, 32 (1930), 422-425. 
To these references I add 


5. E. Kogbetliantz, Comptes rendus, 25 April, 1932. 


The last paper, which is practically simultaneous with my own, contains (2) and (8), in a 
slightly different notation. But (2) is present implicitly, though never actually stated, in 
Wigert (1), and (3) similarly in Hille (2). The formulae are those on which the theory of the 
Abel or Poisson summability of Laguerre developments depend. 


a se ee te  - ς 
* Journal London Math. Soc., 7 (1932), 138-139. 


NOTES ON SPECIAL SYSTEMS OF ORTHOGONAL FUNCTIONS 
(II): ON FUNCTIONS ORTHOGONAL WITH RESPECT TO 
THEIR OWN ZEROS 


G. H. Harpy*. 
ΓΙ πο! ΟἿ from the Journal of the London Mathematical Society, Vol. 14, 1939.) 


1. Tt is familiar that 


| 1 
(1.1) | sin mat sin nt dt = 0 
0 


if m+n, and, more generally, thatT 
1 

(1.2) | ἐσ. ἢ J, (A, t)dt = 0 
0 


if J,(t) is Bessel’s function of order ν, 4,, and 4, are zeros of J,(t), v > —1, 
and m+n. We may express this by saying that the functions 


(1.3) sinf, tJ,(t) 


are orthogonal with respect to their own zeros{ in the interval (0, 1). 

The equation (1.2) is the foundation of the theory of ‘‘ Bessel-Fourier ”’ 
series. It is natural to ask whether there are other functions, of the same 
general character as the Bessel functions, which possess the same property. 
Τ prove here that, within certain limits, this is not so; within these limits, 
the property is characteristic of the Bessel functions. and no generalization 
of the theory of Bessel-Fourier series is possible. 

I am indebted to Dr. W. Rogosinski for suggestions which have enabled 
me to enlarge the scope of my original analysis considerably. 


2. I consider first functions with real zeros situated symmetrically about 
the origin. 


THEOREM 1. If 
(re) 2 
(6) -- Ὁ. F(z) =e Il (1s). 
1 γν 


where p> —}, A,>0, Σλγηέςο, 


* Received 10 December, pone read 15 December, 1938. 
+ Watson (8), 576. 
+t I borrow the phrase from J. M. Whittaker (9) 71. 


1939, 3 Journal of the London Mathematical Society, 14, 37-44. 
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38 G. H. Harpy 
so that F(z) is an integral function of order less than 2, or of order 2 and 
minimal type; and f(z) is orthogonal with respect to its zeros ; then 
fle) = ABI, (cz), 
where A and c are constants. 


The proof depends on two lemmas which have an independent interest. 
If [Qt ‘)}2dt = A, 


then the system 
bn(t) = An? fA, ἢ 


is orthogonal and normal in (0,1). Theorem 2 (which does not depend upon 
orthogonality) shows that the system is necessarily complete. 


- THEOREM If f(z) satisfies the conditions of Theorem 1 (apart from 


2 
orthogonality), g(t) 1s integrable, and 


{ 9(0fA.t)at = 0 


for every n, then g(t)=0. 


We write <-= re’, and 


It is plain that 
h(z) = 2° H(z), 


where f(z) is integral. 
I suppose first that F(z) is of order less than 2, when H(z) is also of 
order less than 2. Since h(A,,) = 0 for every ἢ, 


is also integral, and of order less than 2*. 
If z lies on one of the lines / bisecting the angles between the axes, then 
στ +? and 


co 


ee OI 


1 


F (2t) 
H(z) 


1+ (it? 2/A,,2) 
1+ (a/X,2) 


_ tert, 


Ae TT, || 


* See Titchmarsh (7), 255. 
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No factor here exceeds 1, and the limit of each factor, when 7. -- ©, is @?. 
Hence ψ < 1 for all r and ¢ in question, and ψ +0, when r > 00, for every fixed 
t<1; and therefore 


x@l=|| ¥@ Frey ἀι <| lowly, nat 


is bounded, and tends to zero, along the lines 7. It now follows, by the 
simplest of the Phragmén-Lindeléf theorems concerning angles*, that 
x(z) is bounded for all z, and is therefore a constant, which must be 0. 


1 
Thus | g(t) (αἰ) dt = 
0 
for all z. But f(z) = 2 Sta, 22, 
0 


where @,, 40 for any n. Hence 


1 
] g(t) e+2" dt = 0 
: | 


for every n, and therefore g(t) =: OF. 

The proof is substantially the same when Κ΄ (2) is of order 2 and minimal 
type. In this case H(z) and y(z) also are of order 2 and minimal type, and 
we must use the more delicate Phragmén-Lindelof theorem i in which the 
angle has its critical valuef. 


3. The Fourier series of f(zt), with respect to the system ¢,,(t), is 


(3.1) flet)~ Za, (2) φ,() 
where 
(3.2) an(2)= | χα) bult)dt = Α τ Πρη Το ηάι 


and Parseval’s theorem, which is truc for any ΔΝ να system, gives 


(3.3) pe =| sensena=> ai, (4), (ζ). 


— τ ς ne i TT 


* See, for example, Titchmarsh (7), 177, or Pélya and Szegé (6), 145. 
+ By ‘‘ Lerch’s theorem ’”’; see, for example, Hobson (3), 22. 
+ Titchmarsh (7), 178; Polya and Szegé (6), 149-334. 
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Theorem 3 gives the value of a,(z). 


THEOREM 3. Jf the conditions of Theorem 1 are satisfied, and z4~X,, 
then | 


(3.4) [ Fen πὰ, at = at εἰς. 


The proof is much the same as that of Theorem 2 (though here ortho- 
gonality is essential). Supposing first that F(z) is of order less than 2, we 
write 


vee | HO ean 
(rensaod—we), #94—s,0, 


tury, 1h) (ix O12) 
g(z) = F (2) G(z)= ΤῊ 


Then g(z) is an integral function of order less than 2; G(z) is regular. and 
of order less than 2, in the half-plane a > 0; and, as in §2, 


| 22? (1 f(2t) 
G (2) = x, | He) r,t) dl 
(5) = ETP Jy Fe) S00" 
is bounded, and tends to 0, along the lines 6== +j47. Hence 
(3.5) g(z) = Ο(123) 


in the quadrant between the lines; and it may be shown similarly that 
(3.5) is true in the other three quadrants of the plane. 
It follows that g(z) is a quadratic and that 


az? 


2) τε g(2 fu = a aya fe (2). 


But G(z) tends to zero along the line θ = 1π, so that 
Bf(z) 


g(z)=0(|2), a=0, h(z)= 5. λ 2° 


Finally, determining the constant by making 2 -σλ,,, we obtain (3.4). 
The modifications in the proof required when F(z) is of order 2 and 
minimal type are the same as before. 


4. It follows from (3.1), (3.3), and (3.4) that 


(3 
($.1) pe, ζ) ΞΞ [ J (zt) f(t) dt = 4f(z MOE ate ise ὅπ apie y 


040 
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where 


(4.2) ge) = ἐδ aa (=o fat as =) 


The integral equation (4.1) will enable us to determine f(z). Thé form of 
q(z) will be irrelevant, except in so far as it shows that 


(+.3) ᾿4(0) == 0. 


ft follows from (4.1), by making ¢->0, that 


: 
| » [ἢ dt x 5,448) 
0 Ζ 
ὶ.6. 
Ζ 
(1. Ὁ | uP f(w) du == --- 2051 f(z) 4(2) 
JO 
Henee \ we dum --- Δ ΡΤ tg’ (0) 
0 
for small z, and so 
2 
5 Wes hes 
(4.5) q (0) 2ρ-[-Ἰ 


Next, writing (4.1) in the form 


[ [=P F (at) EF (¢t) dl == —~ F(z) K(f) We 
} : 


differentiating twice with respect to ¢, putting (= 0, and using (4.3) and 
(4.5), we obtain 


ἜΝ (EF (0) g(z 2 2q(z 
Μ΄ (0) ) | epee )dt = —f(<) ) ee + aeepet ae 
v.€. 
(4.6) a \ wel? f(w) du = — 2 f(e){(a24-2)4(2)-+ στ 22! 
| 0 2ρ-1 j? 
where «-- F(0) = --δ 55. 


Finally, eliminating q(z) between (4.4) and (4.6), we obtain 


(4.7) α \ url? f(u) du = (az*-+ 2) |, wu) du τς = gett F(z), 


an integral equation for (2). 
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Differentiating (4.7), and dividing by 2z, we obtain 


Zz 


a| u? f(u)du+ 


] 
p—1 eee ep et 
3 ai 70) zis 


A second differentiation gives 


The general solution of this equation* is 
| f(z) =2{AJ, _3(cz) +BY, 4( (02), 


where c* = —a(2p+1). Plainly B= 0, and this proves Theorem 1. 


5. If we drop the condition of symmetry about the origin, we obtain 
ὃ. more restricted result. 


THEOREM 4. If 


f(z) = 2 F(z), 


where p> —} and F(z) is an integral function, with real but not necessar ily 
positive zeros, and ᾿ order less than 1, or of order 1 and minimal type; 
if F(0) 40 and f(z) ἐδ orthogonal with respect to its zeros; then 


f(z) = AJ ,(c2#), 


where A and c are constants. 


There are two cases}. Either (i) ZA! is absolutely convergent, and 


(5.1) f@=2I 15 = 
1 Ai, 

this will certainly be so if Δ᾽ (2) is of order less than 1. Or (ii) LA; is 

convergent, but not absolutely, and 


(5.2) i (2) — 7p oC TI { (ι-- ) ez/an! 
1 ἰ rn } 


* See Watson (8), 97. 
ft See Bieberbach (1), 437; Lindeléf (4). 
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where 


(5.3) σε: -Σ 


I take the latter case, as the more general. 


We can prove, much as in §§ 2-3, (a) that the system ¢,,(t) is complete, 
and (δ) that 


_ A, fe) 
: agra) 1 3 Oe 


The imaginary axis, on which 


e Cz 


- 


ἘΞ Εν (erat = αὶ 


plays the part of the lines J of ὃ 2, and we must use the more delicate form of 
the Phragmén-Lindeléf theorem. ‘The argument at the end of §2 also 
requires a little reconsideration. We have 


(δ. 4) \ g(b) fei dt —=() 
0 
if F(z) = Sa,z" anda, 70. Now no two consecutive a, vanish*, Hence 
(5.4) is true for a set of 2 of density $, and a fortior: for a set n= Ἢ; with 
Sn-t= 0. The conclusion now follows from Miintz’s generalization of 
Lerch’s theorem. 
We thus obtain the formula 


A, 1 oo. 
{ (A,,)}? aq a x) 


From (5.5), by an argument similar to that of §4, we deduce 
22 [“΄ (2) af’ (z)— {(2e+ 1) az+p*} f(z) = 9, 


where a= F'’(0)=C. The solution of this equation 1s 


where now q(z) Ξε & 


f(z) = AJg,(cz )+ BY,,(cz*), 


where c2 = —4a(2p-++1), and itis plain that B= 0. This proves Theorem 4. 


etc enn ee SA RN a Re re a ae a eS -ς. 


* See Borel (2), 30. 
+ Mintz. (5). 
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CORRECTIONS 


p. 49. An equation similar to p. 39, line 8 should replace the displayed equation (5.4), 
and (5.4) should be inserted two lines further on. For g(5) in (5.4) read g(t). 
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2. MEAN VALUES OF POWER SERIES 


INTRODUCTION TO PAPERS ON MEAN VALUES OF 
POWER SERIES 


About the beginning of this century, a number of authors had discussed the behaviour 
of the ‘maximum modulus’ 


uf; p) = max|f (pe?) | 


for a function f regular in the unit disc. In 1915, 4, following a suggestion of Bohr 
and Landau, Hardy considered the mean value 


μρί ρ) = σις | Ifleel? 49 (ρ 5» 0), 


and showed that this mean value behaves in a similar manner to p(f; ρ). In 1923, 
F. Riesz made a systematic study of the class of functions f regular in the unit disc 
for which the mean value ,(f; p) is bounded. This class of functions, which Riesz 
called the Hardy class H®, has since proved a fruitful field of investigation, requiring 
the most subtle techniques of real-variable and complex-variable theory. In virtue 
of M. Riesz’s theorem on conjugate functions, the classes H? for p > 1 form an 
important tool in the study of Fourier series of functions of the corresponding classes 
L?, Further, the classes H? for Ὁ < 1 provide a natural setting for the extension 
of results concerning Fourier series of functions of class 1.7 withr > 1. In the develop- 
ment of this theory, the work of Hardy and Littlewood forms an outstanding contri- 
bution. 

More recently, the definition of the classes H” has been extended to functions regular 
in more general domains, and also to functions defined on abstract spaces. Accounts 
of these more general theories can be found in K. Hoffman, Banach Spaces of Analytic 
Functions (Englewood Cliffs, 1962), and W. Rudin, Fourier Analysis on Groups (New 
York, 1962). The now classical theory is fully discussed in the two volumes of 
Zygmund’s T'rigonometric Series (Cambridge, 1959) ; and, as in the preceding sections 
of this volume, we refer to these two volumes as Z I and Z II. 

This present section contains all the papers of Hardy and Littlewood in which the 
principal results lie in this field. The keys to much of this work of Hardy and Little- 
wood were provided by their theorem on fractional integrals of real functions, proved 
in 1928, 5 (included.in this section), and their maximal theorems, proved in 1930, 1 
(Volume IT, section 3). Using these results, the two authors gave in 1932, 4 asystematic 
treatment of the fractional integrals and derivatives of functions of the class H” for 
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p > 0. Other papers included here deal with the behaviour of the mean value μ,ρί [; p) 
when the rate of growth of the mean value of the real part of f is specified (1931, 2) 
and with the Cesaro means of functions of class H? for p < 1 (1934, 1). 

The final two papers of this section, 1937, 3 and 1941, 1, again written jointly by 
Hardy and Littlewood, are primarily concerned with the mean values of the convolu- 
tion of two power series. The theorems obtained in these two papers provide a wide 
generalization of the authors’ earlier results on fractional integrals. The paper 1941, 1 
contains also a unified treatment of much of the earlier work on the H? classes. | 

It should be mentioned here that a number of papers included in other sections 
contain contributions to this field. Thus in 1926, 7 (this volume, section 1 (c)), Hardy 
and Littlewood extended one of their coefficient inequalities to the class H? for p < 1, 
and in 1927, 4 (this volume, section 1 (e)) they used this result,.together with then 
unpublished results on fractional integrals, to extend Parseval’s theorem. Their paper 
1928, 6 (this volume, section 1 (a)) contains a number of theorems on the classes H?, 
and other results concerning mean values of power series can be found in 1928, 11 
(Volume IT, section 3), 1932, 5 and 6 (this volume, section 1 (c)), and 1935, 5 and 
1936, 2 (this volume, section 1 (6)). 

Τ. ΜΝ. F. 


THE MEAN VALUE OF THE MODULUS OF AN ANALYTIC 
FUNCTION 


By G. H. Harpy. 


[Read November 12th 1914.—Received December 10th, 1914.— 
Received, in revised form, February 10th, 1915.] 


| Ketracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 14, Part 41 


1. Suppose that f(x) is an analytic function of the complex variable ὦ, 
regular for |z|<p, and that M(r) denotes, as usual, the maximum of 
| f(z) | on the cirele | z [ξξ γ «ρ. Then it is known that ΜῸ) possesses 
the following properties :— 


(i) M(r) is a steadily increasing function of 7; 


(ii) log M(r) is ἃ convex function of log 7, so that 


log M(r) < oe at og log’ M(r)+ ἐς ei ae | σ M7), 
ofl up) 1 
if 0«"ςγς» “ρ. 


Further, when f(x) is an integral function, so that p= ©, it 18 
known that 


(iii) M(r) tends to infinity with (r), and, unless fle is a polynomial, 
more rapidly than any power of 7.* 


It was suggested to me by Dr. H. Bohr and Prof. Ὁ. Landau, rather 
more than a year ago, that the property (i) is possessed also by the mean 
value of | f(z)| on the circle 11 ΞΞ 7, ὅ.6., by the function 


a(r) = = \ | f(re’) | dO. 


* The theorems (i) and (iii) are classical. Theorem (ii) was discovered independently by 
Blumenthal (Jahresbericht der Deutschen Math.-Vereinigung, Vol. 16, p. 97), Faber (Math. 
Annalen, Vol. 63, p. 549), and Hadamard (Bulletin de la Soc. Math. de France, Vol. 24, 
p. 186). The first statement of the theorem was due to Hadamard and the first proof to 
Blumenthal. The theorem is a corollary of one concerning the associated radii of convergence 
of a power series in two variables, due to Fabry (Comptes Rendus, Vol. 134, p. 1190), and 
Hartogs (Math. Annalen, Vol. 62, p. 1). 


1915, 4 Proceedings of the London Mathematical Society (2), 14, 269-77. 
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In the attempt to prove this I have been led to prove a good deal more, in 
particular that the function u(r), and the more general function 


ἀπὸ clkee ofr: pid τ ὃ 
με()}) = = | | Fre) | 


where 6 is any positive number, possesses all the properties (i)—(iii) 
characteristic of M(7). It should be observed that this is obvious when 
ὃ ΞΞ 1 and /{f(z)} is one-valued for 7 < p; for then we have 


Jf (4}} = bo tb, e+ bax? +..., 
say, and wer) = [by [P+ [by]? 27+ | by) 2 ot .. 


2. The argument of the following paragraphs depends on two lemmas 
concerning conjugate functions*. 


Suppose that x = E+%n, 
and that X= Z+iH 


is a function of « regular for all values of x under consideration. Then 
= and H are real conjugate functions of € and η. 

Let Ψ be a real function of = and H, and so of € and », with con- 
tinuous second derivatives. Then the lemmas in question are expressed 
by the formule | 


+= 1G" 
aX 


where M = 


* The use of these lemmas was suggested to me by Dr. Bromwich, at a time when the 
paper contained only a part of its present contents. The whole argument has been recon- 
structed in consequence of this suggestion, and is much more concise and elegant than it was 
before. Iam also indebted to Dr. Bromwich and to a referee for a number of minor sugges- 
tions. The lemmas themselves are given in Clerk-Maxwell’s Electr wity and Magnetism, 
Vol. 1, p. 289, and Dr. Bromwich informs me that they are due to Lamé (‘‘ Mémoire sur les 
Lois de 1 Equilibre du Fluide Ethéré’’, Journal de UV Ecole Polytechnique, Vol. 3, cahier 23). 
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The formula (A) and (B) may be proved as follows, . From the equations 


ay _ oy OE, dy OH 


--.-. τῷὸὸὍλ — -.-..-.- 


ὃδξ ὃοξὺὲ OH δὲ’ θ 


dX _@X __,0X ὉΞ Ἢ __ 28 , 0H 
dx δὲ ὃ ὃ δὲ onan 
it is easy to deduce that 
1 yg (5 | 
(1) oe mC eon) 
ow be (Me op \- 
Ω = T= { + +4 | yp, 
@) δ an ΔῸΞ isn) 


where w= = and y is the conjugate of u. The formula (B) follows at once by multiplica- 


tion. To prove (A) we operate on (1) with the operator 
; 0 ..0 

and apply (2), observing that — +1 —)*= 0. 
” 


8. Suppose now that X = f(z) is regular for |z|<p, and that D is 
an annular region, defined by inequalities of the form 


0<n<r=|t|<en<p, 


and including no zeros of f(z). 


Let logz = logr +10 = ὃ = p+20, 
log X = log R+i0 = Z = P+i0, 
where r>0, R>O0, —-7r<0<7, --π «θ « π. 


Then P and Θ are conjugate functions of p and θ, with second derivatives 
continuous for all values of p and 6 which correspond to values of 2 in D. 


Let us take vy = F(R) = ¢(P), 


where F(R) is a function with a continuous second differential coefficient. 
Applying Lemma A, we obtain 


o 2: πῶ 
(1) 7 + =a = =a Μ᾽, 


“= (5) +3) 


Let us now suppose that log #(P) is a positive and convex function 


where 
(2) w=| 2 


~ | ἀξ 


ool 


559 


272 Mr. G. H. Harpy [Nov. 12, 


of P, so that Ss log @(P) > 
Ob S 
οἱ ? op > ay ; 
and let | 
2τ 
(3) (pe) = ἢ [ Φ(Ό) dé. 
Then 
rp, 1 (0g OP 
ee 2π ! ΟΡ dp 


ol<= (ls 


and so, ἋΣ Schwarz’s rien 


| Qa Od 2 ( ) 2π ale 
4 ἀκ vip) |" σφ 
| " --- 4 Ἢ τὰ 
and 

Hp , Hp _ Op 


dp” + gt = gp’, 
by (1). Hence 


1 2a Od 1 ἦτ Pb 
5 " ὥξῖξι οἶος ft M2#dQ@— —. 
ὰ vp) 27 Ϊ oP? aie Qa Ϊ oe? as 
ag 
= | ἘΣ M* dé, 


since ᾧ is a function of P or of B only, and B& is periodic in 0. 


(4) and (5) it follows that 
(6) ν(ρ) ν" (ρ) > jv’ (ρ);", 


or that logy is a convex function of ρ. 
We have thus proved 


Tueorem I.—If log | d (log Δ); 
us a convex function of log R, then 
etiaa -ἰ ᾿ , 
log ν (log γ) = log | Bar to (log R)dé | 


5. 46, 
δ, ἤν} «γε, γ 19 8} [δὲ 9. 


From 


18, throughout any interval of values of r which includes no zeros of f (x), 


a convex function of log r. 
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In particular, we may take 
FR ΞΞ ΦΙΡΥ ΞΞ  ἘΞῚΝ, 


in which case ¢¢”=@". It follows that log us(7), and in particular 
log μ᾿), 18 a convex function of log 7, throughout any interval of values of 
r which includes no zeros of f(z). This case is indeed the critical case of 
Theorem I, the condition that ¢(P) should be a convex function of P 
being only just satisfied. 


4. With Theorem I we may associate another theorem, in which less 
is postulated and less proved. 


Tueorem IIl.—Jf ¢ (log BR) is a convex function of log &, then v (log r) 
is ὦ convex function of log r. 


For v"(p) 18 positive, by (5) of § 8. The critical case of Theorem II is 
that in which ¢(log 1) = log R. In this case we have, by a well known 
theorem of Jensen*, 

v (log r) = = Γ log Rd@ = log Seen eee ᾿ 
or 0 . 


Ain4+-1Am+2 ... An 
where f(z) = ca™+..., 


ANd Qn+1; An+2. --+) Gy are the zeros of f(x), other than the origin, whose 
moduli are not greater than 7. In this case »(log,r) is a linear function 
of log x throughout any interval of values of » which includes no zeros 


of f (2). 


5. In order to proceed further with our investigations concerning 
us (vr), We Must examine the behaviour of με) for the exceptional values 
of ry which correspond to zeros of f(z), and for = 0. I shall prove that 


᾿ dns (7) 
dr 
is continuous without exception. 
Let ty = pe’® (p > 0) 
be a zero of f(z). We have to prove that 
dys (1) 
dr 


* Acta Mathematica, Vol. 22, p. 359. 
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is continuous throughout an interval of values of γ of the type 
pn <7 <Sptn. | 


I shall suppose, for simplicity, that ἀρ is the only zero of modulus p. 
The proof is substantially the same when there are several such zeros. 
I shall prove that the integral 


dus(7) ΣΕ ~|\ > oR? dé 
or 


dr 
is uniformly convergent throughout the interval p—-7 <r<—pty, if ἡ 18 
small enough. 


We have f(x) = (2—2,)" fy (2), 


where 7 is a positive integer, and /,(x) has no zeros whose modulus lies 
between p—y and p+y, so that | f,(x)| lies between positive constants H, 
and H,. 


Now, taking ~ = F(R) in Lemma B, we have 


(Se) τ) = Ge) τίσι) ΗΖ] 
In particular, if F(R) = R = J (+H), 
we have ΕΝ +(# z= ey. 
and | oh = | cos g ok δὲ ean x < J (se) + (4) | = = ar | 
But ΖΡ = ηυία -ταρ "fy α) + (@— at)” τς th, , 
and so Ε 4 « Kixz—z, [7 }, 


where K is a constant. Hence 


(5) : < K|a—x,|""’. 


— Also 
(6) Rs"! < He | L— Lo | m (ὃ ---1) 
if δ)» 1, and 
(6’) R*-! < ἘΠῚ [2.-τῶρ ΟΞ 
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if d6< 1. From (5) and (6) or (6’) it follows that 
(7). | Re oR | < K,|«—2z, |", 
where K, is a constant. If mé—1> 0, we have 
PRG |< Κρ 


where K, is a constant, and then the integral 


Γ Ri oF ag 
0 or 


is obviously uniformly convergent. If, on the other hand, mé—1 <0, 
we have 
|c—a2y | = ν 0" +p?—27p cos ὦ), 


where ὦ = 0—4¢, and so | 

|a—a,| > Ky |sin do, 
where A; is ἃ constant. The uniform convergence of the integral then 
follows at once when we compare it with 


219 
| | gin ζω δ -| dw. 
} 


{ 


6. We have thus proved that log us(7) is a convex function of log r 
for all positive values of 7 save certain exceptional values, and that 
d log its ()) 
d log r 
is continuous even for these values of 7. It follows that log us(7) is a 


convex function of log r for all positive values of 7 without exception*. 
A fortiori 18 μὲ Ὁ.) ἃ convex function of log 7, and 


; drs (7) 
dr ’ 
an increasing function of 7. 
It remains to consider the behaviour of pee as 70. Suppose 


that the origin is a zero of f(x) of order m. Then 
πὸ -- pnd πὸ : 


* A series of continuous convex arcs, fitted together so as to have the same tangents at 
the points of junction, forms a single convex curve. 
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where F, is positive and has continuous derivatives. Hence 
, με) ἢ md Γ ὃ ae OR 
ae = mo? ‘ Ri d0+r pee dé 
which plainly tends to zero as r — 0. 
Thus r ΝΙΝ is continuous and steadily increasing for all positive 
values of 7, and tends to zero as r—> 0. It follows that 


i , αἷμ (7) (γ) 


ar = 0 
for all positive values of 7. 


We have thus proved 


Tueorem III.—The integral 
— 1 |" ps SO 
μὲ (7) = | R d@ (6>0) 


is a positive, continuous, and steadily increasing function of r. The same 
is true o 
7 , dss (r) 
dr 


And log us(r), and a fortiori μ5ς (7) itself, is a conver function of log r. 


7. The last theorem contains inter alia the answer to the question 
raised by Bohr and Landau. It should, however, be observed that the 
most appropriate measure of the “average increase” of f(x) is not the 
mean value of R, or of any power of A, but of log R;.for the former 
means are not adequately affected by the occurrence of zeros of f(x), or 
of ares on which £# is small. 


8. It remains to discuss the analogues for μὲ (7) of the property (111) 
of δ 1. 

We may suppose without loss of generality that f(x) has ee 
many zeros. If it has not, it is of the form 


P(a) ef (*) 
where P(x) is a polynomial and g(x) an integral function. Now 


I = bo t+datbyx?+..., 
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say ; and 


μί 6) = ὦ {σοὶ de = by [2+ |b, [272+ | be |? m+..., 


certainly tends to infinity more rapidly than any power of 7. It follows 
immediately that the same is true of μς (7). 

Suppose, then, that f(z) has an infinity of zeros, und that 
Tm+1y Tm+2) +++) Mn are the moduli of those, other than the origin, whose 
moduli do not exceed 7. Then, if g(@) is any continuous function of 0, we 
have 


1. Ὁ 1 (* 9 (6) 10 
= 6949) 40 > er 1: ἢ 
0 
1 [2π δ (tog nde cr” : 
and so) μι8ρ,() = — Rid > e?* if = ee ἢ 
27 0 Tati lm42 eee Vr 


by Jensen’s theorem. It follows at once that us(7) tends to infinity with 
ry more rapidly than any power of 7. We can indeed go further, and 
establish relations between the rate of increase of 7,, considered as a func- 
tion of 7, and «3(7), considered as a function of 7, in every way analogous 
to those given by Jensen’s theorem for M(7).* For example, if the “ real 
order’ of f(z) 15. p, we have 


msi) > ee 


for every positive e and values of 7 surpassing all limit. 


* Lindeléf, Acta Soctetatis Fennicae, Vol. 31, No. 1; see also Borel, Lecons sur les 
fonctions méromorphes, p. 105. 


CORRECTIONS 
p. 269, line 6 from below. For (r) read r. 
p. 269, last line, and p. 270, line 3 and p. 276, line 10. For [ τ read | ae 
p. 271, ὃ 3, lines 7, 8. If © is restricted to the range —7 < © < 7 in the annulus, 


then it will not necessarily be continuous, as may be seen by considering f(x) = x”, 
where m > 1. However, this does not affect subsequent work. 


: | df df 
p. 274, line 9 from below. For Ζ», read aa 


pp. 274-5. The relations (5)-(7) should be renumbered (7)-(9). 
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COMMENTS 


This paper initiates the study of the Hardy classes H?, and was also the beginning 
of some important work on mean values. An elegant proof of Hardy’s results for 
the special case ὃ = 1 was given by G. Pélya and G. Szegé, Aufgaben und Lehrsdtze 
aus der Analysis (Berlin, 1925), vol. 1, Aufgabe 306. More recent proofs make use 
of the theory of subharmonic functions (see F. Riesz, Acta Math. 48 (1926), 329-43, 
and J. E. Littlewood, Lectures on the theory of functions (Oxford, 1944), 152-62). 
p. 212. Hardy’s proof of his identity (5) shows that this identity is valid whenever 
¢ has a continuous second derivative and f has no zeros on the circle [5] = r. If we 
restate Hardy’s identity (5) in terms of F and r (and note that, by (2), 


Με — r2| f’ (rei) |2/| f (re) |2), 
we obtain the following result. 
Let F have a continuous second derivative, and let 
d 
AOR 
Let also f be regular in the unit disc, and let 


G(R) = ( ) F(R). 


2Qar : 
_ 1 io | ’ 
ur) = ἧς | PUisre) 9. (1) 
0 
Then if f(z) has no zeros on the circle |z| = r, 
Qa 
a \? τὴ ἐθ 18)|-2| £/(ppi8)|2 
rae) Mer) = σ- | G([F(rei®)|)1 Fre) [2] f (re) 2 a8. (2) 
0 
If now H is a function with a continuous derivative, and we define F by 


F(R) = | H(R) dlog R, (3) 
then G(R) = ΒΗ (ΕἸ, and the identity (2) becomes 


( aN = r2 (a2 x 10γ|--1| β΄(γοΐθ}}5 gO 4 
tg) MO) Se ([F(re**)|) | f(ret®) || f (re) | (4) 
0 


(provided as before that f(z) has no zeros on the circle |z| = 7). | 

In §§ 5-6, Hardy proved also that, in the special case in which F(R) = R®, the 
function rv’(r) is continuous for 0 < r < 1 (even when f has zeros). Hence in this 
case we can divide both sides of (4) by r and integrate from 0 to p, where 0 < p<l. 
We thus obtain the identity = 


p 27 
ae = = | [f(re!)|-2] f(rei®) [2 ddr, 6) 
0 0 


valid for any f regular in the unit disc. 

The identity (5), which is implicit in the present paper, was rediscovered by 
P. Stein, J. London Math. Soc. 8 (1933), 242-7, and was used by him to obtain a 
new proof of M. Riesz’s theorem on conjugate functions. Subsequently D. C. Spencer, 
Amer. J. of Math. 65 (1943), 147-60, obtained an integrated form of the identity (4), 
namely that if H is absolutely continuous, F and ν are defined by (3) and (1), and 
f(z) has no zeros on the circle |z| = p, then 


p 27 
1 ; 
rte) = τ | | Histre))LFlre|-1L¢(re) Pr dlr + (Op), (Δ) 
0 0 


where n(p) is the number of zeros of f(z) for |z| < ρ. A simple proof of (6) in the 
case where H’ is continuous has been given by T. M. Flett, J. London Math. Soc. 29 
(1954), 115-18. : 

In connection with this paper see also the footnote on p. 406 of 1928, 2. 


Some properties of fractional itegrals 
G. H. Harpy and J. BE. Lirriewoop. 


Extracted from Records of Proceedings at the Meeting of the London Mathematical Society, 
March, 1925. 


1. The idea of an integral or derivative, of arbitrary nen-integral 
order, was introduced into analysis by Liouville and Riemann.* Such 
inteerals and derivatives may be, and have been by different writers, 
defined in a variety of manners, and different systems of definitions may 
be the most useful in different fields of analysis. The most usual 
definition is as follows. Suppose that we are considering f(z) in an 
interval (A,B), that a< A, that f(x) is integrablet in (a, B), and 
O<a<1,A<zx<B. Then we define f,(z), the a-th integral, or 
integral of order a, of f(z), 7 the equation 


(.1) κῶ = τῷ τὴ (2 — tf) dt. 


It is easy to see that f,(x) exists for almost all x in (A,B), and is 
integrable. The definition may then be extended formally to values of 
a outside (0,1) by ordinary imtegration or differentiation. 

The definition involves an arbitrary origin of integration a. It 18 
usual to suppose a finite. It has, however, been pointed out by Weyl? 
that for some purposes, and particularly in the theory of trigonometrical 
series, when f(t) is periodic, it is more appropriate to takea =—a. The 
integral (1.1) will then usually be non-absolutely convergent at the 
lower limit. 

We state here a number of theorems concerning fractional integrals 
which appear to be new and to have a number of interesting applications. 
We postpone a more detailed account of our researches, since we are at 
present by no means certain that we have found the most appropriate 
methods of proof. 


2. We say that f belongs to the class L?, where p> 1, if f and |/|” 
are integrable, and that f satisfies a Lipschitz condition of order r if 


7ω-Ὁ )-- Ὁ) = Oh)", 


uniformly throughout the interval (A,B). We write 


a a SS Sr - 


* See G. H. Hardy and M. Riesz, ‘‘ ‘the general theory of Dirichlet’s series’’, Cambridge 
Math. Tracts (18), 22, and the writings there referred to. 
+ In the sense of Lebesgue. 
+ H. Weyl, ‘‘ Bemerkungen zum Begriff des Differentialquotienten gebrochener Ordnung’’, 
Vier leljahraschrift ἃ. naturf. Ges. in “Ziirich, 62 (1917), 296-302. 


1926, 2 (with J. E. Littlewood) Proceedings of the London Mathe- 
matical Society (2), 24, xxxvii-xli. 559 
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ll RECORDS OF PROCEEDINGS AT MEETINGS. : 


Our starting point is a theorem concerning series of positive terms, 
proved by Prof. G. Pélya a“ ourselves in a paper presented recently 
to the Society. 


THEOREM 1.—Suppose that a, and b, are positive, 


p>1, ¢g>1, pt >1, 


and = 2—p'—q'; 
and that Xa? and Σὺ! are convergent. Then 

An by, | 
(2.1) ΞΕ; (m ΞΕ 2) 


1s convergent. 

This theorem may be compared with others already known. If we 
replace |m—n] by m+n in (2.1), we obtain a simple generalization of 
a well known theorem of Hilbert.* This theorem, however, lies less 
deep than Theorem 1, and is true when 


ptqa=1, =1, 
when Theorem 1 becomes false. + 
From Theorem 1 we deduce 


THEOREM 2.—If f and g belong to L? and 1,3 respectively, and p and 
q satisfy the conditions of Theorem 1, then 


Κῶ σῷ a» a 
| \ fay pr Ow 
1s Convergent. 

THEOREM 3.—If f belongs to L? and O0<a<p', then f, belongs 
to L®, where 

P 

1—pa’ 

THEOREM 4.—If f belongs to L? and p'’<a< p'+1, then Ff, satisfies 
a Lipschitz condition of order a—p’. 


THEOREM 3.—If f belongs to L? and Ὁ «ζα «-1, then 


a — 


B 
[ We) —fale— hy Pde = O(| RIP. 


* See G. H. Hardy, ‘‘ Note on a theorem of Hilbert concerning series of positive terms’’, 
Proc. London Math. Soc. (2), 23 (1925), xlv-xlvi (Records for April 24, 1924); and memoirs 
there referred to. 


Φ a 
+ The series ΣΣ Ande 


m—n 
is then convergent (as has been shown by Marcel Riesz), but not necessarily absolutely, 


RECORDS OF PROCEEDINGS AT MEETINGS. 1 


It is understood here that f(z) = Ὁ outside (A, B). 


THEOREM 6.—If 


B 
[σω--σω--ἢ ΙΡ 4. = O(|A|”), 


then g possesses derivatives, belonging to 1,Ρ, of all orders less than a. 


The last two theorems were suggested by the theorems of Weyl* that 
(1) the a-th integral of a continuous function satisfies a Lipschitz con- 
dition of order «, and (2) that a function which satisfies such a condition 
has continuous derivatives of all orders less than a. 


3. THEOREM 7.—If f belongs to L?, and 


l<p<2, p<q<— 


pat 
then In-*(| anal? +| bn |9, 
where | c= et, 


and a, and b, are the Fourier constants of f in (A,B), ts convergent. 


When 4 = p/(p—1), Theorem 5 reduces to a theorem of Hausdorff ; + 
and the general theorem is deducible from Hausdorff’s theorem and the 
special result for 4 = p. It may be observed that, if we assert only that 


=n-*-*(| An \2 + | Dn 2 


is convergent for every positive e, then the condition ῳ > p becomes un- 
necessary. ‘This less precise theorem is, however, not new, for Young? 
has proved the convergence of 


Ln“ ([α.-Ὁ} 8.} A> p’), 


and the result follows from this and Hausdorft’s theorem. 
There is an analogue of Theorem 7 for moment constants, viz. 


THEOREM 8.—If f belongs to L’, p< q, and 


an = \ x” f(x) dx, 
0 


* H. Weyl], J.c. 

+ Εἰ, Hausdorff, ‘‘Eine Ausdebnung des Parsevalschen Satzes tiber Fourierreihen’’, Math. 
Zeitschrift, 16 (1923), 163-167. 

+ W. H. Young, ‘‘On the multiplication of successions of Fourier constants’’, Proc. 
Royal Soc. (A), 87 (1912), 331-339. 
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then an" at 
is convergent. 


This is a much easier theorem, which does not involve the dith- 
culties characteristic of such theorems as 2, 38, or 7. 

Theorems 7 and 8 may be generalized in various directions, to 
series involving products of Fourier or moment constants of several 
ftmctions, to multiple series of any order, and so forth. 


4. We conclude by quoting a theorem of a somewhat different 
character. 


THEOREM 9.—Suppose that f(z) = Za,z" is an analytic function of 
= re”, regular for 1 «1, and that 


Γ | fre) | dO 
0 


is bounded for r<1. Then > Lan 
15 convergent. 


An equivalent theorem, stated in terms of functions of a real 
variable, 15 


THEOREM 10.—Suppose that the two conjugate series 
Σία, cosnO+b, Βῖπ. 0), ΣᾺ, cosnO—a, sin n6), 


are both Fourier series. Then 


5 Lan |r] bn | 


n 
15 convergent. 


Finally, Theorem 9 may be generalized in a different direction. 


THEOREM 11.—/f «0 < 1 and 
2π 
| | F(re’”) |? dé 
0 


1s bounded, then each of the series 


ΣΡ] αι, LnP-?| anal? 
1s convergent. 


The last result may be regarded as an extension, to values of p not 
greater than 1, of the extreme case of Theorem 7 in which q = p. 


CORRECTION 


First line following the statement of Theorem 7. For ‘Theorem δ᾽ read ‘Theorem 7’. 


COMMENT 
The results described here are proved in full in 1928, 5 and 1932, 4. 
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Some properties of fractional integrals. 1. 
Von 
G. H. Hardy in Oxford und J. E. Littlewood in Cambridge. 


1. Introduction. 


1.1. In this memoir we present the first systematic treatment of 
certain theorems some of which we enunciated in a short note published 
in 19247). Our theme is the properties of the ‘‘Riemann-Liouville” inte- 
grals and derivatives of arbitrary order of functions of certain standard 
classes, in particular the “Lebesgue classes L””, the ‘Lipschitz classes 
Lip. &”, and the more general classes of functions which satisfy “integrated 
Lipschitz conditions”. We shall give the formal definitions of these classes 
in ἃ moment. 


Our arguments in this memoir are entirely “real” and direct. Our 
results have many interesting applications to the theory of analytic 
functions and the theory of Fourier series; but we make no use of these 
theories here, our only weapons being elementary inequalities and the 
ordinary methods of the theory of functions of a real variable. It seems 
clear indeed that the “right” proofs of all the theorems which we prove 
here are of this “elementary” character, All our variables and functions 
are accordingly real. 

1.2. We say (following F. Riesz®)) that f(a) belongs to the class ζῇ, 
where p >1, ina finite interval (a,b), if f(x) and | f(2)|” are integrable 
in (a,b) in the sense of Lebesgue. The class L* or L is the class of 
integrable functions. 


We say that f(z) belongs to the class Lip. k, where 0 “κ “1, in 
(a, δ) if 
f(x) — f(a —h) = O(h*) 


1) Hardy and Littlewood, 4. 
*) Ε΄. Riesz, 11. 


1928, 5 (with J. E. Littlewood) Mathematische Zettschrift, 27, 565-606. 


800 6. Η. Hardy und J. E. Littlewood. 
uniformly for a<2—h<x< 5); and to the class Lip.* k if 
f(x) — Γ(α —h) = o(|h|") 


when h— 0, uniformly in x. Thus the class Lip.* 0 is the class of con- 
tinuous functions. 


We say that f(z) belongs to the class Lip.(k,p), where p>1, 
0<k<1, mm (a,b), if f(x) belongs to ZL in an interval including (a, δ) 
in its interior, and 


b 
(1.21) {τ -- τα —b) Paz = 0( 4)"); 


and to the class Lip.* (ὦ, p) if it satisfies the analogous equation with o. 


If f(x) belongs to Lip. (k, p) it necessarity belongs to ZL”. For if 
we select a (small) positive A and write 7 


h 
@,— ©, (x4) = [τὰ —u)du 


we have 
h 
f— Φ, = [τω — f(x —u))du. 
0 


Hence, by Hélder’s inequality, 
h 


1- SEI fa) —fle—w)iPau, 
0 


b h b h ; 
[ f—@,\"da< tf auf irl) —f(a—u)\"da< 4 ful? du<A, 
a 0 a 0 


where the A’s are constants; and the result follows, since ®, 1s continous. 


The “a-th integral” f (x) of f(x), where α is any positive number 
and f(x) any function of LZ, was defined by Liouville and Riemann*) by 
the equation 


Sete οὐ yar \ 
(1.22) (2) = phy [ὦ ἡ)“ τα) dt. 
This agrees with the ordinary definition when α is a positive integer‘). 


8) Liouville, 8; Riemann, 10; naturally for less general ἔς. 
᾿ 4) See for example Jordan, 7. 
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The derivatives f’(a) or D’ f(x) may then be defined for 0 < 6 <1 by 
ὦ 
γ΄ (5) = ge ἢ-,(α), 


and for larger values of β by further differentiations. 

We may call these integrals and derivatives “right-handed” integrals 
and derivatives “with origin a”. It is obvious that we may equally de- 
fine, for example, a “left-handed” integral “with origin. 6”. All the 
theorems which we prove in one case will apply, with the obvious changes, 
to the other. But it is plain that the differences between integrals, whether 
right or left-handed, with different origins, though not of importance for 
our purposes here, are not entirely trivial. ᾿ 

In applications, we are usually concerned with periodic functions; 
and it was observed by Weyl®) that the definitions just given, attaching 
as they do a particular réle to the origin a, are not altogether appro- 
priate in this case. Weyl pointed out that, if we suppose (as we may 
do without real loss of generality*) that the mean value of f(a) over a 
period is zero, then (1.22) converges (at ¢= 2x) or diverges with 
(1. 23) f(a) = ne J (x — ae f(t) dt, 
and used this as the definition of the o-th integral. We use both de- 
finitions here. Up to § 5.5 inclusive we distinguish the two and state 
our theorems for both. By this time it has become plain that the dis- 
tinction is not important for our purposes, and we follow Weyl’s definition 
as the easier to work with and the more appropriate for the ends which 
we have in view. 

1.3. If f(x) is integrable, f(x) exists, for any «> 0, for almost 
all 2, and is integrable. Our first object is to determine the Lebesgue 
class to which f(x) necessarily belongs when f(x) belongs to ἢ. Our 
principal result (Theorem 4) shews that if p>1 and 0< w<s then 

p 
f(z) belongs to L’~?*. This theorem is deduced from a theorem 
(Theorem 3) concerning the convergence of double integrals of the type 


, i f (7) 9(Y) dxdy 
τον 


which is very interesting in itself. 


5) Weyl, 18. 
*) Subtracting a constant from f(z). 
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We prove these theorems in § 3, § 2 being devoted to the correspond- 
ing theorems for series, from which the integral theorems are deduced 
by passages to the limit. The theorems of § 2 are due to Pélya and 
ourselves jointly, and a good deal of §2 is substantially a reproduction 
of part of a joint memoir published in the Proceedings of the London 
Mathematical Society’). We have inserted this section partly because 
(using a suggestion of M. Riesz) we are able to simplify the proof of 
Theorem 1 to a certain extent, but more because these theorems are the 
real origin of the most interesting part of the memoir, and we have 
thought it worth while to make the memoir a whole in itself at the cost 
of a little repetition. In § 4 we give a series of generalisations of the 
results of §3. These involve no new difficulty of idea, but it seems 
worth while to develop Theorems 3 and 4 to their fullest extent. 


In §5 we pass to functions of the Lipschitz classes. Theorem 4 
ceases to be significant when «a > a and the result which replaces it 
(Theorem 12) is that f(a) belongs to the Lipschitz class Lip.* (ω — 2}. 


In Theorem 14 we suppose that f(a) itself belongs to a Lipschitz class 
of order k, and prove (what is to be expected) that, so long as kK-++ a <1, 
f,(2) belongs to the class of order k-++a«. Theorem 19 is a very interest- 
-ng theorem of Weyl’), to which we add a complement in Theorem 20. 
The remaining theorems of this section are subsidiary. The general lesson 
of the latter theorems of the section is that to belong to a Lipschitz class 
of order & is nearly, though not quite, the same thing as to have con- 
tinuous derivatives of all orders jess than k. 


Finally, in § 6 we consider the corresponding questions for the gene- 
ralised Lipschitz classes Lip. (ὦ, p), the general lesson being that to belong 
fo such a class is nearly, though not quite, the same thing as to possess 
derivatives, belonging to L”, of all orders less than k. 


2. Theorems concerning series. 
2.1. Theorem 1. Suppose that 


h 
S= a Cm—n Am Op ; 


Mn=—h 
where 
ΟΡ ΞΞΟΣ δι ΡΟΣ πω; 


and the a’s and δ᾽ 8 are positive (in the wider sense) and given in every 


ἢ Hardy, Littlewood, Polya, 6. 
*) Weyl, 8. 
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respect except arrangement. Then, among the arrangements for which S 
assumes tts maximum value, there ts one tn which 


(2.11) Am —~ Am ΣΟ, by— by > 0 

whenever 

(2. 12) mi<|m', jn} «π΄, 

and all of | ; 

(2.13) a ne ee a es ας ϑννἢ 


have the same sign. 


It 18 convenient to regard the summations as extended over all 
integral values, all but a finite number of the a’s and b’s being zero. 


Given any integer p, we can associate the a’s and b’s either in pairs 


(2.14) (α,,..,» ya) ihe) ee 
or in pairs 
(2.15) (@,, 53 ρα τι)» (δ,..-.)» bn 4544) (¢,7=0,1,2,...). 


In the first case the elements a, and 6, are unpaired, and the pairs 
include, for appropriate p, 7.7, any pair of elements the difference of 
whose rank is even. In the second case all pairs with odd difference of 
rank occur for appropriate p, 7,7. Our argument applies to either case, 
but is slightly simpler in expression in the second (since no element is 
unpaired). We therefore write it out in the first case; and we may sup- 
pose, for reasons of symmetry, that p > 0, so that 


p—-t: Siptt, p-jjSiptji. 

We denote by 7 or J a value of ¢ or 7 for which ag_; « ρει] OF 
Ὁ»-υ ~< ὅρῳ... We shall prove that there is a maximum arrangement in 
which, whatever p, there are no J’s or J’s; and it is plainly sufficient to 
show that, whatever p, the value of S is not diminished by the sub- 
stitution 2, defined by the permutation of every pair 


(Qp_7, αρ41)}" (ὃ,..υ; boss). 


We divide up S into the following partial sums: 


(1) δ. m=D; n=. 

(2) 23 M= Dp; n=p—j, Ρ»-} (7 Ὁ 9). 
(8) 9: ἥτε --ἶἰ,»-ἰὶἢὶ (t+1); n=p. 

(4) S,: mM=p; | n=p—d,pt+d. 

(5) S,: m=p—I,p+]1; n=. 
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(6) 
(7) 
(8) 
(9) 


i 


m=p—t,p+t (t+l); n=p—j,pt+j (7-Ὲ 9). 
m=p—t,p+? (Ἰτ ἢ; n=p—J, pt+d. ; 
m=p—I,p+T; n=p—j7,p+j (G+). 
m=p —I, p +I; n=p—Jd,p+d. 

It is evident that S,, ὅς. 5: and S, are not affected by Q,. | S, 18 


Lp > (cy ὃ,.. + eg bp+a)s 
J 


tn Mm Ὧν 


which is unaltered because cy; ==c_ ,. Hence S, is unaltered; and simil- 
arly S, is unaltered. S, is 


> (C_rag App bp_ gy + 6-γ.0 Ap—1Op4y + Cre 7 Ops7 Op_y + Cr 7 Apy1 Op4y), 
I,J 


and is also unaltered. It is therefore sufficient to prove that S, and 
S, are not diminished, and plainly we need only prove this for S.. 
In S., the contribution of the pair (a@y_;, @p4;) 18 


© Ape ὦ, (CHepa bp + C-4-7 Opts) + Apts Dy (Citas by-7 + Cra Dp ay). 
J 


J 
The increment in this produced by Q, is 


— (Gy-¢— ἀρ) Δ (Gea — C249) (Opa — Opes) SO, 
J 


since the three brackets are respectively positive, positive and negative. 

It follows that there is a maximum arrangement which satisfies the 
conditions of the theorem, in so far as they concern pairs the difference 
of whose rank is even. The same argument, based upon the pairing (2. 15), 
leads to the same conclusion for pairs the difference of whose rank is 
odd*); and this proves the theorem. We have in fact proved that there 
18. ἃ Maximum arrangement in which all the differences (2.13) are positive 
or zero; but this adds nothing to what is stated in the theorem, since ἃ 
is plainly unaltered if m and n are interchanged with — m and - ἢ. 


2.2. Theorem 2. 760 


(2.21) a,20, 20, r>1, s>1, ἘΞ πὰ 
and the series 
(2. 22) A= dian, B= δ᾽ δὰ 
are convergent, then 
1 1 
j = ee 
(2: 23) Wes 5. ἘΠ B*, 
m— ni” © 
9) In this case the sums S,, S,,..., S, do not occur. 
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where 
| 1 1 
(2.24) A=2———-, 
K = K(r,s) ts a function of r and s only, and the summation extends 


over all unequal integral values of m and n. 
It is obviously sufficient to prove the inequality for 


This form is not as it stands of the type S, but it does not exceed the 
form § in which 
Co = I, y= (vy += 0). 
We may suppose that, in S, the a’s and 6’s are arranged in the 
most unfavourable manner, defined by Theorem 1. In this case § does 
not exceed the sum of four sums of the type 


/ 
* ) Ἷ 
S a f Ci OO x 


where m and » now run from Ὁ to ὦ and a, and 6b, are decreasing 
functions of m and n. Further 


ΠΤ a eee 


where 
ae | Ln N Y a b,, 
8. -- δ a,0,, S,= >, Ὅτ ὦ 


ase |m—n λ΄ 
and S, is a similar sum over n> m. It is therefore sufficient to prove 
that S, and S, satisfy inequalities of the type (2.23). It will be con- 
venient to suppose now, as plainly we may, that m and n run from 1 
to A only. 


We use three known inequalities?®): 


ες 1 ] ine 
ἜΣ δ Ὁ > fyi and u, and v, are positive, then 


1 1 
7 fy r\r Ν᾽, 88 
2 u, Uv, ast ae Uy Σ ΩΝ : 
(1) If u, and v, are positive and monotonic, and vary in opposite 
directions, then 


h h h 
y Y 

h >, UO 7 ΝΣ 
v=] v=1 vol 


10) For detailed references, see Hardy, Littlewood, Pélya, 6, 274. The first in- 
oe eee 
equality, with ge (Hélder’s inequality), and its analogue for integrals, ‘are of 


course used repeatedly throughout the memoir. 
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(11) Jf r>1, u, ts positive, and 


UO, =u, tu, +... +4, 


then 
h h 
SOY s(S) Sw. 


The sum S, is at once disposed of by (i), and we need only con- 
sider S,. Now 


h 
(2. 25) 8,= Sa, >) Ἐς 
But (m—n)~* increases with n and 6, decreases. Hence, writing 
᾿ b6+6+...+6,=—B,, 
we have, by (ii), 


m—1 m-1 


Ps ἐκ 7 < τὶ = «-. ὅς 


= (m—n) 25: (m—n)* = (1-4) (m=1)*" 


3 


Substituting in (2.25), and applying (i), with 


Me eng 
r—1] ὰ 
in place οἱ 8, we obtain 
h 
1 B 
(2.26) Ss = > Qa, ---τ * 
i= cee m A 
1 
h—-1 aes h hast 
_ 10 ee ( 7 Pm γ" 
Sai (meee i Ο τι 4 = ToT mit 
m=1 m=1 


Now By < mB, by (i), with s and s’ for r and 8.11) Hence 


γ᾽ τ γ΄ -- 8 
. , , , ites ΤΊΣ 8 
m-*"’ BY <m-*" ΒΑ (ηι5-18Β)" -- Β " Ga) : 


ee ΠΣ eee a 


by (111). This proves the theorem. 


11) We use the notation c’ =— generally, when c> 1. 
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3. The fundamental theorems for integrals. 


3.1. Weshall say that f(z) belongs to L” (p=1) in (a, oo), if it 
belongs to L” in (a,b) for any finite b >a, and 


{ππλ as 


is convergent. For a finite interval, the class L” includes the class L* if 
» >q, but this is not true for an infinite interval. | 


‘Theorem 8. If f(x) and g(y) belong to 1 and 1," respectively 
an (0,0), 


Ν 11 
(3.11) f(z7)20, gly)29, r>1, 8531, 7+ 7>1, 


and 


(3. 12) r={ P(2)dz, a= or(u)dy, 
_ 0 
then 
(8. 18) [ [(oePardy s KF gt 
e—y' 


λ and K being defined as in Theorem 1%*).  . 
(1) We suppose first that f(x) and g(y) are zero for ᾧ Ὁ δ ory>é 
and continuous in (0, &).18) We denote the square O< a<é&, OX y<é 
by D, and the part of it in which |2—y|>e>0 by D(e). It is 
plainly sufficient to prove that 
1 1 
(3. 14) 7(ε y= [fH TO) dedy <KF'Q* 


D(e) y |" 
for every e. 


We divide D into squares D,, ,, by the lines 


τς, πὲ, γον, (0Sm<7,0Sn<>), 


m y γν 


calling D,, , the square corresponding to m—1,m,n—1, n and D,, ,(¢) 
any Dae ‘which has a point in common with D(e«); so that 


J(e) = lim ,2, Σ JJ 
a Τὸ Dea 


**) Hardy and Littlewood 4, (Theorem 2). 
13) One-sidedly at the ends. 
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It is plain that we may suppose » so large that 
Im—n|22, |x—y|>|m—n)\o 
at every point of every D,, ,,(¢). Also, in D,, «(ε)» 
Γ(α)σ(Ψ) SP(%m)9 (Yn) -Ὲ Me» 


where 7, tends aoe to 0 when v-+oo. It follows that 
m n = 
I(e) < im (2% Dal SAG er ae Ἵν, ἀπ αν. 


But | 
lim (27) az ᾿ς dx dy = 2° δ᾿ sin eects 


a ane lim η, = 0, 


by Theorem 2. Hence, again using Theorem 2, we obtain 


J(e) <2" lim (= ie sd feel 


1 ν ne 
= K Tim (5 Sra . Στ," 
τι 
-- ΚΕ 6". 


This proves (3.14), and therefore (3.13) in the particular case considered. 
3.2. (ii) We suppose next that f(z) and g(y) are any functions 


of L’ and 17 in (0, ξ), and zero outside. 
We can determine positive and continuous functions f * (4%) and g*(y) 


such that 
[rvazso'm, — [ otedy <2'H, 


8--Δ} 


f τ ρα ΝΣ : ᾿ς foray Ξε ‘ad 


where M = Max(F, 6), so that 


8-1 


1 


1 
fdx <M’ BF » [σὰν μ' ἐν, 


and also 


fir-riaz, fig—otiay, firr—rttiae, [σ΄ -- οὐ lay 
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are all less than a given positive 7. We have then 


ie FG: <dxdy <i ee dady 
yi i 
1 


K( {τ᾿ az) Jory) rey fg —f 9" \dxdy 


SK K( fr ick [{υ’ δ} off (gif—f | +f" |g—g"\)dady 


IA 


: τ 1 απ ἀ σπὶ 
«κ{{γ΄ 46... ({o'dy tn) Ὁ δηε (ure? 4mre? ). 


Making ἡ--» 0, we obtain (3.14) and so (8. 18). 


(iii) The final result of the theorem now follows in the obvious 
manner by making oo. 

8.8. Theorem 4. Suppose that f(x) belongs to L”, where p>1, 
in (a,b), where -wo<a<b<wa; that 


(3. 31) 0<a<e, ΓΕ eee 


and that f,(x) ts the a-th integral of f(x), with origin a. Then fu (x) 
belongs to L* in (a,b); and 


Ὁ [Ὁ 


(3.32) [interes s «(fire ? de) ; 


where Καὶ = K(p,a) ts a function of p and α only. 

It is evident, first, that we may suppose without real loss of gene- 
rality that f> 0. 

Next, we may suppose that ὃ πο οὐ. For suppose that the theorem 
has been proved in this case, that f satisfies the conditions of the theorem, 
and that f* is equal to f in (a,b) and to 0 outside this interval. Then 
f* belongs to L” in (a,co), and 

q 


frtas—frrrarcfirrancx({rrras)’ —x(fprae)? 


a 


m 


Finally, we may obviously suppose that a= 0. 


In order that 
fitax<x(frrae)”, 
ὁ ὗ 


Θ [9 
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it is necessary and sufficient that 


[rly σιγᾶν < x({r(eraz)’ (fo (yyav)” 


for every g(y) of L* .1*) But the left hand side here is 


an 


J a— fe x) 9 (y) 
mS auf οὐ εν 
(a) J9 g(y) ἀν} f(x)(y—2) da s5 rw, ᾿δῇ 
1 » 
p , δ 
<x (7 iz)az) (| 9° vay, : 
0 0 
by Theorem 3, with 
, 1 1 1 1 
= Pr ΞΞΞ =. pene ots eels gag he eee πον Goat eh aes he eS 
p>, s=q>l1, A=2 ee 1 ἌΣ 1 -- «. 
.  =1+a>1 


3.4. Theorem 5. The result of Theorem 4 is also true when 
a=0, b=2n, f(x) has period 2x and mean value 0, and the oregin of 
integration 18 — οο. 

We write 


1 ὃς ᾿ς ἃ ἢ 
= φία) εν (5). 
By Theorem 4, y(a) belongs to L’ and 


Ot 2a 2 π aft ols κα 
Pp P 
(3.42) fw tae <fiytdesx( firrde)’<x(firrar) 
/ 
0 —2a 20 0 


On the other hand (x) is continous in (0,22), the integral which defines 
it being uniformly convergent; and, by the second mean value theorem. 
there is a &€ < — 2a such that 


i 


(8.48) 'p(2)|=, 2 fra 
2a 


55 Jit jars κί fi f(t) ? at)” 


The conclusion follows from (8.41), (3.42) and (3.43). 


1 


14) F, Riesz, 11. The K here is not the same Αἴ (actually it is the g-th root of 
the earlier K). 
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It should be noticed that the conclusion of Theorem 4 is not necess- 
arily true when the origin of integration is ὁ <a (the reason being 
naturally that f does not necessarily belong to L” in (c,a)). For example, if 


fivi=(a—a)? (2@<a),  f(x)=0 (x>a), 
and cca, 0O<a<f<1, then f,(a) differs from 


1 ( : es 
by a continuous function. This is a multiple of (e—a)*~", and does not 
belong to L* in (a,b) if g(6 —«) =1, although f is zero in (a,b). 
3.5. Before going further we show by examples that the inequali- 
ties which occur as conditions in Theorems 3 and 4 cannot be widened. 


(1) Theorem 3 is not true when p>1, g>1, and stoalk In 


fact the integral (3.13) is then divergent if f—g=1 in the square 
0“ ΚΙ, OX y<1 and f=g=0 outside. What takes the place of 
Theorem 3 in this case is M. Riesz’s theorem that 
“ 
| ae dxdy 

Is convergent as a “principal value”, 7. 6. as'the limit of an integral 
over D(e). 1) 

(11) Theorem 3 is not true when p=1, φ 1. For then it would 
imply that 


converges whenever f belongs to ZL and g to L’. This would imply that 


is divergent, 
On the other hand the theorem is true (and trivial) when p= 1, q=1. 


1) See M. Riesz, 12, 13; Titchmarsh, 16. 
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_ (11) Theorem 4 is not true when p=1, for any a between 0 
and 1. Take 


fe) =a" (tog) 


where 6 > 1, for0 <x <3, and f(x) = 0 otherwise. Then f belongs to LD. 
For small positive x, we have 


l=0 = 


1-8 
fa (x) > xf ie CoO dt > Ka t (log = ) ᾿ 
0 é\log ay 
: 1 
Hence f, does not belong to 1,7 unless 
i <-—l, Bro2- 4a, 


which is more than 6 >1. 
It is true that, when p=1, ff, belongs to 
Siena ee 
Toe 
for every positive ε. This theorem, which lies much less deep than 
Theorem 4, is in fact a simple corollary of an inequality of Young’). 


(iv) A theorem which suggests itself naturally, as a limiting case 
of Theorem 4 m which a=, g=oco, is this: ef p>1 and «= 5 


then f(x) ts bounded. This proposition is false. If it were true, 1t would 
follow that 


| few) o(2)ax = rw | g(x)de | f(t) (5 --- ε)“ αἱ 
0 0 υ 


1 ale 
τίς J) Fae J ole) (α -- ε)“ "da 


exists whenever f belongs to L” and g to L; and so that 


fore) (e t)°~" da 


1 
belongs to L”, ¢.e. to L’~*, whenever g belongs to L. This assertion 
is plainly equivalent?’) to the assertion of Theorem 4 in the case p—1, 
when we have seen that it is false. 


10) For a proof see Hardy, 2. 
1°) Allowing for the reversal of the “direction of integration’. 


οὐ 1 
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4. Generalisations of the theorems of § 3. 


4.1. Theorem 6. Jf f(x) and g(y) satisfy the conditions of 
Theorem 3, and : 


(4.11) ἐξα, eS, Ὁ πε σεῖς 
(4. 12) betas, E2132. BAO SO: 
(4.13) ht+k>o ἡ +4+4=1, 
then 
1 1 
(4.14) [{5 pace de dy < KP 6", 
a? y |x— 


K= K(r,s,h,k) being τ a pene of r,8,h, k only. 
(1) Suppose first that -- a >1, sothat O<A<1. Then Theorem 5 


is a corollary of Τβδοτοτα, 9. For we may divide the quarter-plane of 
integration into an angle A in which ta4<y< 2a and two residual 


angles A’. In A’, ake et νων 
τον! |x—y| 


xy > K\a —_ yor 
Thus the integral (4.14) does not exceed a constant multiple of the 
integral (3. 18). 
(11) We may therefore suppose that pin LAS. 


lie between positive bounds, and in A 


Q(x,y)=a"y "| 


t—y eae 
then the integrals 


p te Popes 
J (una dum [ὦ "ia —1|"**"* du, 


—- ey 
foaers : dv=|o 11 -- 1} dy 


converge to the common value 


ae) eet ere epee Le 
cakes Pa rreip | sin (εἰ 3) 5 


1 
18) This expression must be replaced by its limiting value if aes or ἜΣ is 
zero or a negative integer. 
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And 
[ ΓΤ ὦ τ (2)""0") avay 


0 0 
(μὰ) (foray) 
0 υ 


which completes the proof of the theorem. 


4.2. When ᾿ Ἐ- - --- 1, the constant J is the ““Ῥοβῦ possible” constant. 


We do not delay to prove this, but we show that the inequalities (4. 12) 
and (4.13) for ὦ and k are best possible inequalities. 


In the first place, it is essential that ἢ <1— = and k<1— ᾿ ; 
ΗΠ ἢ --Ἰ-- a for example, there are functions of L’ for which 
| xh f(x)\dax 
0 
diverges, and then the double integral is certainly divergent. 
Next, it is essential that 4—h—k<1 (and soh+k>0 if τι: = i) i 


for otherwise the integral may diverge (along the line x == ψ) even for 
continuous f and g. 
It is less obvious that A + k must not be negauvay when . -Ἐ ε go os Wa) 


δ 
Suppose however that 
1 


τ 

{(4) =(log x) ἦ (6 0,0" ΞὰΞ ΞΕ, ΞΕ του 
and f(a2)—0 otherwise, and that σ(ψ) is defined in a similar manner 
with — ᾿ -- 6; so that f(x) g(y) =0 outside the strip 15 ---ἰ΄ <2. Then 


[ras <K im”, 
0 1 


so that F is convergent. Similarly G is convergent. The double integral, 
on the other hand, is plainly greater ον 


KS 2" —-h- ΞΕ a r 8 : 


which is eee if h + , <0. 


12) It aie be supposed that h+k>A4—1 would be sufficient. 
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4.3. Theorem 7. Suppose that 


(4.31) p>, [52 --ὶ, 

(4. 82) 0<Sm—1l<a<Min(m—1++, - 1.1), 
cn ἽΝ Ρ P 

(4.38) m—l>0 if a=m—l, 

(4. 34) aa Bree eam, 


that x~‘f(x) belongs to L” in(0, 00), and that f, (x) ἐ8 the «-th integral 
of f(x) with origin 0. Then x” ™ f,(2) belongs to 1.3, and 


ὭὮ 


(4.85) fo fale yas K(f Ce" f(x))? d ix)’ 


where Καὶ = K(p,a,l, m). 
It follows from Theorem 6 that, if f belongs to L” and g to L’, then 


[τῶν x) ax, 


=f g(y)y a Στὰ ἂψ, 


or 


where 


is convergent (and satisfies the appropriate inequality). If now we replace 
y~*g by G, and argue as in the proof of Theorem 4, we obtain 
[ (ως ὁ Θκ41.-...1} 4« <K (| (x* G)’ ax) : 
0 0 


We now write 
Ἂς G=f, h=m, b= 1, S=P, a=h+k—A+l, 


so that 
1—p(a+l—m) ; 
and we obtain (4.35). 


It remains to verify that the conditions of Theorem 7 are equivalent 
to those of Theorem 6. Of the former 
p>, I>5-1, 0<m-1l, m—ls<e 
are equivalent to 


s>1, k<1—-+, ἡ ΣΟ, +4131 
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( the ee on the last pairs of inequalities also ial Finally 
a<—l ἘΦ — corresponds to h <1 -- τ' and ἁ «μι --ἰ ἘΞ — corresponds 


to r ΣΡ, since it is 1 — ~ <1 or : <1 and the tei inequalities 
show that r is positive. 


4.4. Theorem 4 is the special case 1 = πὶ --- Ὁ of Theorem 7. There 
are other interesting special cases, but two remarks are called for before 
we state them. 


The inequalities of Theorem 7 are, essentially, best possible inequalities 
like those of Theorem 6. The “gloss” (4.33) on the inequalities, however, 
now excludes a case, viz. «= 0, l-=-m, p=q, in which the result of the 
theorem is true but trivial (the two integrals in the inequality being 
identical). The gloss corresponds to the fact that the definition of /. fails 
when α =(), though | 


lim f(a) = lim 7, 5 frie" ‘dt = f(x) 


a->0 


for almost all 2. In our statement of the particular cases we therefore 
suppress the gloss. 


Next we observe that some of our specialisations introduce the 
combination 


P(a)a-«f,(2) = | (1 ἐξ 4)“ puayat. 


This function is plainly, for fixed f(t) and 2, ἃ decreasing function of ὦ, 


and we are thus sometimes able to extend the scope of a theorem, by 


the removal of an upper bound for α, in spite of the fact that the argu- 
ment by which it was proved depends upon what were, in their original 
form, “‘best possible” inequalities. 


4.5. Taking 1=0 in Theorem 7, we obtain 
Theorem 8. [If 


p>1, O0O<msSe<-, Gq= 


RS [ee 


ἜΝ Chee 
i—p(«—m)’ 
then 

4 


fom ny dz<K (f 7 dz) 


Restating this in a slightly different notation, and using the last 
remark of § 4.4, we obtain 


58] 
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Theorem9. 77 


i ean. 
p>, ᾿Ξ Ὁ psa ae 
then 
: gq 
εν, a ὕῬ 
[- ᾿ fl dx « Κ{{1 4) ᾿ 
0 0 
The result ts still true for « > τ, when the second inequality for q may 


be omitted. 
If we put m=1-+a in Theorem 7 and (after the last remark of 
S$ 4.4) drop the upper bound for «, we obtain 
Theorem10. Jf 
p>l, t>--—-1, «S90, 
then 


[ποτ de SK [ (at? ae. 
0 0 


It we put /=0 in Theorem 10, or m =e in Theorem 8, we obtain 
Theorem 11. Jf p>1, «>0, then 


[(2«pn)Pae ἘΞ KI? dx. 
0 0 

4.6. We shall not give a formal proof that all the inequalities which 
occur as conditions in Theorems 7—11 are best possible inequalities. The 
following examples will probably be sufficient to convince the reader that 
this is so. | 

(ii The result of Theorem 9 is (sometimes) false if g<p or 


p 
Set yn Ae aig 
are 


(a) Suppose that ο > 0, that 


if O<a<5, and that f(x) =0 otherwise. Then 


πο 


1 
ἀνὰ" 1\~2 
di>Kex ” (log— 


a 1 
1 a-l, p 1 
μι) = pry | (2-1) "ἢ ? (log =] } 
0 
for small 2. The right hand side of (4.35) is convergent if po >1, 
the left hand side only if g@>>1. Hence the result cannot be true 
unless g > p. 
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(8) Suppose that f(v)—=—— if 2"<x<2"4+1, m=1,2,..., 


log x 
and that f(a) = 0 otherwise. Then the right hand side of (4.35) is con- 
vergent, since ‘“'’m~? is convergent. If now 2”+-3<a¢4<2"-+1, 
we have 


bo] 


€ 


fu(x) > K [ f(t)di> Ξ. 


Thus the convergence of the left hand side implies the convergence of 
ig BOERS 
Smite, 
and this series is divergent if g > Tere , 80 that the result is false in 
this case also. 


(ii) The result of Theorem 10 is (sometimes) false if 


Suppose, for example, that «—1. Then f, 18 (for any positive /) 
an increasing function of x, and the integral on the left hand side of 


(4.385) is divergent if l<—— 1. 
(iii) The result of Theorem 11 is (sometimes) false if p= 1. 
This may be shown by the example of § 3.5 (iii), in which 


f(z) = a-* (log) ” (0 --« «Ὁ), 
where 1. Here 
ΙΝ aa 
ὙΠ ee Ge cea (log =| 
for small x. The right hand side of (4.35) is convergent if p> 1, the 
left hand side only if 6 > 2. 


5. Lipschitz conditions. 


5.1. Theorem 12. Sf 


(5.11) » 1, Bact 
or 
(5.111) PSI Cie 2: 


f belongs to L” in (a,b), wherea<b<o, and f, is the «-th integral 


083 
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of f, wtth origin a, then f, belongs to Lip.* (a — =) in (a,b), ἢ. 6. 


1 
μ(α) — κία --)τεο Ὁ) 
when axx—h<x<b and h—0, uniformly in x. 


We consider first the case p>1. We may take a=0; and we 
suppose first that 7 >2h. We have 


(5.12) (@)4=(e)Af4=—W(e)(f ial 


~ fine δ — f f(t) (a —h—t)* dt 
= [χὰ -- ὑ)ωκ du feu) (u— Ἀ)“ du 
ὃ ἡ 
h Zh 
= {κατ udu | fle wae — (u—h)**)du 


= -fre—ay ματι. (uy — hy" με free wor *— (wu —h)*")du 


2h 
=f1+,74+ 4. 
Here 6 is any positive number between 2h and x. 


Now 


1 
h 


φὼς nis(fire—wyran) (fu a)” 
7 


1 
=o(1)0O(h *)=olk 5), 


since 


(a—1)p (ἃ --1}} Bol... τ Eh 
pee. ΞῸ ee 


and the same argument may be applied to 


2h 


2h 
f(a —u)u* ‘du, [r@—w) (w= nya, 
h 


ἢ 
so that 


(5.14) Ὁ 
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Next, in J, we have 


ju" -- (ὦ -- kh)! ΦἈ|1 -- αἰ(ω -- δ)“ Ὁ 
πα 80 
ὃ 
(5.15) ee ee = 
ace? Meet 
<hll—a! (f f(a -- εν] du) ἡ ὠὰ a + wu)? 
2h 
pri 1 δ 1 . 2 
' —1 Ῥ Pp Ῥ Ρ » 
«ἰ1-αἰ( ἘΝ)" *(fire—wPau)? κοι ἢ, 


2h 


where δὲ is independent of 2 and h and tends to zero with ὁ. 


Finally 


~ 


(5.16) |L|<hl1—e|{ f(e—u)|(u—h)” “du=O(h)=olh’ τ᾽ 
ὃ 


uniformly in x, for any fixed ὃ. It is plain that the conclusion follows 
from (5.12)—(5.16), by choice first of ὃ and then of h. 


When hix<2h, the proof is simpler. In this case the three in- 
tegrals J,, J,, I, are replaced by 


I; =f re wu" —h)“~") du 


which divides into two parts to each of which our first argument applies. 


If p=1, we have «—1>0, and so 


Sh*t fiste—wiaw =o0(h""); 
=o (“ἢ , similarly; 


1} 3 κ(α —1)-h°" | if(a—u)|ducesh"” 


τ 
Ἔ- & 


(since « <2); and | 
I, = O(h) = 0(h*") 


as before. In this case the theorem is true (and trivial) for «=1. 
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5.2. The result of Theorem 12 is not true, in the cases p> 1, 


a=+ o a= ᾿ +1, even if it is stated in the less strong form that f, 


p 


already (8 3.5) that f, is not necessarily bounded. If f, belonged to 
Lip.1, when «= : Ἔ1, f, would have almost everywhere a derivative 


bounded in the set of points in which it exists, and f,_, would be equal, 


except at a null set, to a bounded function. Our discussion of the case 
c= : shows that this is not necessarily true. 


Theorem 18. The result of Theorem 12 its stall true in the case 


considered in Theorem 5. - 


For (in the notation of Theorem 5) w(x) belongs to Lip.* ΓΕ τὴ) 


in (— 22, 22), and α fortiort in (0,22), while ῳί(α) has a continuous 
derivative. 


Theorem 14. Suppose that 
k=>0, #&>0, k+ae<l, 


and that f(x) belongs to Lip. k in (a,b), τῇ being understood that this 
hypothesis includes 


f (x) == O((# — a)*) 


for small x —a. Then f(x), defined with origin a, belongs to Lip. (k + «) 
zn (a,b), and 

ἢ, (4) = Ο((α — ay") 
for small x —a. 


The gloss on the hypothesis means simply that f(a)= 0. It is clear 
that such a gloss is necessary. Thus f= 1 belongs to Lip. & in (a, 8). 
while f, is a multiple of (2 —a)*. 


We take a=0. Then f(0)=0 and 
f(x) — f(«—h) = O(h") 
uniformly for 0<a2—h<ax<b; and we have to show that 
f,() — f,(@ —h) = O(hP**) 
uniformly for O0<a—h<a<b, and that f.(h) =O(h**’). 


The last result is immediate; for the first, we have 
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P(a)4= [re ear [τ τοῦ Gp aa 
ὗ h 
= pe (a“ — (a —h)") — | (rte) —f(a—u))u* "du 


+ | (fe) — κα —u))(u— 2)“ dw 
h 


u)) ue" du 


h 
-ἰῶ ως. (2 — ay") — [στ — Fz 
0 


-[ τῷ — f (a -- u))(u**—(u—h)*"") du 
h 


== J,+d,+ 5, 
say. In the first place 
J,=O(a*-h-x"*)=O(ha****) = O(h***) 
if 2 > 2h, and J, =O(a***)=O(h**") if ha <2h. Secondly 
h 
J, =O (| uk" da) = O(h**"), 
0 


Finally 


J, =O (| ἡ ((u —h)** — u**) du ) 
h 


& 
h 


-- O (nF L ao* ((w 4) S407") dw) -- Οὐ 
Ἶ | 
since the integral is convergent up to co. 

5.4. Theorem 15. Jf f(x) belongs to Lip.* k, τὲ being understood 
that this includes f(x) = o0((x% — a)") for small x — a, then f(x) belongs 
to Lip.* (k-+. «), with the corresponding gloss. 

In this case we obtain 

J,=o0(hF**), J, =o(n***), 
by the same argument as before. We write 
5 «2 
απ τ [- [τυ εὐ. 


h ὸ 


087 
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Here ὦ <4, ie. where «3 Is independent of x and h and tends to 
zero with ὃ, and J; is O(h) =o0(h**"). Hence 


J, = 0(h***). 


It is plain that we have proved incidentally 

Theorem 16. If f(x) ts integrable and satisfies a Lipschitz con- 
detzon of order k at a point, then f(x) satisfies one of order ὦ -ἰ- α at 
the same point, the conditions being of the same (O or o) type. 

Theorem 17. 7, f(x) satisfies the conditions of Theorem 14 or 
Theorem 15, except for the gloss on the Lipschitz condition, then f(x) 
belongs to Lip. (k -+- «), or Lip.* (k-+ αὐ), in any tnterval (α΄, b’) interior 
to (a,b). 

For 


P(e) t,(@) =| [τ — ἔα) -- 1) tat 4+ (ae — a)". 


Theorem 18. Jf f(x) ts periodic, has mean value 0, and belongs 
to Lip. k or Lip.* k, then f(x) belongs to Lip. (k-+«) or Lip.* (k-+«). 


We have 
D(a) f.(2 )~ fri ye -erai= [ 


where c.- 0. The first term has a continuous derivative, while the second, 
by Theorem 17, belongs to Lip. (ἢ -ἰ- α) or Lip.* (k-+ a) in (0, 22). 

5.5. It is to be observed that none of these theorems are true when 
A >0O, k--a=1. Thus Weierstrass’s function 


f(x) = δ΄ α-" cos ax (a>1,0<k<1) 


satisfies a Lipschitz condition of order k (of O type) uniformly in any 
jnterval*°), But f,_,(x), which is a linear combination of 


LY . 
> a "™cosa"z, > a~"™sina"z, 


does not satisfy one of order 1, since it is nowhere differentiable. 

When k= 0, the hypothesis asserts simply that f(x) is bounded (or 
continuous). This case of the theorem is due to Weyl*‘); and in this case 
the result is true, and trivial, in O form, when « = 1. 

20) Hardy, 3. 

21) Weyl, 18. 
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In what follows, in order to avoid complications concerning the origin 
of integration, glosses on Lipschitz conditions, and so forth, we confine 
ourselves to the case in which the origin is — oo. We suppose then hence- 
forth that f(a) has period 2x, that 


22 
{ r(z)az=0, 
0 


and that the origin of integration is — oo, so that f,(2) is periodic, and 
has also mean value 0. 
We define f*(x), the f-th derivative of f(x), for 0< 6 <1, by 


d 
f (2) = > f_,(2). 


ὅ. ὁ. Theorem 19”). If O<B<k<1 and f(x) belongs to Lip. k, 
then f’ (x) exists and ts continuous; and f(x) is the B-th integral of f Pa. 


We write | 
(5.61) fy, o(@) = prem es (a — 1)" dt 
for « > 0, so that OE a ἢ.’ Then, if e>0, 
(8.68) P(1—) fl (a) =e f(e@—2)—B | f(t) (e— 8a 


-- οὦ 
BE 


== 6 | (fa) — f(t) (wt) dt — © (fla) — Τα —*)). 


But 

f(x) — f(t) τ Ο([« -- εἰ) 
uniformly in any intervals of values of x andt, and B+1—k<1<f--1. 
It follows that, when ε -- 0, the right hand side of (5.62) tends uni- 
formly to 


g(x) Ξε [ (f (x) — f(t) (α -- "5 αι. 


Also 
f,_g(*1) ΕΝ f, g(a) iad " (fg, (%1) ΝΙΝ typ, e(%)) 


eG ι Κ᾽... 
at fig, .(%) aa = ras) J g(x) 


22) Weyl, 18. We have added the last clause. 
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so that 1 (1 -- 8) f,_,(x) is the integral of g(x), and 
g(x) =T'(1— 6) f,_,(%) -- ΓᾺ -- B) f* (2). 
Finally, since the (1 -- #)-th integral of the #-th integral of an inte- 
grable function is the integral of that function, "(1 — f) f(z) and 9,(x) 
( τ are indeed continuous) have the same (1 -- β)- [ἢ integral, viz. 
| 716 -- βγῇ. (5), ἐν 6. 
for 1 — B) f(t) —g,(t)) (w—t) "dt =0. 
It follows that "(1 — β) f(t) and g,(t), being continuous, are identical. 
5.7. Theorem 20. It the conditions of Theorem 19 are satisfied, 
then f (ax) belongs to Lip.(k — B). If also f(a) belongs to Lip.* k, then 
f’ (a) belongs to Lip* (k — B). 
We suppose first that hypothesis and conclusion are of the weaker type. 
We have, by Theorem 19, 


gix)=T(1—p) f(x) -- | (r(2)—F) (e—)Pat, 


w~h 


= fire) — f(t) (@—ty edt -[ (f(@ —h) — f(t) (@—h—t)P 4 dt 


—@ 


ὌὮ 


fire —f(a—u))uP" du — | (re -- ἢ -- fw —u)) (w— hy? du 
‘ | 


=~ for (x —h — f(x —u)) (ὦ -- 2). ὅς ᾿-- τ dy 


| 
haan —f(a—h))u "du +f (Fe) —f(e—u))u! du 
h 0 


i, = οἱ fay (way waa] 


Ι 
| 
μι 
nN 
oo 


ofa | (w * w—1 4 — wt) aw] = OCW), 


i 


590. 
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since B-+1—k<1 and β- 2 -- 1. Also 


J, =(f(2)— F(a —2)) 5 = ο(α" ἢ) 


and 
h 


J, = of f u- ay] = O(h*~*); 
‘yg ‘ 


which proves the theorem in O form. 
When hypothesis and conclusion have the sharper form, the treat- 
ment of J, and J, is unaltered. As regards J,, we write 


Plainly J,’ is less than a constant multiple of 
ie Shy (any = u?~"\du 


Ch 


Cc 
by choice of C; while, when C is fixed, Jf —o(h*~”). This proves the 
theorem in o form. 


5.8. Theorems 19 and 20 are false for k=. In fact Weierstrass's 
function _Ya-"* cos a™x has not at any point a derivative of order k. 


6. Integrated Lipschitz conditions. 


6.1. In what follows we make repeated use, explicit or tacit. of 
Minkowski’s inequality 


(3 (Baul) 3 (Ber)”, 


where p>1, a, ,>0, and the summations are finite or infinite; of the 


1, 7. ΞΞ 
corresponding integral inequality 
1 


{{π|{κοιν 77 ἐν [συγ " 


or the corresponding mixed inequalities with Σ᾽ and f . We also use freelv 
the ideas of “strong” and ‘weak’ convergence, due to F. Riesz°?®). 


28a) F Riesz, 11. 
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Theorem 21. Tf p21, 0<a<1, and f(x) belongs to L”, then 


f ie (w) -- fe(@ —) |? dx = 0 (h?*) 


for any finite interval (a, b). 


We have 
(6.11) g(x) =I'(a) μ()-- J (0) -- tat 
τὴ 
-f+ J 4 { = 9, +9, t+ 95. 
a~Ch 2-Dh ~— 0 


where C and D are constants at our disposal. It is plainly sufficient to 
prove (1) that 


b 
| |Ag, "da =o0(h*") 
for any fixed C and D, and (11) that 
b b 
(6.12) fidgirae sen”, [{149ε1ἢ < en?" 
for h <1, sufficiently small values of C, and sufficiently large values of D. 


(1) In the first place, we have 


a-Ch aw--Ch-h 


Ag,=| f(t)(a—t)* *dt—| f(t)(a—h—t)* ‘at 
a ae 
a—Ch x—-Ch 
=| (2 —1t)° "(fF (t) — f(t — h)) dt = o(h h*~ TPC t)—f(t— h)|dt). 
r—Dh t—-Dh 
τος 
Ag, ? = O(n? | | p(t) — f(t) |? at), 
2z—-Dh 


ὃ «-Ch 


4s, Pdzx= o(ner faz | ir a= h)|? dt). 


The double integral does not exceed 


b-Ch t+Dh —Ch 
f(t) — f(t—h)|?dt | da -- ΟἹ ἃ} lft) —f(t —h):? dt) = o(h), 
α- fin vf) ( { )- 
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since 
po 
fir) —re—aypra 


tends to zero with h, for any f of L®. Hence 


ὃ 
[149,1 4« = 0(n"”) 


for every fixed C and D. 


(1) In order to prove the first of the inequalities (6.12), it is 
plainly enough to prove that 


b b 
6.138 g,(2)|"da <ech?", g,(a—h)|?dx< eh?" 
1 . 1 = 
a a 


if C is sufficiently small. Now 


x Ch 
a,(2) -- [χαγ -- ἡ“ τάιτ- [p(@—a)u** au, 


«--Οἡ 


( f σι(6}}» 6)" <(fee([Irte —wieax)') 


a 0 


— 


«ἦν ss ae (firte—ay tae) geass ( {᾿γὼ - Phe. 


if C is sufficiently small. Similarly 
t—h 


σι (ἡ —h) )-- [πὶ ἐ)(α -- ἃ -- Ὁ “ες fr (eh u)u* *du, 


a-Ch-h 


and the second of the inequalities (6.13) may be proved in the same 
manner. 


(11) Finally we have 
z—Dh 20 
σε(α)-- [π()α -- 1) "at [τ -- a) ude, 
τῶ Dh 
a—-Dh—-h 


Jy (x ~ay=J roe — ) dt= [le — a) u—h)* "du, 


Dh+h 
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wo 


A g4=95(2) -- φεία —h) = — | f(@—u)((u— A) ud 


3 Dh+h 
λιτὰ 

+f rl —u)u*du=y+y, 
Dh 


say. It is enough to prove that 
1 1 


ὃ ca! 1 b ian 1 5 
Pp ee Dp = 
(fiviraz)’ τεὴν, ([Ixirdn)’< era 


if D is sufficiently large. 
Now 


R 
πο. 
= 
= 
8 
ae 
m3 | 


” <(fao( fir ᾳ --- ()} ((u—h)** — τ") 40}}" 


Dht+h 
: » 1 
S| ((u— atu) {: f(a —u)'?dz)” )άυ, 


which is less than a constant multiple of 


1 


[ὠ-- τα “14 = h* ic δὲ ᾿ς w*) dw « εἴ ἢ“ 


Dh+h D+1 


if D is sufficiently large. 
On the other hand 


Dh+h 
[λῶν τ fae( J e—uilarae) 
Dh+h b Dh+th 
<(Dh)?*? fax( piles ld) <(Dh)?*? h?- ‘fade fie μ)}} du 
—Dh b-Dh t+Dh+h 
= PP p Pa fae f |r t) |)? dt ΞΞ DO 8? RP [1 iP at | de 
a@ «-Dh-h α-- Ὁ δ --ἢ t+Dh 
b—Dh 
_ Dare | lA) Pa 8h 


a-Dh—-h 
if D is sufficiently large. | 
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This completes the proof of Theorem 21. When a --- 1, the theorem 
assumes a different form. 


6.2. Theorem 22. If p=1 and f(x) belongs to L”, then 


b b 
[3 ΞΘ: Par fipeyirae, 


By Minkowski’s inequality, the difference of the p-th roots of the 
two integrals does not exceed the p-th root of 


fax τ [χα τη -- γα} at) 
a —h | 


ὃ 0 h 
< {de Gales: t) — γα)" at) = i F(t) dt, 
a —h υ 
where : | 
ὃ Ν 
F(t) =[| P(e ἢ - f(a) ae. 


Since F(t) tends to zero with ¢, the theorem follows. 


It is plam that we may also write the conclusion of Theorem 21 
in either of the forms 


Jl tee +h) — f(x) |? de —0(h”"), 


[tele +n) — fu(x —h) |’ dx =o(h""), ; 


and that similar modifications may be made in that of Theorem 22. 
6.3. Theorem 23. If p>1, 0<k<1, f(x) belongs to 1,7, and 


b 
 flarras— oo 
where Af ts one of 


holds over every finite interval (a,b), then f(x) exists for almost all zx, 
and belongs to L”, for every B <k and over every finite interval. Also 
f(a) ts the B-th integral of Γ΄ (x). 
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It is indifferent which of the three conditions we select. Suppose for 
example that we select the third (as apparently the weakest). Then 


b—h 


fire) fla 2h)Pade— J ir(e+h) — (6-8) do 


< firle-ta) — κε Ἀγ Paz = 008" 
a-1 


if0<h<1. We take the first condition and we suppose first that p> 1. 
We write, as in § 5.6, 


(6. 31) fi-g,e(%) = Fi fr ἐ) (ας —t)” β dt (e > 0), 
and, for «> 0, 


(6.32) 9, =9,(%) -- ΓΑ -- B) fy_¢ .(#) 


- | (fle) — κη)α -- ἡ dt — (fle) — fla —e)). 


It is then sufficient to prove that 


b 
(6.33) [1ν.-- ον "dx +0 


over any interval (a, δ), when « and ε΄ tend to zero. For, if this is so, 
g, tends strongly to a g of Ζῇ, and the integral of g is the limit of that 
of g,, 1. 6. Γ( -- β)ή,. ,ς(). Hence f,_,(x) is the integral of ἃ 9 
belonging to L”. It follows that f’(a) exists for almost all x and 
belongs to DL”. Finally, the (1 — £)-th integral of the $-th integral of 
any integrable function is the integral of that function, so that f(x) and 
g,(a) have the same (1 — #)-th integral, and are therefore equivalent. 


Writing (6.32) in the form 
9,=PI.1 ἘΣ 9...» 


it is enough to show that 
b 


(6. 34) [lone σοι 


a 


-+ 0 (¢ =1, 2). 


Now if ε- «’ we have 
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πε 


ice ἥν sae s [εὐ (fire-10 ) (ὦ — πα ai)" 


4 -- ε' 


ἢ (fires —f(x—u)| u-'-* du) 
= fa (Fine) eee Ogee 


<(fwt*"au) YP feefire— rewire een i 


for any 6 >0. This is 


0 J dx J | f(x) — f(x — u) |? τῆ δ "τὸ das) 


εἴ 


=o({ x eee "auf te) f(a — w)|? da) 


ξ 


ε΄ 


=o (J ure? gy) =o0(1), 


if 0<d<k—§. This proves (6.34) for ¢=1. 
Also 


b 


[ κε’ 4-- ἷϊ f(x) — f(a -- ε)}" 45) = O(e?*®) = o(1); 


a 


and a fortiori 
fi — 9,,4|" dx = o(1). 


This completes the proof of the theorem when p >1. 
Next suppose p=1. In this case 


ὃ te 
Jiss—osldes [ae fire) f(a —u)|u-?* du 


=f aan inte —f(x—u)|du= ([ πὰ =o(1); 
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while the proof of the similar equation for g , is unaltered. Hence (6.33) 
is still true. From this it follows that there is a g of Z such that 


[o.(a)ae + | o(z)az, | 


and the proof is then completed as before. 
We have proved incidentally that g,,(x)-—+ 0 in the sense of mean 
convergence with index p, and that 


(6.88) P(1—A)f*(e)=B | (Me) — ri) (@— ἡ ταὶ 
if the integral be interpreted as the limit of { in the same sense. 


6.4. If B=k<1 then (whether p>1 or p=1) the result is false, 
Weierstrass’s function providing a “Gegenbeispiel”. But if B=k=1 
we have 


Theorem 24. Suppose that f(x) has the period 2x, that p=1, 
and that 


(6. 41) | | os e=) “da «6. 


— 7 


Then (1) tf p> 1, | f ts equivalent to an integral g, and 
(6.42) figteyrar ses 
(11) ef p=1, fits ΠΝ to a function g of bounded variation, and 
(6. 43) fiasise. 

We state our result for : complete period of {(1} in order to 
obtain precise inequalities. 


We use the following lemma. 


Lemma. Given an integrable f(x), we can find a sequence of inte- 
grals y, (x) such that 


(i) @,(a)— f(x) for almost all x, 


Gi) [φ,0}-- φ,ί -- λ))" 4α < | | f(x) -- fe —h) Pade. 
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In fact, if we take 
1 
p,(«)=n(f,(2++4) —4(2)), 
and write h for * and 4f for f(x) — f(x —h), then (i) is true, and 


[4 νι "άε-- [{π(ἀκ(υ Ὁ 1)- ἀκοὴ 


— ot 


p 
dx 


π h x h 
- [4  {4πτὰ τη" κε [4(1 [14 ρα -  ὴ at)’ 
~+ 0 -π υ 


< fae} fisre+ora fa ΠΥ 


--τ 


- fiareyiras 


6.5. It follows from (6.41) and the lemma that 


mz 4 


Ιὕ 
“πα Ξο. 


Fixing n, and making ἢ --» 0, we obtain 


"da <0. 33 


(6.44) Jigai?de— flim |4% dx <tim | | 4% 


This is true for p>1. If p>1, there is a subsequence φή; which con- 
verges weakly to an ἢ for which 
finirae se, 


and 


[ω dz = lim | ou(z) dz = lim (φ,, (4) — Pnj(1)) = f(_) — [(14] 


for almost all (z,, 4); which proves the theorem. 


If »=1, suppose that e is any finite set of non-overlapping inter- 
vals (ξ, η)ὴ. Then, by (6.44), | 


#3) See Pollard, 9; Schlesinger and Plessner, 14. 
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S en(n) — (8S {Πφά(ω)} dz se. 


é 


Making ἢ -- oo, 


Sila) <e, 


for all sets e whose extremities do not fall in a certain set of measure 


_ zere,-which again proves the theorem. | 


6.5. Theorem 25. If 
(6.51) p=1l, kZ0, e¢>0, k+ae<l, 
f(a) belongs to L”, and 


b 
Or2) {πε} -- τα — A)? de = 0(H") 
for every finzte (a, b), then 
Ἶ . 
(0. 53) [τπν)-- fale -- h) |? dx = O(n? 6 59). 


If the O in the hypothesis is replaced by ο, the same change may be 
made in the conclusion. 
We prove the theorem only in O form, leaving the o form to the 


reader. 
We have 


(6.54) Γᾷ(α) 4 Ξε Γ(α) (fala) — [« (ἡ — h)) 


ὦ 


ds Jr@—ortat— f y(e—k—n tar 


— Ὁ 


[τὰ — uu du— | rx —u)(u—h)* "du 
ὑ h 


= [τ -- Fle —w)((w— By = Nd 
h . 
h 
— | (F@) — fle —w))utdu=J, ty, 
0 
say. It is enough to prove that 
b b 

(6. 56) [ J, ? dx = O(hn?**), - fig |? da =O(h?**), 


a 
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Now 


( 7]; so)’ s({ aol f(x) — f(@ — u)|((u— hy " - udu) | 


1 
p 


< [ω ΜΝ aul fifceir - f(@—u)|? du) 


= ΕΝ -- γε "-- u®) du] 


= (at fat ((w — 4)! —w*) dw) — O(h***), 


3 [|e 


since « > 0, k+a@<1; which proves the first of (6.56). And 


1 


(f1airax)’ <(fas( fire = Κα —w)\ue-tdu) 


< fursau( f f(x) — {({5 -- ")} «α΄ = of f ure-rau) = O(h***), 


which completes the proof of the theorem. 


The theorem is not true when &-+«=—1 (whether p >1 or p=1). 
A Gegenbeispiel is provided by Σ᾽ α΄ ποοβ πα, which satisfies the hypo- 
thesis whatever p. If the conclusion were true, it would follow that a 
certain linear combination of the functions 


ST a-" cos aa, > a~"sina"x 


has a derivative belonging to L”, which is false. 
6.6. Theorem 26. If p>1, 0O<k<1, f(x) belongs to 1,7, and 


(6. 61) Jit) — re — m/e = O(n") 


over ‘every finite interval (a,b), then f° (5) exists for almost all x, and 
belongs to L”, for every B <k, and 


(6.62) [υ)-- ρα - a) Pax — ο( 5:5). 


If the hypothesis ts satisfied in o form, so ts the conclusion. 
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We prove the theorem in the O form only. We have seen already 
that f4(a) exists and belongs to L® (Theorem 21), and we have only to - 
prove (6.62). Also, by (6.35), 


ΓᾺ — B) f(x yan fer f(t)(% — 1)? at, 


in the sense that the left hand side is the limit to which 6 f converges 
strongly with index p. | 
Writing now, as in Theorem 19, g(~) = I'(1 — B)f* (x), we have 


(6. 63) 2 49 (2) = —| (re —h)— f(x —u))((u—h) Pt — uo") du 
h 


h 
+ | (t0) — γι -- hy) att du + | (fla) — κα — γγωτόταδα 


h 
=J,+4, +d. 
This equation is. sal identical with (5.71) in the proof of Theorem τς 
but now J, is a ‘strong limit’ of re and J, is a strong limit of f. 
We suppose ε «- h, and write 


J,(é)= — [ (f(a -- h) ~ f(a -- ),ὃ ((ὦ --- ἃ), 4 * --- δ Ὧδε, 
hte 
h 


Js(e) = [τω -- fle —w)) utd. 
We then have | 


b b ὃ ὃ 
Jia Pda tim [10,0 de, [ide —tim { | J,(¢) |? de 
ε-»Ὁ e->0 


and it is sufficient to prove that 


(6.64) fist Pde —0 (KP?) fis (2) |?dx -- O(n), 


(6. 65) fis, \?da=—O(hn?*”), 


the first two equations uniformly in ε, for (say) 0<e<h. 
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(i) We have — 


: 


([ων «᾽ 


(fax fire —h)— f(x—u)|((u— hy wan) | 


. hte 


"3 | 


IA 


1 


-- [ω ᾿ς νυ wyaul [Ira —h)— {({ -- .)}" 44) 
-- o( ic —hy tue) -- a) 4) =O (ἡ 


--Ο (s-# fw —1)* ((w — 17 — τὴ ἢ dw) = OCH), 


since kK—6B>0, k—B—1< 0; and uniformly in ¢. This proves the 
‘first of (6.64). 


(11) Next we have 
1 


( f 4 (e)Pae)” < ( [ dz( Ϊ (2) ~ fe -- ἀ)]ω τα} 


- face du (Finca — f(z —u) Paz) 


h h 


— 0 (f ut-e du) =O (fates du) =0(h**), 


ξ 0 


m3 | 


uniformly in ε. 
(iii) Finally 
Bi J,{=h-"| f(x) — f(x —h)|, 


b b 
112}; dx =O (τῆ | | (2) — f(x —h) 4) = O(h?®"), 


This completes the proof of Theorem 26 when p>1. The proof when 
p = 1 is again the same in principle but simpler. 

6.7. There are many further interesting questions concerning Lipschitz 
conditions and “integrated Lipschitz conditions” of the type (1.21). In 
particular we may ask whether a function which satisfies an integrated 
Lipschitz condition Lip.(p, &), necessarily satisfies other conditions 
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Lip. (p’, k’) with different indices, or a Lipschitz condition of the ordinary 
type. Some results in this direction have been proved by Titchmarsh”), 
and further results may be deduced as corollaries from the theorems which 
we have proved. A complete discussion, however, is very much facilitated 
by the use of complex function theory, and we postpone it to a later 


memoir. Our main result is that (1) ef p=1 and O<k< a then α΄ 


function which belongs to Lip. (k, p) belongs also to Lip. ( k — — hs pr? P ἢ 
where p’ ts any number for which 


(2) ἡ} Ε then it belongs to the class stated for p’ > p, and ts equivalent 


toa function of the class Lip. (: -- τ). °) ‘The theorems proved in this memoir 


are not quite sufficient to establish this, and we appeal to a theorem in 
complex function theory, viz. that a complex function which belongs to 
Lip. (k, p) on the unit circle, and whose Fourter series 1s of power series 
type), ts the boundary function of an analytic function f ( z) for which 


[ [f’(re’®) |? 40 =O reece : 


The classes Lip. (k, p) are also of interest in the convergence theory 


of Fourier series. If k > : then f(x) belongs (as just stated) to the class 
Lip. ( k — 1) and its Fourier series is uniformly convergent?’). The case 
k= : is particularly interesting. We have in fact the very curious theorem 


that τ p>1 and 


[ |p@ +4) — ΚΘ —h) ad O(h), 


*4) Titchmarsh, 17. 

5) The limiting case p’ = CO. 

26) See Hardy and Littlewood, 4. 

27) If p< 2, absolutely; in fact Σ᾽ |c,|”, where c, is - the (complex) Fourier 
constant of f(x), is convergent if 


P 
“> Dk+p—l- 
This was first proved for p= 2 by Szdsz (15), and later generally by Titchmarsh (17). 
Szdsz, in his turn, was generalising a theorem of S. Bernstein (1). Titchmarsh proves 
the corresponding theorem for Fourier transforms. 

The series is also summable (C, —k+.45) for every positive ὃ. That this is so 
for a function of Lip. & is proved by Zygmund, 19. 
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and in particular if f(8) ts the pth integral of a function of L’, 
then me Fourier series of f(0) ts convergent, and indeed summable 


(0, 


— : - δ) for every positive 6, wherever it ts summable by any Cesaro 


mean. For the Fourier series of such a function, the convergence problem 


(in 


17. 
18. 


19. 


the classical sense) admits of a complete solution*‘). 
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CORRECTIONS 
p. 566, line 10. Read necessarily. 
p. 567, (1.23). The integral here is not necessarily convergent at —0o if « > 1. 
pp. 568-70, proof of Theorem 1. See the comments below. 
p. 573, last line of statement of Theorem 3. For Theorem 1 read Theorem 2. 
p. 577, § 3.5 (i), (1). For p, ῳ read r, s throughout. 
pp. 519-83, proofs of Theorems 6-10. See the comments below. 
p. 590, last ne. For f,_, (x) read f{_¢.-(2). 
p. 592, line 9. For J{ read |J7|. 


p. 599, Theorem 24. The proof of this theorem is incomplete, and a correction is 
given in 1932, 4, p. 439. 


p. 601, last line, and p. 602, line 6. For (6.56) read (6.55). 

p. 602, first line of statement of Theorem 26. For p > 1 read p > 1. 
p. 603, line 2. For Theorem 2] read Theorem 23. 

p. 603, line 4. Insert bracket after f(¢). 


COMMENTS 


pp. 568-76. Theorems 1—5 form the core of this paper, and have led to much further 
work on inequalities and fractional integrals. 

Theorem 1 and its proof are substantially reproduced from 1926, 6. It was later 
observed by R. Rado that this proof is inconclusive, and a corrected version is given . 
by Hardy, Littlewood, and Pélya, Inequalities, pp. 265-76, together with generaliza- 
tions of Theorem 1 by themselves and Gabriel. Another generalization of Theorem 1, 
for integrals, was proved by F. Riesz (see Hardy, Littlewood, and Polya, Inequalities, 
pp. 288-91, and C. A. Rogers, J. London Math. Soc. 32 (1957), 102-8), and Theorem 3 
can be deduced directly from this, without passing via sums (see Inequalities, loc. cit., 
and F. F. Bonsall, Quart. J. of Math. (2), 2 (1951), 135-50). 

An alternative proof of Theorem 3 using interpolation arguments has been given 
by KE. M. Stein and G. Weiss, J. Math. Mech. 8 (1959), 263-84, and an ‘elementary’ 
proof, using only Hélder’s and Minkowski’s inequalities, has been given by V. A. 
Solonnikov, Vesinik Leningrad Univ., 17 (1962), 150-3. An alternative proof of the 
case of Theorem 4 in which p = 2 and q is an even integer is given in 1927, 1]. 

The results of Theorems 3-5 have been extended in various ways to functions 
defined on n-dimensional Euclidean space (see, for example, S. Soboleff, Dokladi Ak. 
Nauk, U.S.S.R. 20 (1938), 5, G. Ὁ. Thorin, Comm. Math. Lund, 1948, 1-57, N. du 
Plessis, Trans. Amer. Math. Soc. 80 (1955), 124-34, and 84 (1957), 262-72, R. O’Neil, 
Duke Math. J. 30 (1963), 129-42). 


pp. 579-83. The proof of the case (1) of Theorem 6 given here is invalid (the statement 
concerning A’ on p. 579, line 13, is incorrect). A correct proof of this case has been 
given by E. M. Stein and G. Weiss, J. Math. Mech. 7 (1958), 503-14, together with 
extensions of the theorem to n dimensions. The proof of Theorem 7 via Theorem 6 
is therefore valid, as are also the deductions of Theorems 8, 9, and 11. On the other 
hand, the deduction of Theorem 10 from Theorem 7 on p. 583 is incorrect as it stands, 
and the condition ὦ < 1/p has to be added to the hypotheses of Theorem 10 to make 
the deduction valid (if 1 > 1/p, there is no « satisfying (4.32), so that in this case 
Theorem 7 is vacuous). 


The following theorem, which contains Theorems 6-11, and also the cases r < 00 
of Theorems 5 and 7 of 1936, 2, has been proved by T. M. Flett, Proc. Glasgow Math. 
Assoc. 4 (1958), 7-15. The theorem can also be deduced from the integral analogue 
of the inequality for sums given by Hardy and Littlewood in 1935, 4. 


(a) Let f(t) > 0 for t > 0, let 


f(t) = ma | (t—u)e-If(u) du (a> 0), felt) = f(t), 
0 


and let p, q, x, y satisfy one of the following sets of conditions : 
Gi) l<p<q<a,ad l/p—lfgy> -1, 
(ji) l= p<q< ow, a> l/p—l|j/q,y> —1, 
(iii) p=q=1l,a>0,y> —1. 
1|Ρ 


Then { f r-1-w-anp ge ἽΝ < A(p,4q, α,γ)} [ orgy αι : (1) 
0 0 


The following remarks explain the relation of (A) to the theorems of this paper 
and of 1936, 2. If in (1) we put ¢ = 1/s, u = 1/v, g(s) = 86. .{(1|8}, γ΄ = —1—y—a 
(so that a < —y’), we obtain 

re) 00 a) 1a 
| 8. Ὁ da dg { (υ--- 8). Ἰσ(υ) dv] 
0 8 
οο 


< A(p,q, wy) [ 8. ΡΥ ΟῬ(8) ds} 
0 


1» 


(2) 
On combining (1) and (2), we obtain: 


(B) If p, q, a, y satisfy one of (i), (ii), (iii), and in addition a < —y, then 
° - 4γ1|4 © 1/p 
{ f rr-er-ea δή f je—ulsap(u) dul") < Αφφ,4,α,γ)}} f -mrpr(ey ah” 
ὃ ὃ ὃ 


Conversely, (Β) implies (A), so that (A) and (B) are equivalent. To prove this, we 
note that (B) trivially implies the inequality (1) under the additional hypothesis 
that «a < —y. Using the last remark in ὃ 4.4, viz. that T'(a)t~*f,(¢) is a decreasing 
function of « for « > 0, we deduce that (B) implies: 

(c) If p, 4, «, y satisfy one of (i), (ii), (iii), and in addition y < —(1/p—1/q), then 
(1) holds. 

If now we replace f(t) in (1) by t-4f(¢), where μ > 0, and observe that 


t t 
tH [ (ι- ιν) τι ξ(ω) du < [ (t—u)*—1u-#4f(u) du, (3) 
0 0 


we see that if (1) holds for some y = yp > —1, then it holds for all y > yo. The 
upper bound for y in (c) may therefore be deleted, and we thus obtain (A). 

The chain of argument in the present paper is as follows. Theorem 6 1s easily seen 
to be equivalent to B (i), and, as remarked above, this trivially implies 4 (i) under the 
additional hypothesis thata < —y. Thislatter result (with the additional hypothesis) 
is Theorem 7, which in turn gives Ο (i), exactly as above. Theorems 8 and 9 are the 
cases y = —1/p of Theorem 7 and C (i), respectively, Theorem 10 (as corrected) is 
the case p = q of c (i), and Theorem 11 is the case p = 4, y = —I1/p of c (i). The 
passage from (C) to (A) via (3), which shows that Theorem 7 implies the cases r < 00 
of Theorems 5 and 7 of 1936, 2, does not seem to have been noticed. 


p. 581. Two theorems which are limiting cases of Theorems 7—9 have been proved 
by A. Zygmund, Trans. Amer. Math. Soc. 36 (1934), 586-617, and T. M. Flett, loc. cit. 
pp. 584-606. Alternative proofs of some of the theorems proved here are given in 
1932, 4. | 
p. 599. An alternative proof of Theorem 24, valid also for functions defined over 


the interval (— οὐ. 00), has been given by P. L. Butzer, Math. Annalen, 142 (1961), 
259-69. : | 
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Some properties of conjugate functions. 
By G. H. Hardy and J. E. Littlewood in Cambridge. 


1. Introduction. 
4.4. This paper is a sequel to our paper 5. There we were concerned primarily 
with the mean values 


1 . 1 
(1.4.4) Ma) = Mate, ἢ = (ᾧ, fre) | a)? 
of an analytic function ᾿ 
(4.1.2) f(z) = fre!) == u(r, 0) + iv(r, θ) 


regular for r < 1, A being any positive number. We had also to consider the corresponding 
mean values, such as 


1 ; 
(4.4.3) M,(u) = M,(r, uw) = ς: fi u(r, 0) |4 de)’, 


of the harmonic components of f, but in these we supposed always that A> 1, reserving 
for the present paper the more difficult questions which arise when A < 1. 

We begin by stating shortly what is known. Suppose first that A> 1. If M,(r, uv) 
is bounded then M,(r, v) and M/,(r, [) are also bounded; in other words, u, v, and f belong 
together to the ‘complex Lebesgue class’ L,. This is the well known theorem of M. Riesz, 
stated in terms of the means (1.1.1) and (1.1.3), with r <1. The theorem may also 
be stated in terms of the ‘boundary functions’ U(@), V(6@), and F(@), by saying that 
U,V, and F belong together to the ordinary Lebesgue class L*, There is in short, for 
our purposes, no material difference between harmonic and analytic functions when A> 1°). 

All this ceases to be true when 4 = 1. Riesz’s theorem, and many other theorems 
concerning harmonic functions, such as those which, in previous papers, we have called 
‘Max’ and ‘pq’, are then false. The place of Riesz’s theorem is taken by two recent 
theorems of Kolmogoroff and Zygmund. 

Theorem of Kolmogoroff*). If U(@) belongs to L, then any conjugate V(0) of U(@) 
belongs to L’ for every 4 <1, and U + iV is the boundary function of an analytic function 
of the complex class 7 

Theoremof Zygmund?). If (0θ}) is measurable and U(6) log+ [0(0}] belongs to L, 
then any conjugate ΚΑΘ) of U(6) belongs to L, and U + iV is the boundary function of an 
analytic function of the complex class L. 


°) There is a certain ambiguity in the phrase ‘boundary function’. We may say that u(r, 6) has 
the boundary fonction U(6) if either (a) ὦ -" U when r > 1, for almost all 6, or (b) f | u— U [λ a6 —0 
(.6. if Ὁ is a ‘strong limit’ of u). . 

It is indifferent here which definition we adopt. The theorems of Kolmogoroff and Zygmund are 
true, and our two statements of Riesz’s theorem are strictly equivalent, with either definition. 

1) Kolmogoroff (7); see also Littlewood (9) and Hardy (1). 

2) Zygmund (17); see also Titchmarsh (16), Littlewood (18), Tamarkine (14), and Zygmund (17, 18). 


1931, 2 (with J. E. Littlewood) Journal fiir Mathematik, 167, 405—23. 
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Finally suppose that 1 « 1. It is to be expected that Riesz’s theorem will be false 
in this case also, and this is easily proved. But in this case the theorem is false in a much 
more comprehensive sense. Kolmogoroff’s theorem might suggest that, if u belongs to 


L’, then v, while not necessarily belonging to 1, must belong to L” for 0 <p <4; 


but this also is false, and in fact » need not belong to L’ for any positive μ. This 
(which is naturally a good deal more difficult to prove) was first shown by Littlewood), 
by an example drawn from the theory of the modular functions. We deal with the 
matter more fully in § 4. . 

It may be worth while to state explicitly a ‘reason’ which underlies these distinct- 
ions, and which is to be found in the theory of ‘subharmonic’ functions. The function 
| f |4 is subharmonic, and so M,(f) is an increasing function of r, for all positive 4. The 
functions |u|4, |v|4 are subharmonic when A> 1, but not when A <4; and in this 
case M,(u) and M,(v) are not necessarily monotonic. 

1.2. The content of the paper is as follows. §§ 2—3 are ‘positive’. In ὃ 2 we show 
that the symmetry of Riesz’s theorem is restored if we consider orders of infinity’; if 


(1.2.1) M,(r,u) =O((4 —r)~*) (a> 0), 


then v has the same property. This theorem (Theorem 4) is surprisingly difficult to prove. 


In ὃ 3 we return to the case a = 0. We suppose M,(r,u) bounded, and ask what 
is the most that is true of M,(r,v). The result (Theorem 7) is that 


(1.2.2) Mr, v) = 0 (log; = ~) 


a result easy to prove when A= 1 but difficult when A <1. We have introduced a 
variation of method into the proof of Theorem 7, in spite of a slight sacrifice of space. 
Theorems 4 and 7 both depend upon Theorem 2, and each also depends on a secondary 
theorem of some intrinsic interest, Theorem 3 in the first case and Theorem 6 in the 
second. We have already published two proofs of Theorem 3 in our paper 5, and we 
do not repeat either of them here. Theorem 6 may be proved by an adaptation of the 
first of these proofs, and this would be the most natural course to follow. We have 
used a quite different method (which will also prove Theorem 3, and is in fact the method 
by which we first obtained that theorem) because it seems to us both interesting in 
itself and a possible line of attack on other problems. 

Finally, § 4 is ‘negative’. We consider a number of special functions, with the 
primary object of elucidating our assertions at the end of ὃ 1.1. 


2. Proof of Theorem 4. 

2.1. Two functional inequalities. We begin with some elementary lemmas, which 
we prove in a form sharper than is necessary for our applications of them. They have 
all the same character; a sequence or function satisfies an mequality, and the lemma 
asserts that either (a) it is bounded, or (b) it tends to infinity, at any rate for ap- 
propriately selected values of the variable, with great rapidity. 

Lemma 1. If 
U, So + B Uny1, 
a 


1 --β' 


then there ἐδ a posttwe K such that 


u,> Kp. 


5) Littlewood (8, 516—517). The proof is not given in detail. An incidental result of some interest in itself 
is that a harmonic u for which M (uw) is bounded need not necessarily possess a boundary function U. See also § 4. 9 
of this paper. ; 


where 0 <6 <1, and uy> 
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It is plain that u, 2 U,, where U, is defined by ὅν = uy, and U, =« + B Uys. 
Since " 
a 5 aw 
U,, ~T—B + B Uo ΓΞ 


the conclusion follows. It is to be observed that K depends on u, (and so on the 


‘sequence considered) as well as on « and £; the conclusion is equivalent to 


lim B" u, > 0. 
Lemma 2. If —_ 3 
| a>0,B>0,0<y <1, u> §, 
where & is the positive root of | 
E=at BF, 
and 
Un < Oo es Buys bd 
then there is a positive K for which 
(2.4.1) | e—Ky 
Here τι, 2 U,, where U, is defined by U, =u, and U,=a+fU%,,. We 
prove first that U,- o. If U,-1y> & then Un_1y> « + BU?X_1 and so U,> U,_1. 
Hence U, increases to a limit 1, where é <1 S o. But if / is finite then] =a + BI’, 
which contradicts 11» &. Hence U,,- oo. 
Next, we have 


log Unga = = log (Uy -- 6) Lag 6 > «log Uy —= | log 8 | 
for large ἢ, say for n 2 ny. We may ae ἀρῶν 4 large ΗΕ to make 


2 | log BI 
1—y 


"Un τοῦ. 


log U,, > 
If then we write V, = log Un4n, we have 
: 2 | lo 
Vn <2 |log B| + y Vays, Vo> ape | 
Hence, by Lemma 1, there is a positive K for which V, > Αγ" or 
Ἄῇ{Ὸ eR, 
and so 3 
Uy = Uy < ek? | (p 2 Nn). 
This is equivalent to (2.1.1), with a change of K. Here also K depends on the sequence 


as well as on a, β, and y 
Lemma 3. If 
f(z) So + B flex) (zx > x > 0), 
where 
0<f<1,c> 1, 
then either 


M(t) ΞγΞ 9 (5 τῳ, 
or 
lim a~“f(x) > 0 
where 
__ log (1/8) 
loge ἡ 
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“πὶ particular, in the second case 
jim 16)... 
a> © log x ᾿ς 
For if there is an X > 2, for which [(Χ) ποὺ 7 and we take u, = f(c"X), 


then u, satisfies the conditions of Lemma 1. ΕΣ for certain 7, 
x 


f(x) = fer X) ς κΚρ"-- Καὶ = K eae 


Lemma 4. If 
f(x) Sa + B(f(ex)) (x > 29.» 9), 
where 
«ΣΟ, B>0,0<y <i, ec> 1, 
then either 
f(z) SE (5 > 25), 
where & is defined as in Lemma 2, or 


(2.1.2) lim e—#2” f(x) = οὐ, 
where 
_ log (17) 
loge ’ 


for some positive K. In particular, in the second case, 
lim στ f(z) = © 
for all k. 
For if there is an X > 2, for which f(x) > &, and we take uz = f(c" X), then Up 
satisfies the conditions of Lemma 2. Hence there is a K such that 
e—Ky™™ (Θ᾽ X) > ow. 


If we write 
r= OX, pra=er= (2 


this is equivalent to (2.1.2). It is to be observed that the K of this lemma depends upon 
the function / as well as upon the numbers «a, β, y, ¢ 

2.2. In what follows we suppose always that 

f(z) = Legs =u + Ww 

is regular for r = |z| <1. B = B(A,a) is a function of 4 and a only, A an absolute 
constant. A and B vary from one occurrence to another. C, on the other hand, 1s a 
number which preserves its identity throughout a theorem and its proof. 

Our hypotheses bear on u, and we suppose always that that conjugate v is chosen 
which vanishes at the origin. 


Lemma 5. If A> 0, a20, and 
M,(u) $C(1 — ry, 
then f(z) ts of finite order, 1. e. 
(2.2.1) M2) < BC(A — ry” 
(and |c,| S BC(n + 1)*). 
It is familiar that the two last assertions are equivalent. 
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We may plainly suppose that C =1 and Δ. ΞΞ 1. There is a 6, such that 


ὌΠ | — [ow 6) cos (πθ ~ 6) 40 | <= [ιν 


- Mp) > f [1140 S204 —r)* μΜ5 10) ‘ 


_ where M(r) is the maximum modulus of f(z) on |z| =r. The result follows at once 


if A= 1. 

If A <1 then 

(2.2.2) ΜΡ) < Ele in(2)'s ™ Μὴ. 

We now write 

r= eM g = e-Ur, 
where t> τὸ 0, i> 5; and 
log M(o) = g(t), 1 -- 1 -- ὁ. 
Then (2.2.2) becomes 
2 e~ie 1 
(2.2.3) g(t) — dg(t) = log —,— elt — e~ilt + ha ἰορ —— air e—it* 


It 1s easily verified that 
1 
log ---- f= A + logtt 


and 
2 elit 


e~l/t _ e—ik 


log <A -+ logt ; ad <A + logt¢ + logtt -ἰ logt+ ; 
log+ 2 meaning as usual Max (log x,0). Thus (2.2.3) gives 


g(t) — bg(t) < B+ Blogtt + Blogt z+ + Blogt τς 


: é ; 1 1 1 1 
Herein we substitute successively pe pairs (τ, τι 5) , (τ +- at Ἔ 3 + x) ».. fort 
and {. We thus obtain 
1 1 
66) ~ bg (x + 5) -- B logt (τ +5) + B, 


bg(r + 5) — a(t +5 Ἐπ) SBblog+ (e +5 + 35 +208, 


a A i ee, τῶν es a Se Se cs ns Sn YO ee Ce? ον ὡς ὦ ὦ: ὦ στὰ ἃ 


and so 
n 1 1 1 τ m ™ 
g(t) Sb g(x ob a ὃ bag to: + sa) + Blog ( + 1) Σ + Be (m + 1) db”. 


When n -- ©, the first term on the right tends to zero and the two series to finite sums, 
so that we obtain 


log M(e) = g(r) < B+ Blog (1 +17) <B+ Blog 


1 
1— 9’ 
which is equivalent to (2.2.1). 


1) The result is in any case well-known for A > 1. 
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2.3. Theorem 1. If 0 <AS1, a2), 


and 
(2.3.1) M,(u) SC(1 —r)%, 
then 
(2.3.2) [οἱ SBC(n τ αι 
(2.3.3) 11})} SBC" -- ry 
1 
(2.3.4) [ΓΞ BCU —ry αι 


It is not strictly necessary that we should prove Theorem 1 here, since the results 
can be made corollaries of the later Theorem 4, and in the proof of Theorem 4 we require 
only the cruder result of Lemma 5. It is however of some interest to prove Theorem 1 
as simply as possible; the proof is in any case rather more difficult than might have 
been expected. 


It is sufficient to prove (2.3.3), and we deduce this also from (2.2.2). Taking now 


1 
9 =e, r= eM, A(c) = log ((1 — ὁ) *M(e)), 
we obtain 


h(t) —bh(2t) 33 log = 


“++ Aalog 7." ἼΩΝ =) be — 
ΕΓΕ 


+ (1 -- ay(a +4) ing 1 = log —— 24 *)iog! =! < Δ. 
Hence, by Lemma 3, either A(t) is bounded by a al a the conclusion feels or 
h(t 
Mies = os 
and the second possibility is ruled out by Lemma 5. 
2.4. Lemma 6. If yw(z) is differentiable then 


(εξ) y(z) = ΣΡ ἀρ em v2), 


lim 


where 
3 2"(n — 4)! 
= telethon See 
0 ΞΞ ἀμ,» ΞΞ (m —1)! 
The proof is immediate by induction. 
2.5. Theorem 2. If the conditions of Theorem 1 are satisfied, then 
M(t’) S$ BC(A—r)*. 


It is in the proof of this theorem that we meet the principal difficulty of our work. 
1 1 
We denote by P, P,, P, the points r,r?,74 on the radius θ, and by y the circle 
whose centre is P and which passes through P,; its radius is 
1 
o =o(r) =r* —r. 


It is easily verified thatO SoS <7and that the angle subtended at P, by y is less than 


2 are sin ᾿ : 
We write 
(2.5.1) T(r) = (4 — r)~*, 
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(2.5.2) | B= wr, 0) = max lf (2)I, 
(2.5.3) | J(r) = = [ [2 f’ (2) |’ do. 
By ‘Max’ ἢ 
᾽ 1 
(2.5.4) f (ru) dd < BJ (r*). 
If n> 4, ᾿ς 


᾿ et, n — 1)! 
= () 7@) =! ον 
for zin y. Hence we derive first 
| Pu 
| ore 


«αὶ - al Lage a an! 


(2.5.5) σαι = So 


Also 


wm σία 5) fl), Ξ Σνων" ΤΕ Χ MN, 


where @m,, 18 the coefficient of Lemma 6. Hence 


(2.5.6. ) | |= |= Sru 250 ι = ἢ Sari s < ru 2" 1 σππει, 


an inequality like (2.5.5) except for the additional factor r. 
2.6. Suppose that ἢ = yo; ἡ will ultimately -be supposed to be appropriately 


small, and is in any case less than —-. 


4 
We have 
h, 0) --- u(r, 0) — hu,(r, 6)| < jab 
Jur + 0) — u(r, 8) — λιν, 6)| ἐς Sh Fe 
< wd h)"o —n+1 fe yo S12 n)™ < Apon?, 
2 
and 80 
(2.6.1) ox MOE + Apon. 
Similarly 
|u(r, 9 +h) — u(r, 6) — huo(r, 9) | = τς < sm ΣῸ h)* o"*? < Arpon?, 
(2.6.2.) | ou - u(r, @ Ὁ Ἀ}} + lat, θ)} {- Arpon. 
|" 06 n 
Hence, since 
ou| [ὃ] 
f < Sa erg 
| zf’(z)| <r ar ἐπ 80" 


and r <1, we have 
(2.6.3) σ 2f’(z)| S ηττ (lu(r +h, 8)| + |u(r, 6 +h)| + [u(r, 6)|) + Arpon. 
1) Theorem 27 of 4 (repeated as Theorem 33 of 5). y lies within a ‘kite-shaped region’ S associated with P,. 
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Since 


(Sa) < Za’ 


ifa = 0 and 0 < A S1, we may raise every term in (2.6.3) to the power 4. Doing this, 


and integrating with respect to 6, we obtain 


σ᾽ 70.) <q7* (Mir + hy w) + 2M%r, u)) + Blnoy f (rn)* 9. 


Using (2.5.4) and (2.5.4), and observing that 1 --σ -- ἃ» A(1—r), and _ so 
Tir +h) < BT(r), we obtain 
1 
(2.6.4) aJ(r) < Byy-* T(r) + Bento J(r*). 
2.7. We now take 1) 


---- = BIO a. 


“ae 
42° Βὶ T(r) + Bao J(r*) 
This gives 


ot J(r) < BY T(r) V rer) +o ΤΩΣ ἘΔΥΤΟῚ |) σὶ γοῖ ) 


<BT(r) + BV re. oI) 
and 80, since 


1 1 
o(r) S Bo (rt), T(r)> BTir*), 


i 1 
o(r) J(r) yes J(r*) | 
(2.7.1) Tr) <B+B Se τὸς 
T(r*) 
Writing finally 
᾿ gree a τς wr) J(r) 


(2.7.1) becomes 
y(z) < B+ BYy(4z). 
It follows from Lemma 4 that either y(z) is less than a B or else 
lim 2—*y(x) = 

for all k. The latter alternative would mean that 
( o*(r) 

P(r) 
for all k, and Theorem 1 (or Lemma 5) shows that this is impossible. Hence (zx) is less 
than a B, we. 


lim (1 —r) 


J(r) = © 


r fir pda <Ba —ry?. 


Finally we may omit the factor r’, since we may obviously do so when r > > and since 


the integral increases with r. This completes the proof of the theorem. 
1) If we omitted the first term in the denominator, we should make the two terms on the right of (2.6.4) equal. 


We have however to secure that ἡ < Ἰ. The B,, B, here are the same as in (2.6.4). 
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2.8. Theorem 3. If A> 0,a> 0, 
M,(f') Ξ ΟΕ — ry", 
and {(0) =0, then 
Mf) SBC(1 —ry 
This is proved in 5 (Theorem 4b). 
2.9. Suppose now that (2.3.1) is true, with a> 0. Then 
M,(f’) S$ BC(A —r)-* 
by Theorem 2, and so 
Myf —u(0)) SBCA —r)™ 
by Theorem 3. Also, taking r = 0 in (2.3.1), |u(0)| < BC. Hence we obtain 
Theorem 4. If 0< 451, a> 1, and 
Myu) Ξ: (( -- τ)", 
then . 
M,v) SBC -- νὴ, Mi(f) S BCU —ry?. 
The theorem is of course true for all A> 0, but is a corollary of Riesz’s theorem 
when A> 1. 
We observe before passing on that we may prove, by very similar reasoning, 
Theorem 5. If 0 <A<1 and 
ff \ulrdrdo sc, 
the integral being extended over the unit circle, then 
ff lo rdrdé < ΒΟ. 


There is a simple proof when 2 = 1. In this case, if we replace u and v by their 
derivatives with respect to r (or 6), which are also conjugate, we obtain the theorem 
that if u ts of bounded variation in the circle (in the sense of Tonelli) then so also is v. 
Theorem 5 is again true for all positive A, but is a corollary of Riesz’s theorem when 1.» 1. 


3. Proof of Theorem 7. 
3.1. In this section we vary our method, for the reasons explained in ὃ 1.2. 
Theorem 6. If A> 0, . 


C 
M,(f’) ΞΞ 1.--τ’ 
and [(0) =0, then 
4 Y 
(3.1.4) M,(f) < BC + BC (log; —) 4, 
where 
(3.1.2) yoa(A<4), γε: 4). 


The case 2= 1 is easy. Suppose that 


r 


f*(r, 6) = [1 (ee) | ἀρ 


0 


(so that || </*). Then 


1) We might replace the term BC by BCr, were there any advantage in doing so. 
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Mat) < Malf*) = (5 a do ( J ΤΠ ΠῚ 
sf ag fue “se se [τ = Clog ;— 


In.this case. we may replace the two B of (3.1.1) by 0 and 1 respectively. 
We may therefore suppose A < 1. 
3.2. Lemma 7. Suppose that A and B are given and that F(x, 8) ts continuous and 


ἘΦ 9) bounded in every rectangle R or 
A<asrs6B<B, -—-axS0870; 
and let H(x) be, for each x, the set of θ in which Ε 0. Then 


f F(a, 6)d0 — -[ F(x, θ)49-- Jes) de a 
H(z,) A(z) 
Let 
G = Max (F, 0). 
A moment’s consideration shows that G has everywhere a forward z-derivative G, which 
is either F, or 0 (and is accordingly bounded), and that G, = 0 in the plane set S in 
which G = 0}). 

Let δι be the set (included in S) in which G =0,G,> 07). Then δὶ is of 
(plane) measure zero. For (1) if P or (&, g) is a point of S,, there is a linear interval 
E<x<é4+6, 6 =o in which G> 0. But (2) if the (plane) measure of S, is positive, 
there is a line @ = » on which its (linear) measure is positive, and a (é,q) on this line 
at which it has unit (linear) density; and this contradicts (1). 

Now, since G, is bounded, we have 


f F(%2, θ)4θ — f F(x,,6) d6 = f (G(x., 0) -- Ο(α,, θ)) 4θ = ff G,dxdé. 
Ε. 


H(z.) A(z,) -π 
Since δὲ has measure zero we may replace R here by R -- S,; and since G, = ( ἴῃ δ — δ 
we may replace R — S, by R —S. But G, = F, in ἢ — δ, 80 that 


f F(x, θ)40 — f F(a, 6)d0 = soy neene =f def F dé. 
H(z) H(2,) % H(z) 
3.3. We now write 


f*(r, 0) = f Max | f’ (te) | ἀρ; 
0 'Se 
this function plainly majorises the function called /* in ὃ 3.1. The derivative 
τ = Max | '(te*)| 
is continuous, and 
1) If Pisa point of the rectangle, and we distinguish the five cases (1) F >0 at P, (2) F <0, (3) F=0, Fz >0, 
(4) F = 0, Fe <0, (6) F = 0, Fz = 0, then Gz = Fx in cases (1), (3), (5), Gz = 0 in cases (2), (4), (5). The last 


four cases correspond to S. 
2) Case (3) only. 
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oft ὃ "({οἷθ 
ὍΣ = Max | /'(te )| 


is bounded and non-negative 3). 
We also write 


τσ HES ΣΝ 
P(r, 0) = ἐκ — (1 --ἢ (: ἢ 
and denote by H = H(r) the set of θ in which F > 0, by CH the complementary set. 


Since /* S r—— or" , F is negative for all 6 when r is sufficiently small, and H(a) is nul for 


sufficiently ao a. 
Plainly 


᾿ ; afr)" Vain 
(3.3.4) fi Ades — (Gp) ἀθ ΞΞ (( - [Ὁ do. 


Next, if 0<a<r<ti, we have, by Lemma 7, 


(3.3.2) Fir, θ) 4θ — | F(a,6)d0= [ἃ ΕΣ 
Lrone femora fee, 
Also 
A~1 ἡ ρα 
me = ape Ἢ λ( -- ρ).: 5 -3 οὐ) 5 a 


The last term is i: and 
* 
fl =< 1 — 9) ee ), 
for @ of H(g@), since A -1<0. Hence, for θ οἱ Π(ρ), 


OF 1 (ape 
Fp <2 4 -- οὐ (Gs) ; 


And if we suppose ἃ small enough to make H(a) nul, (3.2.2) gives 


{ Fo, θ) ἀν < ἌΓ -ὸ oe ae [ γὼ, 


Ἠ(Ὶ) 


(3.3.3) | fa ἐξ {1 ee of Lye a 2 fa 0) "de Τὰ at do. 


A(r) 


Finally, combining (3.3.1) and (3.3.3), and observing that, by ‘Max’, 


A—1 


or 


ἀθ = (Max | f’ (te) |)’ d@ < BCA — ry’, 
ἰῷ - f 


we obtain 


[rea sane + Be [753 -- BC + Βοος, ὃ 
--π 0 


This plainly includes (3.1.1). 


--------...... 


*) It is to secure this that we use the new and not the old f*. The second derivative is either - | f’(ret®) | or 0. 
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3.4. Theorem ἡ. If 0<AS1 and 
M,(u) Ξ C, 
then 


= 


A 
M,(v) S BC + BC (log; 2 -) 


This follows from Theorems 2 and 6 in the same way that Theorem 4 followed 
from Theorems 2 and 3. 


4, Negative results. 


4.14. In this section we consider a number of special functions. Our object 
- is to show, so far as we can, that the theorems of δ 2—3 are the best of their kind, 
and that the possibilities which they leave open may actually occur. There are several 
points at which our results are not as complete as we should desire. 


An elementary example. 
4.2. Suppose that k is zero or a positive integer, and that 
f(z) =e (4 — 2) **. 
We prove that M,(u) is bounded when 


4 


(4.2.1) A = k+1° 


Since 


[1112 40 -- [[1 — 21} dd εὐ log 


1 
1 -- »᾽ 
it will follow that the logarithmic factor in Theorem 7 cannot be improved, at any rate 


when k is of the form (4.2.1). We have no example to prove that the same is true generally, 
though this is hardly doubtful. : 


We write | 
z=e-8, Z=X+iY = RAO = log =, 
so that r = e~4, 6 = — Y. What we have to prove is plainly equivalent to 
(4.2.2) fist 27) Pay = O14), 
where the integration is along a line X = ὃ, —a < Y <a, and 6-0. 
From 
ReosO = ὃ, RsinO = Y, 
we deduce 
dY = me 
γ R2 — 62 
and the integral (4.2.2) splits up into two, each of the form 
Vara R 
(4.2.3) f [005 (ἢ ke — (k  1)6)}} Fee 


é 
but Θ lying between 0 and ἐσ in the first integral and between — }27 and 0 in the second. 
The significant parts of the integrals are those for which ἢ δ is large, ὦ. 6. O near ὁπ or 
— 42%. 
In the first integral we put O = 4% —y, when 


619 


620 


Hardy and Littlewood, Some properties of conjugate functions. | 417 


ὃ 
cos (fhm — (k + 1) Θ) =sin (k +1) y = O(y) = O(@): 
It follows that (4.2.3) is less than a constant multiple of 


Pr 8\) dR 
IQ) a= 


In the second integral we put Θ = -- ἐπ - y, when 
cos (ἐ ἀπ — (k +1)0) = (-- 1)" sin( k + 1) y; 
it is here that the fact that & is integral is relevant. The proof then goes as before. 


and is therefore bounded. 


gm 
4-2 


The function δ᾽ 


4.3. In this paragraph we consider the function 


gn 
(4.3.4) ΞΟ ag 


0 
where a, is a positive integer and tends rapidly to infinity with n. Actually we shall 
be concerned only with the cases 
(A) a, = 10", (B) a, = 10; 


but it will be obvious that our arguments apply more generally. Our object is to give 
as simple an example as possible of a function ἐ = u + ἦν such that M,(u) is bounded 
for every A <1, while M,(v) is not bounded for any positive 2. 


4.4, Suppose first, rather more generally, that a, =a", where a is an integer 
greater than 1, that 7, is real and |7,| <C, and that 


(4,44) | f(z) = Σ᾽ n, τ ἘΞ ' 


We shall prove that M/,(u) is bounded for 0 « λ <1. In proving this, we may plainly 


1 

suppose A > π᾿ 

We have 

R(t — R*) cos O 

(4.4.2) u(r, θ) = Σ᾽ 1,71 --ὃ το 20 ERE 

where | 
R =r", Θ =a,0; 

and so 


a a 2\A : αθ 
α΄ ἀθξο δ᾽ R(AL—R f ——____.____-_____. , 
fi | oF ) ὦ (4 -- 2Π5 cos 26 + Rty’ 
Here we may replace Θ by 6. Further, we may ignore the terms of the series for which 


Re< a since these contribute 


2 
Σ᾿ Ot) τ οι" + 2° $I 4.) = O(A). 
pha 
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Finally we may replace 1 — 2112 005 2Θ + πὰ by (1 — R)?+ 6 in the terms 
which remain. Making these simplifications, and observing that 


dé : ες 
Saar ey τ - Αὐ" 


(since A> 1) we find that 


[140 =o( SR’ (4 — Ry (4 — ΕΗ) 3 = O( LR’ -- RY’). 
But | 
( —RYO = 4 ry <a ™ 4 — ry, 
and so 
[Ἐὰ|} 40 -- Ο(( -- γ)}  Σ αἱ '™") = OCA — ry 4 (A — ryt) = O(!). 
In particular, the proof applies to case (A). A fortiori it gives the corresponding 
result in case (B), since the (a,) of case (B) is a selection from the (a,) of case (A). 


4.5. It is more difficult to prove that M,(v) is not bounded. We have not suc- 
ceeded in finding a proof in case (A) (though we have no doubt of the conclusion), and 
our proof in case (B) is indirect. 


If M,(v), and so M,(f), is bounded, f(re”) has (by the theorem of Fatou and 


F, and M. Riesz) a radial limit for almost all 8. We shall prove that, when a, = 1010", 
this is untrue. 


We take 


where JV is an integer, and write 
N 00 
f -Ξ-ΣῸἝΣ =ft+hs- 
Then 
polo" +1 = e—1010" +1_39¥+4 


is extremely small when JN is large, and /, tends rapidly to zero, uniformly in 6. 
Next 


Sa ge OL 9) cones ἃς Ὁ}: 
uniformly in 6; and so 


N ‘ 
(4.54) f,—- “a om = O(N(A — r°*) Max cosec? a, 9). 


Since 
4 — 7X = 4d — πεν -0 (19-20% +b +10") - ((0. Κ΄ 19 ; 
for a constant positive K, the right hand side of (4.5.1) is 
(4.5.2) O(10~*"!°" Max cosec? ay 6) . 
nN 


If this tends to zero, and if f tends to a limit when r-1 (a fortiort when N -» o), 
then the sum in (4.5.4) will tend to a limit when V > οὐ, which is obviously false what- 
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ever be 6. It is therefore sufficient for our purpose that (4.5.2) tends to zero for almost 
all 6; and a fortiori sufficient to prove that 
(4.5.3) | cosec 40°"@| = 0(10°?") 
for every positive ¢ and almost all θ. 
That this is so results from some older work of our own on Diophantine approxima- 
tion 1). We know that, if m is the number of zeros in the first n places of the decimal 
6 


Te = δ, Hy hy... .) 


2π 
then 


m= γῇ dae 8 O(n log n) 


for almost all 6. In this case there cannot be, among the first n figures, a block of con- 
secutive zeros of order |/7 (log n)*. Hence 
|cosec 1059] = O(10" "6565 
for almost all 6. When n is replaced by 10", this is much stronger than (4.5.3). 
It does not seem to be possible to adapt this proof to case (A), the increase of a, 
not being sufficiently rapid. Mr R. E. A.C. Paley has proved that M,(v) is unbounded 
when 


iG) = 2 ae at 


and εξ, is always + 1, for ‘almost all sequences’ (€,); but we know of no proof valid for 


any particular sequence. 
n 


(— Zz 
The function De τ ΑΝ 
4.6. We consider last the function 
@ — 4)" z” 
(4.6.1) f(z) = {Ξ = 
: n 1{- 2 


We shall prove that (i)4/,(u) is bounded for 0 < A «1, (ii) M,(v) is not bounded 
for any positive A, and (iii) wu does not possess a boundary function U defined by radial 
approach. Our proofs are much less elementary, but the function (4.6.1) is much more 
important. In fact if we write momentarily g instead of z, we have, in the ordinary 
notation of the theory of elliptic functions τ 


Ν δὲ (0,1) _ : 1 +g 
᾿ ϑῆ(0,τ) Ἶ ἢ [] (τ: Ἔ ΟΣ 


log k = log4 + Flog g +4 3 ᾿ τα τ’ 
᾿ ἰ 


4 


so that f(g) is substantially 4 log k. 

The function (4.6.1) is one of the same character as that used by Littlewood 
(8, 12), and shown by him to possess the same peculiarities; but the analysis necessary 
is a ine deal simpler. Littlewood used 


1) Hardy and Littlewood (2), Theorem 1. 45. Khintchine (6) has proved a stronger (and a best possible) result. 
3) We follow Tannery and Molk (18). 
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Q(z) = log k(x) , 


, while our z is e*, or 
1+2 
exp (— πη τὰ *) 


4.7. We prove first that /,(u) 1s bounded for 1 <1; we may suppose 42> = 


We use the notation and results of our paper 31), and the method of ‘Farey dissection’. 
We write 


τ--ἰ 


t+ 


where z is (for example) 


in his nota;ion. 


Z= enit = eri(z+- iy) => CTY ems — re® ’ 
r=e-¥, 0=22, 
‘ A | : ; 
and we integrate round the circle y = <i where A, as in the sequel, is an absolute 


constant, using the Farey dissection of order » =[//7]. 
The typical Farey are & »,4 8 defined by 


Bi 5 δ δ LP 


ead — 


4 φῆ “ΠΠ q — gyn’ 
where « and β lie between two A’s. On goog We write 
c+dr 
ar πτ’ 
with 
a=p, b=—-q, c=+p’", d=Fq, ad —be =1. 
Then 


1 
ὃ 0, Ee 
μίθ, τ) oVad bees Ts 
where |w| = 1, μι is 2 or 3, and o is one of 2,3, 4; and 


_ 4, | 8,(0,) 4, | 8,(0, ΤῈ | 
κα τε ey) FOC) =a με ara, ry | + OC 
' where each of ρ and σ is 2, 3, or 4, and o +0. 
We write 3) 


Z = eriT = et(X+iY) — e—aY erik : 
and consider the expansions οὗ ϑ,, ϑα in powers of Z. Of the possible &, 3 two begin 
1 
with 1 and the third (8,) with 2Z*. 


Let us assume that (as we shall prove in a moment) there is an A such that 
|Z] SA <1. Then, if both ὃ, and 8. begin with 1, we have 


(4.7.4) 70): 
1 
while if one begins with 2Z4 we have 


(4.7.2) u = O(|\log|Z||) = O(Y). 
Indeed (as we shall require to know later), w is actually of order Y. 


1) But we do not use 7 for 2 (q being required otherwise). 
8) Here again we diverge from 8, where Z is Q and Y is A, 
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4.8. We have *) 
= 1 = 1 ie τς 
ie 3(- b(a + Fey) 305 — g(% + ay (p — qu)? + qty? 


Here y = 7 and 


Ip — αὶ =|p —o(2 + 9)|=la9, 
A 


where 0S <—=-. Hence 
τὰ <a 
A A 
(4.8.1) se <Ye< ππτουνο 
(gy? Ὁ i (9 Ἐπ 
From (4.8.1) it follows, first, that 
2 
ee ey 
(iat Φ 
T\Gn ἡ 1 


and so that |Z| <A <4, and we may use (4.7.1) and (4.7.2). 
Next we have, in either case, 


nq? 1 
2 + πϑ 
Alan dis 
[.1ώ-ο[.-..5 [ f,,1* 1 ἢ: 
(φ er 
ὄρ, 4 —AlVn 


and (since A> 5) the integral here is 


Finally 
[1ὰὸ|᾿ 40 = Sf jul’dd=O(n-*. πϑλτι. Σ᾽ g-%) 
ξ 


Pr WP 
= O(n Σ᾽ 4 *) = O(n! (Yay) = Οὔ). 
g=1 
We are unable to prove this result in any more elementary manner; but the proof is 
as simple as a proof based on ‘Farey dissection’ can well be. 


4.9. It remains to prove that M,(v) is not bounded for any positive Δ. If 
M,(v) is bounded, f, and a fortiori u, has a finite radial limit for almost all 6. It is 


therefore sufficient to prove that 
lim |u| = 00 
r—>1 

in a set of 6 of positive measure. 


1) See 8, 227., 
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We suppose that 0 «ὦ = £ <1 and that 


1 


ἃ: καρ ee 


tte te 


and that ἔν is the convergent to x which precedes a,,:. We shall say that z is 
; n 


favourable if (i) α,..1- οὐ when n-— oo through an appropriate sequence n,, and (ii) 
Ρ, 18 odd for an infinity of n, Our conclusion will be established if we prove (a) 


that |u| is unbounded when z is favourable and (b) that the measure of the set of 
favourable x is positive. 


To prove (a) we take, as in 3, p. 226, 
a=+p,, b=4,,-+>5 
and (as on p. 227) 
r=e-%, y= -- : 
4, Int 
Then 
cat > > On+1 


εὐ 


Y= 


and tends to infinity if n tends to infinity through the values n;. Also, 1f we examine 
_ the cases which, on p. 227, we called 1° — 6°, we find that p,, is odd in cases 1° — 4°; 
and these are just the cases in which one of the 8. and # of ὃ 4.7 is #1). In these 
cases |u| is actually of order Y, and accordingly tends to infinity. 

It remains to prove (b). We denote by £ the set of x in (0,1) which satisfy con- 
dition (i), by £, the set of x which also satisfy condition (ii). By a well-known theorem 
of Borel and Bernstein, CE has measure zero. 

Let 

ee 

ὅτ" +4 Ια, 

so that 2’ lies in (4,1); and let us define Ε΄ and ΕἾ as the sets of x’ which satisfy the 

conditions just imposed on the sets FE, EF, of x. The measure of CE’, in (4,1), is zero. 

Hence, ignoring nul-sets, every number of (}, 1) belongs both to E (considered as an 2) 
and to £’ (considered as an x’). Also the convergent to x’ which precedes a@y41 18 


qn 
Gy + Py 
Since either p, or g, is odd, the measure of δι + ΕἾ is 4, and one at least of LE, 
and ΕἾ has measure not less than 1. 


We have thus proved what we stated at the beginning of § 4.6. In fact more is 
true; the set in which w tends to a limit is nul; but to prove this demands a rather more 
detailed analysis 3). 


-ttE eas 


1) See Tannery and Molk (18, t. 2, 241 and 262, Tables XX and XLII). 
2) Compare Littlewood (6, 516), where the full result is proved for Q(z). 
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CORRECTION 


. 409, line 5 from below. The upper limits in the summations on the right should be n— 1. 
. 411, (2.6.3). The term |u(r, 8)| in the bracket should be multiplied by 2. 

. 411, footnote. For Theorem 33 read Theorem 32. 

. 412, line 5. For 2 read 3. 

. 413, first line of statement of Theorem 4. Fora > lreada> 0. 

. 413, (3.1,2). For A < lread X < 1. 
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᾿ Some results relating to the theorems of this paper, involving one-sided conditions for 
u(r, 0), have been given by M. L. Cartwright, Quart. J. of Math. 4 (1933), 246-57, and 
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Some properties of fractional integrals. IT. 
By | 
G. H. Hardy in Oxford and J. E. Littlewood in Cambridge. 


1. Introduction. 


1.1. This paper does not demand much preliminary explanation, 
since it is essentially an extension to the complex field of our earlier 
paper (7)*) with the same title. 

In 7 we were concerned with functions of a real variable belong- 


ing to one or other of the “Lebesgue classes” L?, where p>1. Here 


our functions are analytic (or harmonic) functions of z= re*®, where 


0<r<1; and a function is said to belong to L” when the mean M, 
defined below is bounded. The scope of our analysis is then enlarged in 
two ways. In the first place we have to consider the range p > 0 instead 
of the range p21. Secondly we have to consider not only when a 
mean M, is bounded but also when it is of a given order (1—r)~*. 
The chief novelties of the paper arise from the first extension, the case 
p <1 being decidedly more difficult than the case p > 1. 

The contrast between these two cases becomes much more striking 
when we consider the analogous problems connected with a pair of 
conjugate harmonic functions u, v, since then it affects the results as 
well as the methods of proof. These problems we reserve for a separate 


paper. 
The means M, and the classes L?. 
1.2. Suppose that 
f(z) =f(re*®) (r= 0) 


1) See the list of references at the end. We number our theorems in succession 
to those of 7. | 


1932, 4 (with J. E. Littlewood) Mathematische Zeitschrift, 34, 403-39. 
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is an analytic function of z regular for r=(|z| <1; and that p> 0. 


Then we write ; 


MMM, =¥,(r.1)= fa Ϊ f(r eto) a0) 


The following properties of these means are well known. 
(1) M, is an increasing function of p. 
(2) log M; is a convex function of p. 
(3) M, tends to 
M=M(f)= M(r)= M(r, ἢ), 
the maximum modulus of f(z), when p — oo. 
(4) M, tends to 


M, = exp (3 Jog r(rese) a0) 
when p— 0. . δ | 
(5) M, is an increasing function of 7. 
(6) log M, is a convex function of log r”). 
If, for any p, M,(f)< K, where αὶ is independent of r, we say that 


f(z) belongs to the (complex) class L” or, more shortly, that f(z) ἐ8 L”. 
We may frame similar definitions for harmonic functions. Suppose that 


u(z) = u(ret®) = u(r, 8) 


is 8 complex harmonic function regular for r<1. Then we write 
1 


ἐς τὰ 
1 ; 
M, = Μ᾿, (Ὁ) = Μ, (7) = Μ|, (1, 4) = | [u(rets) a6) ᾿ 
and define the classes L? as before. These means possess properties ana- 


logous to (1)—(6) when Ὁ >1. We shall not be concerned in this paper 
with means of harmonic functions in which p <1. 


1.3. We collect here, in the form of a comprehensive lemma, a number 
of known theorems concerning power series, Fourier series, and boundary 
functions. 

We write 


1] —r? 2rsin θ 
P(r, Dea me το Q(r, es 1—2rcos@+r?2- 


5) For (1)—(4) see Littlewood (11), and Hausdorfi’s paper there referred to; 
for (5) and (6) see Hardy (2), Landau (10), Pélya und Szegé (12, p. 148, 329), 
F. Riesz (18, 14). 
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Lemma A. (1) Jf p>0, f(z) =f(re*®) is regular for r<1, and 
M,(f) 3 Ο, then f(z) tends radially to a limit 
f(er?) = F(8) 


for almost all 0, and 
1 


M,(F) = @ fi F(8) 48) < C. 


(2) If further »>1, then f(z) is the Poisson integral, and the 
Cauchy integral, of F(0); ὃ. ὁ 


-ὁ [PC » —0) F(y)dgp=so ΣΕ 


(3) If p>0, F(0) ts a function of L? whose Fourter series is a 
Fourter power series | 


oO 
nie 
D) eye 2 
0 


and f(z)=Dic,2", then M,(f) < M,(F); and, when p =1, f(z) and F(0) 
are related as in (1) and (2) above. 


(4) If p>1, u(z)=u(r, 6) ts a (real or ἘΝ δ harmonic func- 
tion regular for r<1, and M,(u)<C, then u(r,0) tends radially to 
a limit 

u(1, 0) = σ(θ) 
for almost all 0, and M(U)<C. Also u(r,0) is the Poisson integral 
of U(8). 
| (5) If p>1, U(O) ts a function of L? whose Fourter series ts 


2) ey er® | or za ΟΣ (α, οὐδ πθ + δ, sin n8)) 


and 
u(r, 0) - erin 649 | or 5 A, + Di (a, cos n@ + ὃ, sinn6)r” | 
- οὐ 1 


then M,(u) << M,(U), and u(r, θ) and U(@) are related as in (4) above. 
(6) If p>1 and uis a real harmonic function for which M,(u)<C, 
then there are positive harmonic functions u, and u, such that 
U =U, — Uy, M,(u,) SC, M,(uU,) SC 


For proofs and explanations of these propositions we may refer to 
F. and M. Riesz (15), F. Riesz (13), M. Riesz (16), Hardy and Littlewood (5). 
It is to be observed that here, and throughout the paper, we use C (as 
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opposed to AK) for a number which preserves its identity throughout a 
theorem and its proof. 

The various clauses of Lemma A indicate important differences be- 
tween the ranges p >1 and p<1. The most striking of these appears 
in the well known theorem of M. Riesz. If p >1, u is L”, and v is ἃ con- 
jugate of uw, then v and f(z)=u-+dzv are L” *). It is familiar that this 
is false for p= 1 4), and there are simple examples which show that it is 
also false for p<1. When Ὁ <1, however, the proposition is false in a 
much more comprehensive sense, to which we shall return in the paper 
mentioned at the end of § 1.1. | 

We shall also make much use of 


LemmaB?®). If p> 0, f(z) ts regular for r <1, and M,(f) SC, then 
f= fdas 


where (a) ἢ, and f, are regular for r<1, (δ) f, and f, have no zeros 
for which r <1, and (c) 


M,(f,)<2C, M,(f)<2C. 


The result ts true in the lumeting case p= co, M, being replaced by M. 


2. Some theorems concerning the means M™,,. 
2.1. Theorem 27. Jf p>0, a=0, 


(2.11) Μ (ἢ) Ξ σᾷ -- τ)" “, 
and ῳ»», then 


1 1 
(2.12) M,(f)<KO(l—r) Ὁ, 

1 
(2.13) M(f)<KC(l—r) “, 
where Καὶ = K(p,a). 

If a= 0, then also 
oe 

(2.14) ἡ ἄξω ἃ. ὦ = i) 


1 
(2.15) M(f)=ol(1—r) 5) 
when r—1. 
5) M. Riesz, 16. 
4) The example being 


u=P(r,@), v=Q(r, 86). 
5) See 4, p. 207. 
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When p 1, all this is proved in our paper 8°), so that we need 
only consider the case p < 1. 


(i) Suppose first that f(z) has no zeros in the unit circle. Then we 
may write f== yp", where k= k(p), kp Σ- 1; so that 


a 


1 
M,..(?) = οἵᾳ =) τς 
and therefore 


where K= K(kp, Ν Νὰ a). This is equivalent to (2.12); and 
(2.13), (2.14), and (2.15) follow similarly. | 


(11) Passing to the general case, suppose that 


O<r<l, o=y(14+r). 
Then 

Mi )S Cl 0) "=, 
for r<@. By Lemma B, we can find f, and f, so that f==f, +h, 
f, +9, ἢ +9, and 
(2. 16) M,(f,) <2 M(f,) <2, 
for r<@’). Applying the result of (i) to f,(z)=F,(@¢) in the circle 
ζ| <1, we obtain 


1 1 


M,(f,) < 2KC, ΤΣ a q 


σι ἘΠΕ τ 
-ΔΚΟΓΙ- ογ{-- ἢ "Π“«ΚΟ(-- ἢ ΣΝ 
There is a similar inequality for f,; and, since 


M,(f) SK M,(f,) + KM,(f.), 


we deduce 
1 1 
Mf) <SKO—r) ?%, 


which is (2.12). The proofs of the other results follow the same line. 


It should however be observed that there is a difference between the 
logic of the arguments for the cases a >0 and a=9%. Our argument 


6) Theorem 2, pp. 628 -- 625, The result is stated in “O” form, but an examina- 
tion of the argument shows at once that K depends on p and a only. 

*) f, and f, depend upon ρ and are regular only for r<o. Here and elsewhere 
we use the obvious extension of Lemma B to circles of any radius. 
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under (11) shows in effect that “it is sufficient to prove the theorem for 
a function which has no zeros in the unit circle”; and this although we 
cannot assert that a function satisfying the conditions of the theorem is 
necessarily the sum of two functions which also satisfy them and have no 
zeros in the circle. When a = Ὁ the matter is simpler, since we can apply 
Lemma B directly to the unit circle, this being indeed essential, since the 
proof when p >1 involves the boundary function. Arguments of the same 
type will recur ἘΘΟΠΟΡΟΥ in the sequel, and we shall not always write 
them out in full. 


2.2. Theorem 28. J} 


f(z) = d/a,2" 
satisfies (2.11), then | 
Cot 
(2.21) a, =0(n°*> ~) (pS), 
(2. 22) a, = O(n") (p>1). 
If a=0, we may replace O by o. 


1 
If I’ is the circle re ”, we have 


i 
bf Wa 


li p< 1 the results follow from (2. 12) and (2.14). If p> 1, we have 
only to observe that M, < M,. 
The examples 


a, | = <eM ΟΣ ns), 


f(z)=(1—z) Ὁ (p <1), 


f(2)= 2, 2°"2"" (p >1), 
show that the indices in (2.21) and (2.22) are the best possible. 


Returning to Theorem 27, we observe that when »p<2 we can 
assert more than is asserted by (2.13) and (2.15). 


Theorem 29. If0<p<2,a=0, and f(z) satisfies (2.11), then 


(2. 28) Fr) =a, rr"< Καα-- ἢ) Ὁ. 
If a=0, then 
(2, 24) 560) -- ol(1—r) *). 


This is proved for 1<p<2 in our paper 8°) (for p> 2 it is 
false). If » <1, it is an immediate corollary of Theorem 28. 


8) Ὁ. 625. 
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3. The fractional integrals of an analytic function. 
3.1. Suppose that 


(3.11) f(z) = d'a,2"*° = 2 * > a,2" = 2°9(z2), 
where c is real®), 2° has its principal value __ 


δ ce log z 


2. =e (--π -Ξ Ylogz<za), 


and g(z) is regular for r<1; and that « is any real number. Then we 
define f,(z), the integral of f(z) of order «, by the formula 

ΙΓ +1+c n+e+a 

(3.12) fal#) =D) Fete αν ‘ers 


where z°** has its principal value. The definition obeys the formal laws 


| (fale = (fala = faspe 
and f,(z) reduces to a derivative of f(z) when α is a negative integer. 
It is the definition adopted by Hadamard *°). 
In particular, when c = 0, so that f(z) is regular, we have 


Tin+1 gnte 
(3. 13) f.(2) = Sree? a, 2 ἡ ’, 


(3.14) f_,,(2) = S! n(n — 1) εὐ (η --- ἡ -Ἐ1)α, ἢ" -- (a) ΤΩ). 


It is with this case that we shall usually be concerned. It is then 
sometimes convenient to write 


(3.15) fa(2) = 2" 9ι (2); 
so that g,,)(z) is regular. 

We may extend the definitions of the means M, and the classes L’, 
given in 8 1.2, to the functions f,(z) and σι (2). The means of f, and g,,) 
differ only by a factor r“ and are for our purposes equivalent. 

If «a >0 then 


(3.16) fa(2) = pray | (@— ὐὐτήω δὰ, 


the path of integration being rectilinear and (z — u)*~* having its prin- 
cipal value at the origin. This is the natural extension to analytic func- 
tions of Liouville’s definition of the fractional integral. 


8) There is no reason for this restriction except that real values of c are the 
only values relevant here. 
10) Hadamard, 1, p. 56. 
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3.2. In 7 we used two definitions of the integral Κ᾽. (θ), where « > 0, 
of an integrable function F(@), viz. Liouville’s and Weyl’s, which proved 
to be for our purposes equivalent. It is the second, which requires that 
a,= 0 or 


[r@av—o. 


which is relevant here. Then Weyl’s definition is 


0 

Ρ (θ) = fo —u)*"*F(u)du, 

and F(@) is integrable, periodic, and has mean-value 0. Further if, as 
here, 1 (0) is of power series type, we have 


00 
i* Ὁ (6) ee τῇ ent 11). 
1 


and 7° Κ΄. (θ) is, by Lemma A(3), the boundary function of the analytic 
function 


The factors 7” here, and z* in (3.15), correspond to the difference between 
integration with respect to 0 and with respect to z=re*®. 


The functions 9. (2) and y,(z) are (when, as here, « > 0) equivalent 
for our present purposes. For if M,(f)<C then 
a, | <hmr Mf) SC; 


and 
| C+) eee: 


ΤΩ 14 α)ὶ πὸ ~ yite’ 
where K = K(«); so that 


| Ga) — Yo S| ae | ΚΣ τ «κα. 
1 


We are thus able to translate many οἱ the theorems of 7. into our 
present language. | 


Suppose in particular that p >1 and 
M,(f) = C. 


11) See Weyl, 17. Weyl is concerned with general Fourier series. 
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Then F(6) belongs to L? and 
a a fir | F(6)|" a0)? ᾿ς. 
If now 0<a<— and 


] 
Gap Oe Pe gy 


we have, by Theorem 4 of 7 
cr 1 ay ef. 
( | | F,(8)|*a8)® «κί, | | F(#)|"40)’ < ΚΟ, 


where K = Κρ, α) -- Κίρ,4). It follows, by Lemma Α (8), that 
M,(%_) SKC, 
M, (9m) SKC, 
M,(f,) -- τὸ M, (Gm) Ξ ΚΟ. 
It is plain that a slight modification of the argument will prove that 
M, (f,) < KM, (f). 


We thus obtain the following theorem. 
Theorem 30. 77 


1 
| p>l, ere a ane 
and 
M, (f) ae (; 
then 
M, (f,) < KM, (1) SKE, 

where Καὶ =K(p,e). 

We shail return to this theorem later and extend it to all positive 
values of p. The case p = 2, g > 2 is required in the proof cf Theorem 31. 


4, The means Jf, (continued). 
4.1. Theorem 31. Suppose that 


(4.11) 0<p<q, «τὶ - Ὁ, L>p, 
and 
(4.12) M,(r) =, ΞΟ 
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Then : 
(4.18) {ἀπ} -- “τάν Κα', 
: ol ls, 
(4.14) fatmy'a—r dr< KO’. 
0 | 
In particular 
: PQ 
(4.15) { ca, (Ndr KOW, 
0 
(4.16) [armyrars Ker 
1 ° ΕΣ 
(4.17) fmm)ra- r) ‘dr< KO’, 
᾿ 1 
(4. 18) [πω (1 -- γ)  ᾽άγ Ξ KC (p <1), 
0 
1 ΓΝ 
(4.19) [μῶ)α- ἡ) dr< KC (p <1). 
* 0 


Here K=K(p,q,1), K=K(p,q), or K=K(p), according to the 
parameters which appear tn the conclusion. 

The equations (4.14), (4.16), and (4.19) correspond to ¢ = oo. 

4.2. (i) Whether ῳ is finite or infinite, we can reduce the general case 
1>p to the special case ἰ =p. For (supposing for example q finite) we 
have, by Theorem 27, 


M(r)SKCi—r) ” 4% 

and so » 
Mn) nt ς KO ΨΜΡΟ( -- τ) ἢ 
This reduction is also valid for ῳ = oo 


(ii) If f(z) has no zeros in the unit circle, we write 


2 


so that . 
M: (9g) = Mp (f)< οὕ, 
and 


(4. 21) [ae (r, f) dar) tar— f(r σ)( -- r) © dr. 
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Suppose now that | 
g(z)= Die, 2᾽ ει π΄, - δ, 2", h(z) => 6,2”, 
ἐρεῖ -ἢ 
1 1 


- ---: -- -- 
g(z)=2 ἄρ Ἐπ) εὐ): 
2 ok 


so that 


Taking p= 2, ᾳ -- in Theorem 30, we find 


σ σ +x 
ἐς [ig(r.0)/'d0<K (2 [\a(r,0)|2a0)” 
or δ " 
~% 
Mi (r,g) aK br) 


Hence 
1 


dane - r) "dr 
0 
8. 1\\? 
ἐσ (ota)  Γ(25-1) i ° 
F(n+1) r(2n +2-2) n 
<K > \c,|?=K M(1,g) < KO’; 
and this and (4.21) give (4.17). 


We can now extend the result to general f by Lemma B, writing 
f= f,+ ἔμ» where 


fuze “ary 


A 


ΜΞ ΚΟ, U,(r,f)<KO, 
applying (4.17) to f, and ἔς, and observing finally that 
M? (r,f)< Κα Mi (r,f,) + Καὶ M7 (1, he). 

(iii) There remains the case g = oo. If f(z) has no zeros, we define 


g(z) as before, when ᾿ 


Μ(ὴ -- ΜΡ (9). 
[ae (r,f)dr= fae (r,g)dr< KC? 19. 


The extension to the general case is effected as before. 


12) In fact ; 


for(rdrsxer, 


® being the majorant |>'|c,|7". See Theorem 15 of our paper 4. The result here 
is a direct corollary of Hilbert’s double series theorem. 
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4.3. Before going further we require some additional preliminaries. 


Theorem 32. (1) Jf f(z) ¢s regular for r<1, p>0, 


M,(f) ar, 
and ie 
ἃ (θ) = bound | f(r e*®) |, 
r<l ᾿ 
then 


uhere K = K(p). 


The same result is true if (0) ts the upper bound of |f | in the 
region S.(0) defined by 1) | 


larg (el 2)|Sa<5a, 0<|e—z!<1, 


but in this case with K=K(p,o). 
(2) ἢ " 
δ (7, θ) = Max (9 619)", 


then 
1 


Jw.) 40)" < Km 


(3) When p>1, the corresponding results for harmonic and sub- 
harmonic functions are also true. 

Whe shall sometimes refer shortly to this theorem as “Max”. It is 
merely a restatement of the principal function-theoretic theorems of our 
paper 9 (Theorems 17, 24, 25, 26, 27). 


4.4. Suppose that f(z) is regular for r<1, and that «>0. We 
write 


fa (2) = Νἰ (re) = δ (0,8) = τῷ [τ΄ - 9) (Fleet?) de. 


Plainly 
| fa (2) | S fe (2). 
Similarly, if 


u(z)=u(re?®) =u(r,0) = 54> +> (a,cosnO + b sinn@)r”™ 
1 


1) δὼ (θ) is a kite-shaped region of fixed size and shape pointing inwards from 
the point e*® and with a boundary which does not touch the unit circle. It di- 
minishes when ὦ decreases, and it reduces to the radius vector when ὦ —0. 
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is a (real or complex) harmonic function regular for r <1, we write 


tg(2) = ας (τ, 8) = pray | (r— ο) tu (0, 8) do, 
0 


us (2) =u8(1, 8) = pia | (r — ο) *|u(o, Ide, 
and again : 
/u,(2)| Suz (2). 


We define the means 


Μ (τ, i) M,(r, u,)> M,(r, ux) 
in a way similar to that in which we defined M,(r,f) and M,(r,u) in 
Sol. 2, 
δ 
4.5. We come now to the principal theorems of the paper. 
Theorem 33. ἢ} 


1 Pp 
p>0, es ame ea 
and 
ΜΙ. SC, 
then 
M,(f.) < KC, 
where 
K = K(p, α) = K(p, 4). 
Theorem 84. Under the same conditions 
M,(f3) Ξ Κα. 
Theorem 35. If 
1 ΝΕ: 
p >i, Oe ν ἀπ ae pee 
and 
Μ᾿ (ὦ) - C, 
then 
M, (uz) < KC. 


Theorem 36. Under the conditions of Theorem 35 
M(uz)< KC. 
We shall sometimes refer to Theorems 33 and 34 as 
99 ( * 99 
“PO, “pq 
respectively. It is plain that Theorem 34 is stronger than and includes 


Theorem 33, and that, when p>1, Theorems 35 and 36 include Theo- 
rems 33 and 34 respectively. 
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Proof of Theorems 98 --- 86. 


4.61. (1) The case 1<p<q. When p>1, all the theorems are 
easy deductions from Theorem 30 (and so of Theorem 4 of 7). 

In the first place, Theorem 33 reduces to Theorem 30. . 

Next, suppose that w is harmonic and real and that M,(u) <C, and 
let v be the conjugate of « which vanishes at the origin, and f= u-+ 7». 
By M. Riesz’s theorem, 

M,(f)< ΚΟ, 

where K = K(p), and so, by Theorem 33, 


MU, (f,) < KC. 
Since 


4. α-- ς | ᾿ 
f(r, 0) ἘΞ rn | (r— 0) *(u (ρ, θ) ev (Q, 0)) ἀρ =u, (1, 0) aE νὰ (r, 0), 
| 0 | 7 
we have 
| Ug | = | le | ; 
M, (u,) <M, (f,) < KC. 
This proves Theorem 35 when wu is real, and the general form of the 
theorem follows by considering the real and imaginary parts separately. 
Next, suppose that M)(w) < C, and that U(@) = μι (679) is the boun- 


dary function of uw. If W(r,@) is the harmonic function which has the 
boundary values |U(@)|, then 


M,(W) <0. 


Also |u(r,@)| is subharmonic, and therefore, by F. Riesz’s, fundamental 


theorem on subharmonic functions 72), 


ju(r, 0)|< Wr, 6); 
and therefore 


ut(r,0) = p25 | (r—0)"*|u(0, 8)|de< W.(r, 8), 
0 


M,(uz) SM, (W,) Ξ ΚΟ, 


by Theorem 35. This proves Theorem 36 (and so Theorem 34, when 
p>1). 

_ Alternatively, we may argue as follows. Assuming u to be real, we 
have, by Lemma A (6), u=wu,—wu,, where u, and uw, are harmonic and 
positive and 


U,(%)SC, Ulm) Se. 


14) F. Riesz, 14. 
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Then 
Us - (ω,} Ξ (Ue es 
M, (ug) SM, ((u)~) + My (Hada) SKC, 
by Theorem 35. 
This argument is more elementary, since it avoids any appeal to the 


theory of sub-harmonic functions; but we shall have to refer to the first 
argument later. 


4.02. (2) The case p<1<q. By the integral form of Minkowski’s 
inequality, we have 


M, (1) = ἘΣ ἰρ 
a. J a0 fe — o)*“*[ (00%) |a0)")* 
=r afer ‘de(g, -firtees)(*as)* 
(r—@)* * M αίο, f) 40 
FF 
1 
με - ἡ M, (σε, ἢ αἱ 
<piyf a0 “1 M(t, f)dt< ΚΟ, 


by Theorem 31 (4.18). 
It should be observed that the proof of Theorem 31 depends upon 
Theorem 30 (1. 6. upon the case p >1 of Theorem 33). 


4.63. (3) The case p<q<1. We give two proofs, each of which 
has interesting features. 


(i) Suppose that 0 « γ «1 and | 
| r,=(1—2°")r (0) De were.) 
so that r,=0 and r,—r when n-—+oo. Then 


. _. o7n 
r—T,=1,—',-1= 2 7 


n—1 


so that the ratio of two factors of the form (r —~r,)°, where » is n —1, 
n, or n+1, lies between positive bounds depending on c only. 
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In these circumstances we have 


fers) = K | σ΄ τ 0) *IF0, θ)} ae 


oO 


aes 


3 


=x S foo “If(@, 


Τ -- 


J <K(r τοῦς, ἐν) τ)" ἢ ἵμ,Ξ Κ΄ ἐκ. * es 


μα τε μῳ (0) = Max |f(0, 0)|; 
and so (since g <1) 
(aK D dds KD 27 pt 


σ 


us(ts) <3, [λας ΚΣ τ ἀν, 


--σ “ΚΖ 


SK SO UE (5, ἢ), 
4 
by “Max” (Theorem 32). Hence 


ὭΞΚΣΟ ee, aaa PO Ce ra) Me af) 


= KS | (7 — ρ) ὙΠ M7 (e, f) de 


Tn 
T 


=K J (r= oye + ME (o lag = Ke" [α-- ε)45 -ἴ MS (rt) dt 


| 


cxf —t)?*~* Mj (t)dt < ΚΟ", 


by Theorem 31 (4.13). 

The proof as stated depends on the deep theorem “Max”, and it may 
be interesting to notice that a logical simplification is possible. We may 
use, instead of Theorem 32, the theorem: 

1 


πα a «(Ὁ 
and 


0<A, See ᾿ «4,, 
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where the A are absolute constants; and if 


y= ν(θ) -- Max [{(0,0)}, 
then 
- τε 
εἰ [νρα0)} <KM 
on » ΞΞ ΝΣ Π) . 

This theorem is included in Theorem 32 but is considerably easier, since 
the proof does not depend upon the maximal principle involved in that 
of Theorem 32. 

To apply it for our present purpose, we take r,, 7,, 7 to be 
1,19 Tn? 75.4.1. When we obtain 


1 
ἐς [ἀκα < KMS(r, 11). 


The changes in the subsequent argument owing to the occurrence of 
n—1 in place of n are trivial. 

4.64. (11) We may suppose that f(z) has no zeros in the unit circle, 
the general case being plainly reducible to this‘one by Lemma B. 

We can choose s so that 


q q 
s>1, See δ τοι -ςς, 
τ: ἢ “ἢ q—Pt+Pd ~ 4--" 
en, 1 
ΞΕ ἘΠῚ: 
sq—q’ 
we have 
| 4351. 
rp. qt SpPq 
d 17 = 7—j “apoeqtq> 
an | 
Dio πὶ δ, 
qx 's 8 gee 
If 
Ξε σ᾽ 
then 
Ἔ 
ἐς [105 40 -ς 07, 
Also δὰ 


= K {|g (ce) I(r —@)" "de 


< KG" {|g (o€#*)| (r— 0)" "40. 
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where 

® = G(r, 6) = Max|g(ee*?)|; 

so that | 7 
prt< KGS 4g" 2. 


Hence, by Holder’s inequality, 


1 1 


ac) fpttanc x(for-Pras) ( fase as)” 
: ; 

— k({ora6) (| ore" 40] 

: | 1 


τ τ P 
(4, 642) (| w? a6) <K({\9\""a8) < KC", 
by Theorem 32. Also 


Now 


RRS ΘΙ αν CED 5: 
5 " ao = sp—sqt+tq l1—spe 
ence?) r | , 
τ' Sp 4 
(4. 648) [{Ὑ1.΄ 40] < K({|9|""6) < KC’. 


From (4.641), (4.642) and (4.643) we deduce 
Dye ἜΣ 
M, (fe ) < K(Ko')*(KC) ἜἜΞΙΧΟ; 


which proves the theorem. 


Additional remarks on the propositions p—q and pq. 


4.7. (1) It follows immediately from the definitions that p—q is 
transitive, ἢ. 6. that »-» ᾳ and g—r imply pr, while this relation is 
not immediate for pq. On the other hand we can show very easily 
(without being able to prove the proposition itself) that the latter propo- 
sition is convex in q, ὃ. 6. that pq, and p+q,, where p<q,<@, 
imply p+q for 9¢,<q<q.. In fact if | 


p p 1 1 
Φι τ ρα,’ 45 a a 


1 
SS = ‘ Kg. = — 
l—pa, . p i 2 Pp 
and 
a= da,+(1—d)ae,, 


15) By one or other of the cases of the theorem proved already; the case 
l<p<q or pl <q according as sp>1 or spl. 
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where 0 <6 <1, so that 
1 ὃ 1 -- ὃ 


4 nh! w& 
we have at once, from Holder’s inequality, 


3 


(f= K{(r—0)"*|Floe*)|do< ΚΙ fat, 
0 


ὃς (i—d)q 4 


{π|49.ς κ{({π|ι4}" {{π|ω0 “ <K(firirae) . 


There is no such immediate proof of the convexity of p — q. 


(2) The proof that p»— q is true generally depends on a rather for- 
midable chain of theorems. There are simpler proofs of a number of special 
cases of the theorem which are of some intrinsic interest, and it may be 
worth while to notice one or two of them explicitly. In the remarks which 
follow we suppose, for simplicity of writing, that a,—0 and that our 
series begin from n= 1, and we state our theorems as convergence theo- 
rems instead of as inequalities. 


(1) The theorem 1 — 2 asserts that 


for any f(z) of Z. Since a,=—o/(1), this is included in the stronger 


theorem (Theorem 16 of our paper 41°), with 4 -- 1) that 


(4.71) De oo, 


(ii) Similarly the theorem p — 2, where p <1, asserts that 


Γ Lt 
Dn » |a, 


1 
for any f(z) of L”. Since, by Theorem 28, a, = ices this is included 
in the stronger theorem (Theorem 16 of 4) that 


Ὁ, ἀν la, |< ὅ8: 


An intermediate theorem is that 


ῷ 


"< οὦὁ 


1 
(4.72) D> n Pla,|< oo. 


We stated this in our original note-3 on fractional integrals, but do not 
seem to have ever published a proof. 


16) Some simplifications of the argument of 4 are indicated in 6. 
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(11) We can deduce the theorem p41, where p <1, from p — 2, 
as follows. We have to prove that 


[εἰ 40. 
Dp 
where 
2 : 2.9 : 
fh =K\ (re)? Ιγ(ο 69) do, 


p 0 


is bounded for any f(z) οἱ L’. It will be sufficient, after Lemma B, to 
prove the result on the assumption that f(z) has no zeros in the unit 
circle. Writing then 


f= φ", φ =)! 6,2 


so that φ is L°?, we have 


r 1, 
["ἰ 40 = K{(r 0)" do | p (get?) dé 
e p τ 


"0°" de 


= K{(r - ae D> le 


(iv) If p <1 and fis LD”, and we assume Ὁ --" 1, then Pics is LD. 


The convergence of the series (4.72) then follows from (4. 71), This is 
however not an economical line of proof. 

(3) We can if we please prove a still stronger proposition than 
p->q, which we may denote by p ** q; viz. 

Theorem 37. If the conditions of Theorem 33 are satisfied then 


2k 


where 


kK 1 Pie ; 
le -τῶ [σ τῷ "Max |7{({6)8)} ἀρ. 


We shall be content to sketch the proof of this theorem, which depends 
on a lemma of more interest than the theorem itself, 
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LemmaC. 9 1>0, and | 
&= G(r, 0) = Max | f(oe*?)| 
ts the function of Theorem 32, then %* ds sub-harmonic. 
We suppose that P is the point γ εἶθ, and write 


O(P) = (reve) = | f(ter®) |, 
where t=t(r,6) gives the maximum of | f(te*®)|. We have to show that 
(4.73) Bp SAV. Sp, 
F 


where “Av.” denotes an average over points P’ of a sufficiently small 
circle I” with centre P. 

There are three possibilities as regards ¢, viz. (a) t= 0, (b) t=r, 
and (c) O<t<r. Since τὸ >/f(0)|, (4. 73) is certainly true in case (a). 
In case (Ὁ) ἃ (ΡῚ =|f(P)!, and, since |f|* is sub-harmonic, 


δ΄ (Ρ)-- {{Ρ}}} Ξ Av.|f(P')| S Av. δ᾽ (P’). 


Finally, in case (c), we denote the point ἐθῖθ by @ and construct the 
circle » which has its centre at Q and is in similitude with I about the 
origin. If Q’ is the point of y in similitude with P’, then |f(Q’)!<@%(P’), 
and so, since corresponding arcs of y and I" are proportional, | 


δ΄ (P) =|f(@) |? S Av.| 1(Q') |" S Av. 8°(P’). 
y 
It may be verified : direct calculation that, in case (c), 
lh ies * KE+L 


γ᾽ π΄ — vr teie) |* + - = ὦ 
where Κ΄ is Laplace’s esto 
a? v er u 
K=—5t 2" if (tet®)|" =-0, L=u——v—, 
an 66" 8θ 


and «w and v are the components of f(te’®). 

It follows from the lemma that, if x* is the harmonic function which 
has the boundary values %(1,0), then G@<u* inside the unit circle. 
The proof of Theorem 37 for p> 1, and also the subsequent stages of 
the proof, then run parallel to the corresponding stages of the proof of 
Theorem 34, if we appeal to Theorem 32 at the appropriate places. 


An extension of Theorem 33. 
4.8. Theorem 38. 77 
| p> 0, a> 0, ἢ ἐφ a ee 
P 
and 


(4. 81) M(f)Sed—-r)“, 
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then | 
(4. 82) | M,(f,) ΚΟᾺ( -- τ)", 


where 
K =K(p,a,«), = K(p,a,q). 


This is a corollary of Theorem 33. We write 
8 
= g(it+r), φᾷ) =f(ez). 


Hips ou Se) 


Then 


for r <Q, or 
M,(¢?) <C(1— e)“ 


for r< 1; so that, by Theorem 33 
M, (Pe) SKC(1—o)" 


for r< 1. But 


f,(Q%) = ο΄ p, (2) 
and so 


M,(f,(92)) SKC(1—e) Ξ KC(1—er)" 


for r<1. This is equivalent to (4.82). 


5. The order of the integrals and derivatives of f(z). 


5.1. The theorems proved in this section are not difficult, but they 
require some preliminaries. 


We write 


f* (2) = f_,(z), 
f (2) = (τω) 


so that 


when β is a positive integer. 
Suppose that 8 > 0. Then 


I(n+1 he 
(Ὁ) -- Drei a" α, 2 β 


ΤΕ) _ FU+8) 1γ)-1-8 
T(nt+1—B) ἃπὶ Je "(w—1) du, 


But 


where C is a loop from «=O round u—1 in the positive direction, and 
(ω -- 11 1πό has its principal value at the positive point of C. Hence, 
provided |zu| <1 at all points of C (a condition we can certainly secure 
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if |z| <1) we have 
(1 Ξ .1.-. 
f*(2 )= _ +P 2* | feu) -- 1) 1 B du 
C 


where ΟἹ, is a loop from w= Ὁ round w =z. 

When β is an integer, we can replace Οὐ, by a circle (so obtaining 
the ordinary formula for f*(z)). In general we may replace it by the 
contour I’, formed by the circle 


jw] =e (r<e@<1) 

and a double lacet from w= 0 to the point on this circle opposite to z, 

viz. —ge'®. We call the circle and the two edges of the lacet y,, I, ,, I, ,- 
Theorem 39. If a>0, a+f>0, then the hypotheses 


(5.11) f(z) =O(1 —1r)*) 
and 
(5. 12.) γ΄ (ε) -- Ο(( -- γ΄ ἢ 


are equivalent. If a=0, a+ βΟ then (5.11) tmplees (5.12); and tf 
a>0, a+ f8=0 then (5.12) tmplies (5.11); the converse implication 
being in etther case untrue. | 


(1) Suppose that a>0, 6 >0, and that (5.11) is true; and take 


ο-- πα +r). 


Then f*(z) is ἃ constant multiple of 


The two last integrals are 


o( fa - ἡ δ), 


and so negligible. The first is 
x+6 


οἷᾳ 1) oir ae 
-- Ο((α -- 7)" ἜΝ = 0 (α -- "), “ἢ. 
(11) Suppose that a>0, 6 >0, and that (5.12) is true, and write 
fag, fegy. 
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Then 
f(z) = ems (z—w)*dw = o( fia —iy * "(ir — tat), 


If we write z τ ὐπὸ , the last integral becomes 


1 
i—r bs 
( —r) “fae β( — 1)? td «(-- ἡτ[-- Κα-- η΄. 
{ 1 


Hence 
f(z)=O(1—r)“). 
A moment’s consideration shows that (1) and (11) cover all the positive 
assertions of the theorem. The negative assertion is established by the 
trivial example 


1 , 
ΦΧ - 
It may be worth observing (in view of our later Theorem 46) that 
f(z) = O(1) does not necessarily imply f?(z)—o((l1—r)~°) for B>0: 
consider, for example, the function 


f(z) =(1—2)*. 


Inpschitz conditions. 

5.2. Suppose that O<k<1. We say that f(z) satisfies a Lipschitz 
condition of order & in the unit circle, or belongs to the complex class 
Lip k, if 
(5.21) f(z") — f(z)| < Καὶ π' -- εἰ", 
where K is independent of z and 2’, for |z|/ <1, [χ΄| “1. If 


f(z") — f(z) = ο(! τ΄ -- 2"), 

when z’-»+z, uniformly in z, we say that f(z) belongs to Lip*k. The 
classes Lip 0 and Lip*0 are those of bounded and continuous functions. 
ΤᾺ the first case we assert (5.21) in the first instance | for |z. <1, 

<1; it is then satisfied automatically for those 2 and z’ on the circle 
hich the boundary function exists. 

Theorem 40. Jn order that F(0)=f(e'®) should belong to the 
real class Lipk, where 0 <k<1, tt ts necessary and sufficient that 


(5222) f'(z) =O(A—1r)*~*). 


This is Theorem 4 of 8. As we did not prove it explicitly there, 
and the proof is short, we give it here. 
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The real class Lip 1 is the same as the class of integrals of bounded 
functions. Also, if f(e*®) belongs to the real class Lipk, it follows from 
the principle of the maximum modulus, applied to the function 


(2) = f(ze"") — f(z), 
that 


(5.21) ttre 91). rr e’®)| < Kh" 
uniformly for O< r<r+h<iI and all 0, ¢.e. that f(re*®), considered 
as a function of 0, belongs to Lipk, uniformly in r. If in particular 
k==1, f’(re*®) is uniformly bounded. This proves the theorem when k --- 1. 
We may therefore suppose that k< 1. 

(1) Suppose that 21. (0) belongs to Lipk. We have, as on p. 626 
of 8.1), 

f (ree) 5" [at y) — FO)ay =O die 


} (εἶ. 7) = [εν 7]? 


= Ο(( --- «)} 1). 
(1) Suppose that (5.22) is true. It is plain that f(z) tends uni- 
formly to a limit when r —-1, and that F(6) is continuous. Also, if h > 0, 


et(O+h) 


FO+h)— F(0)= [ (@aen(frfsflr@aantnry 
20 ) ὦ) 


Q) (2 
the paths of integration in ἢ), J, and J, being respectively (1) the radius 
from e*® to (1—h)e*®, (2) the circle r—1—h from (1—h)e*® to 
(1—h)e*(6+”, and (3) the radius from (1—h)e*t® to et(6t%, Τῷ is 
plain that 
I, = O(h-h*~*) = O(h*); 


and J, and J, are each 
1 


O [ fa ae ake ar] -- O(h*). 
1h 

5.3. Theorem 41. Jf F(6) = f(e*®) belongs to the real class Lip k, 
then f(z) belongs to the complex class Lip k. | 

We may suppose & > 0, the result being classical when ὦ = 0. It is 
plainly enough to prove (5.21) and 
(5. 31) If ((r + 1) 619) — f(ret®)| < Kh*, 
uniformly for 0<r<r+h<1 and all 0. 


1”) The notation is now different. 
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In proving (5.31), we may take 0 = 0 without real loss of generality. 
We have then, by Theorem 40, 


rth rth 
f(r + hy. —f(r Nis Jir' )\dt< K{a—1)* ‘dt. 
lfir+h<t(l+r), thn ἢ Ξ: Ξ( -- τ) and 1—tiS>i(1—r); and 
r+h 


Jo —t)*"*dt< Kh(l—r)*"*< Kh-h** = Kh*. 


lf rt+h2as(1l+r) then ἃ Φ Σ(. -- 1) and 
rth , 
fa —t)**dt< Κ( -- γ) « Kh*. 
Hence (5.31) is true in either case. 
5.4. Theorem 42. If 0<k<1 and 
f(ret®) — f(r’ e*®) = O((r — r’)*), 
uniformly for 0<r’'<r<l and all 0, then f(z) belongs to Lipk. 


In other words, if f(z) satisfies a Lipschitz condition uniformly on 
every radius, it satisfies one in the circle. We do not actually need this, 
theorem but it has a certain interest and is in a sense a partial converse 
of Theorem 41. 

_ When &=1, the hypothesis and the conclusion are each equivalent 
to the assertion that f’(z) is bounded. We may therefore ds «1. 
If 0<h<1, we have 


f(re'9) — f(r — frye?) = | (ret) ΚΕ -- Ἀ) et”) Ρίσ,φ — 8) a 


Differentiating with respect to 0, we obtain 
rf (ret®) —(r—hr)f ((r — hr) e*®) 


et ᾿ . 
= 55 | (rei) -- (a — weir) H ἀφ. 
But δὼ 
AP 


=j-r’ 


\aP 
06 


= 2r(1—r*) sin (φ — 6) 
(1 -- 27 ὁο8 (φ —6)+ r?)? 


where A is an absolute constant. Hence 


(5.41) | rf'(re®®) —(r — hr) f'((r ~ hr) 66) = ΘΚ} 


1—r 
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We now take 


r,=1—2", rh) Tacs 


so that 
πῇ Soe 
and write | 
f=7, h=h, (n = 2, 3,..., N) 


in (5.41). Adding the resulting equations, we obtain 
ry Γ΄ (ry et?) = O(2*E 4 Qh VG) 4 Ο() 
τες ORS") 5 ο(α a ry)’ *). 


If we observe that 1—r varies only by a factor 2 in the interval 
(fy-1, ΥΝ)» and use the principle of the maximum modulus, we obtain 


f'(z)=O(1—1)**), 
and the conclusion then follows from Theorem 40. 


5.5. Theorem 43. If 0<k<1, B>k, then a necessary and 
sufficcent condition that f(z) should belong to Lip k is that 


f° (z) =O(A—r)*-*). 


After Theorem 39, we may suppose that β -- 1, and the conclusion 
then follows from Theorems 40 and 41. 


Theorem 44. If O<k<1, O0<k—£8<1, then a necessary and 


sufficient condition that f(z) should belong to Lipk is that f"(z) should 
belong to Lip (k — β). 


Suppose, for example, that £ > 0. In order that f(z) should belong 

to Lip k, it is necessary and sufficient (by Theorems 40 and 41) that 
Ε΄ (4) = Ο(α -- ἡ)" ἢ); 
and therefore (by Theorem 39) that 
fP**(2) = O(a — τ)" ἢ); 

and therefore (by Theorems 40 and 41) that f°(z) should belong to 
Lip (k — β). 

There are partial implications corresponding to the cases k= 0, 
k—fB=0. There are also theorems corresponding to Theorems 40 -- 44 


-in which “Lip” is replaced by “Lip*” and “O” by “o”. These we may 
leave to the reader. 


6. Further theorems concerning the means Η͂,. 
6.1. Theorem 45. Suppose that p>0, a=0, and 
M,(f)Sec(l—r)™. 
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If p> -α- -, then 
1 


τ) 1 κοα- Ὁ 


Tf -α-τ-  «ρ--α--, then f°(z) belongs to 


; 1 
Lip(—« —— - B). 
If a=0, we may replace O by o and Lip by Lip* zn the conclusions. 


This theorem follows by combination of Theorem 27 with those of 
the preceding section. 
The special case 


o=0,. P=-e20; o>, —<a<1+-, 
for example, gives a theorem substantially equivalent to Theorem 12 of 7. 
6.2. Theorem 46. 7} | 
po>0, aZ0, a+f>d, 


and 
(6.21) M,(f) Ξ σα -- τ)", 
then 
. β --α--β 
(6.22) Mf) Clee) 
where K= K(p,a,6). Ifa=0, B>0, then also 
(6. 23) M,(f*) =o((1—1r)7*). 
(1) Suppose first that p>1. We distinguish the suh-cases 
(1a) pei, pro; 
(1b) pal, β----α, I0<a<a. 


When β = 0 there is naturally nothing to prove. 


(ia) In this case we have 


(6.24) PGs Pee εἰ ὦν 


I; 


AEP (f+ [+s )-at ate 


Vz ΠῚ. Ζ 2,2 


We take ο, the radius of I",, to be $(1-++1r). Then plainly 


4 4 1 
P| <K[ r(tetoryjar< Keo | - ἢ * dt, 
0 υ 
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by Theorem 27, (2.13); and F, is bounded if a + ᾿ <1, of order 


1 1 

1-—a— — a—-— 

(1 — @) ? = K(1—r) ; 

in the contrary case. It is plain in either case that 
F(<KOA—r)-*, MR) SKE), 


and a forttort 


(6.25) ΜΓ) Ξ ΚΟΑ -- τ) “ἡ, 
Similarly for F,. 
Next 
ν᾿ ἥ ᾿ iptio ag 
(6.26) fin\a<K fa0( {πες 9) 
--σ - --π -π Hoe ae ie 


If p >1, we can choose £, and £, so that 


P,+6,=1+68, pP,>1, pp, > 1. 
Then, by Hélder’s inequality, 


[ ete te Inestet irae ( _ Ε 
----- ΤΥ : 


[ὁ οἷν - τ feet? —1|Ph en ets 
and the second factor is not greater than 


K(e a pyO-P Ae) (P-1) — Κα Ν »)ῦ "πρῶ 
Also 7 


τ ' τ a Φ 
[«9 Lie Ράφ if 
feet? —r|Pa ΤΩΣ 
— — Jt 
στ 


«Κορᾳ.-. re τς _—a 


joe? 7 [PAL 
-κ 


σ 


con J it(oet"**) "a0 


< Κοα ὟΣ Go ἰὐνξ yj PP < Ko" (1 oe py Boo Ree, 


Hence 

{1} rae < Ko"(1 -_ Ὁ... ΝΕ fy uP a Bes < Ko"(1 Wes ον 
(6.27) M(F,)<KC(l—r)**; 
and (6.22) follows from (6.24), (6.25) and (6.27). 


The proof is simpler when p= 1, no use of Hélder’s inequality being 
required. 
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We have still to prove (6.23) when a= 0. In this case f(z) has, 
by Lemma A(1), a boundary function f(e*®) of ZL”, and we may take 
@ = 1 in (6.24). The contributions of F, and F, are O(1) and a fortior: 
o(i—r)~*). | 

We choose 6 so that 

δ 


1 + tpti | 
ὅπ [τ τ δ) Pde « ε 
αὐ ὃ Ξ 


for all θ, and write (6.26) in the form 
finpaosx [ὦ, 4J,)°d0<K K( [arao + fates), 


ὃ 
a ὲθ ὶ +0 
rem (alas me, em Wd concen 


) [eee ΞΡ }τῇ Ἰι 11: 


where 


Plainly J, is bounded, and our former argument, applied to J/,, will give 
[5140 <KeO?(1—r)??. 
We thus obtain (6.23). 
6.8. (10) If p=1, b=—a, 0<a<a, we have 


elre*)| SK J(r~o)" *I1(oe'* ide, 


(firteemsral ἐκ x fire μος fit rao)” 


<K K f(r) (1 -- οὴ “de 


1 


1 


μ᾿] 


= Κα -- γ), 4] (ἡ —1)° τ΄ “dae « Κα -- ").-4{- Κα-- ») “, 
1 | 1 
which proves the theorem. 


It may be observed that in this argument we do not use the regu- 
larity of f(z); the argument is valid if, for example, f(z) is an analytic © 
function with branch points and |f(z)/ is one-valued. 
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It is also to be observed that we have really proved more than is 
asserted by (6.22), and in fact that 


(6.31) M, (fe) = Ο(α -- γ) 5. 
We shall make use of these remarks later. 

6.4. (11) We now suppose p<i1. It is plainly sufficient to 
prove the results (jia@) when #=1 and (iib) when B= —a and 
O<a<a.*) 

(iia) Suppose that p<1, β-- 1, and, in the first instance, that f(z) 


has no zeros in the unit circle. If we choose & so that pk>1, and 
write f=g*, then 


| & 


1 
M,.(9) S Cris ‘ys 


and so, from (ia) above, 


1 a 
" Μμ,, (9) << Κοῖᾳ --τ δ΄ 
u 
[1 240 =x [ig *9' "a0 
1 i 
<K(J\gi?*a0)’ {{1σ΄)»"40}" 


a. pk a pk 


<KO (ᾳ = r) *) k' (ᾳ ΝΣ yr RS KO?(1—1r)7 >”, 


which is (6.22). Plainly (6.23) may be proved similarly. 


In the general case we may argue as in ἃ 2.1 (ii). Taking r and 0 
as there, determining f, and f, so as to satisfy (2.16), and applying what 
we have proved to f,(z) = F,(oz), we obtain 


=a 
U(f)<2Ke,(1- 5) Ξκσοα-- ἡ“; 


and the proof may be completed as before. 


6.5. (18) There remains the case p<1, B=—a, 0<a<a. 
We give two proofs, by arguments analogous to those of §§ 4. 63 
and 4. 64. 


18) We might have used this remark in case (i), and simplified the analysis 
of 8 6.2 by supposing 6=1. There, however, there is no great gain in simplicity, 
whereas here the simplification is forced upon us, since the argument used under 
(iia) depends essentially on the fact that β- is an integer. 
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(i) Using the same notation as in § 4.63, and the transformation 
used already in § 5.1, we have 


wt 


M)? (fr) SK Saree) | updo 
1 


--π 


< K S727"? 7?* MP (ta, ἢ 
1 


< KO? | (r —e)"**(1— 0) "ἀρ 


1 
1—r totes 
= KO?(1— ryrrmre l(a — 1)? ty dr < KO (1— ryre-ve 
1 1 


= KC? (1—r)P*?*, 

which proves the theorem. 
(ii) Suppose first that «< ap. We can then choose s so that 

| zu <s<— , 

, p α 
and we write 

f= 97 - | 

In general g is not regular in the unit circle, having branch points at the 
zeros of f; but |g(z)| is one-valued, and we can therefore apply (6.31) to g. 


We have now 
1 a 


Μ,͵ (9) = σ᾽ α ~~ r) : ? 
and so, from (6.31), 


1 a 
(6.51) M,,(92)<KO'(U—r) ἡ. 


Now 
fi (ref) — K{ |g(ge!®)|"(r — 0)" "ἀρ 
0 
< KG"*(r,6) { [g(oe')|(r — ο) do 
0 


= KG" (r, 0) g2(1,9), 
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where 
G(r, 0) = Max|g (oe")| 
so that 
[arao< K [Gg ap 
ch = 
= K({ rae)" (| ot"? a0)’ 
But 


fore —[xrao<x[ip\"a0 < KO"(1—1)~**, 
by Theorem 32; and 


foz?a6 < KCP(1L— ryrPe Pe, 
by (6.51). Hence 


a 


_pa ᾿ 
fivadsxora—ry San a Ke, 


which proves (6.22). 
We have thus proved that (6.21) implies. 
My (fa,) Ξ ΚΟ( -- τ) 
for 0<«,<pa. A repetition of the argument shows that 
My (fe,.) Ξ ΚΟ( -- rye 
for 0 <a, —a,< p(a—«a,), so that (6.22) holds for 0 <a< pa+t(1—~p) pa. 
Another repetition shows that it holds for «< pa+(1— p) pa--(1—p)" pa; 
and some finite number of repetitions that it holds for any « less than 
(i+ (l—p)+(1—p)?+...)pa=a. 
This completes the proof of Theorem 46. 


6.6. We can now obtain a very general theorem by combination of 
the theorems proved already. 


Theorem 47. If 


1 

(6. 61) 0<pSq, a>0, β»-α- T+, 
or 
(6. 62) 0<pSq, a=0, Δ -- τ, 
απά. 
(6.63) M,(f) Ξ σᾳ -- 7“, 
then 

σι. 


(6. 64) μι): καα-- 8, 
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where Καὶ = K(p,q,a@,8). The result is not necessarily true when a> 0, 


p= —a——4+-. But when a=0O, β»--1 τ, we have also 
sip Ύ: 
“BY Dp 
(6. 65) ΜΙ )-- [α -- τ) =). 
(i) Suppose first that a>0, B= --α, so that 
1 1 
eas ee ae 
If 
Boi os ae ee ἫΝ 
yp a? 2 1- py 
we have 


Μ(.)Ξ ΚΟ -- τ)" 
by Theorem 38, and therefore 
μι) <KO(1— 1)" 
by Theorem 46 (6.22). This is equivalent to (6.64). 
To prove the falsity of the result when | 
1 1 
ἄτ-εα-Ἐ rae 


qd 
take 


Then (6.68) is satisfied, but f,(z) behaves like a constant multiple of 


1 
( -- 2) *, and M,(f,) > ©. 
(ii) Next suppose that a= 0. If 


the theorem reduces to Theorem 33. If 
1 1 
Ca a 
Pp q 


the results follow from Theorem 33 and Theorem 46 (6.23). 


7. Integrated Lipschitz conditions. 


7.1. In 7 we defined the class Lip (ὦ, p), where p>-1, 0< k 1, 
as the class of functions F(6) for which 


ἐς | |P(O-+ A) — ΤῸ -- Ἀ)}} 40 < OF HT, 
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where h > 0 and C is independent of h; and the class Lip*(k, p), where 
p=1, 0<k <1, as the class for which 


a |] F(0-+h) — F(0 — h)|?d0 = 0(h”*), 


when h-+0. It proved indifferent which of the differences 
F(6+h)—F(@0-h), F(O+h)—F(6), F(0)— F(O—h) 


we selected. 

We considered only the case p >1, and we do not propose to go 
beyond this case here, so that we have nothing essentially new to prove. 
There are however certain theorems which are required for an application 
which we propose to make of the results of this paper to Parseval’s 
Theorem. | 

We may say that f(z) belongs to Lip(k, p) if it belongs to L” and 
its boundary function f(e®) belongs to Lip(k, p); or, what is the same 
thing, if 


ἐς [ f(r εὐθεῖ). γ(ν εἶθ--})}}}4θ « OP H?*, 


where C is independent of ἢ and r. 


Theorem 48. A necessary and sufficient condition that f(z) should 
belong to Lip(k, p) ts that 


- 11 κ--1 
TAD Μ,([γ-- Ο(α -- ἡ" ἢ. 

This is Theorem ὃ. of 8 1°). 

1) There is one point in the proof of this theorem where we were perhaps not 
sufficiently explicit. We took for granted on p. 626 the existence of the limit 


function (610) of an f(z) satisfying (7.11). If (7.11) is satisfied we have (using 
Minkowski’s inequality as in § 6.3, and assuming as we may that f(0)=0), 


M,(f) SK (| 20 ( { ΓῺ ε196)} 40} 
0 


γ 1 


= K de " Γ΄ (ὁ 416}}» 40} 5 κ[μ,() ἀρ 
0 


Ἐ|- 


so that f has a limit function of L?, 
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7.2. Theorem 49. If f(z) belongs to Lip(k, p), and 
—-1t+k<f<k, 
then f°(z) belongs to Lip(k — β, p). 

This theorem, which is substantially equivalent to Theorems 25 
and 26 of 7, follows at once from Theorems 46 and 48. We have in 
this way an alternative proof of the theorems referred to. 

We conclude by stating without proof the theorem for the class 
Lip (kK, p) which corresponds to Theorem 41. 

Theorem 50. Jf f(z) belongs to Lip(k, p), then f(re*®), regarded 
as a function of r on the radius 0<r<1, belongs to Lip(k, p), and 
uniformly in 0; that is to say 

; | 
fier ete) — f(r — bet?) "dr -- O(n), 
h 
uniformly in θ. 

The converse inference, which would correspond to Theorem 50 as 

Theorem 42 corresponds to Theorem 41, is false. The function 


f(z) = d/27*P ὦ (O<k<k+ «1 


belongs to Lip (e+ a p) on a radius, but on the circle only to Lip(k, p). 
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Addendum. | 
We take this opportunity of correcting a mistake in 7 pointed out 
to us by Miss M.L. Cartwright. The proof of Theorem 24 in the case 
p=1 (p.604—605) is incomplete until the restriction on the set e is 
removed. . 
The set EH in which , does not tend to f is of measure zero. We 
define f* as follows: in the complementary set CH, f*=f; in E 


f*(x) = lim f(z) 
when za through points of CE. Then f* is equivalent to f, and 


therefore belongs to Lip(1,1). The argument of the text, applied to f*, 
shows that 


Pale ee a -" 


for any set e whose extremities lie in CH. But if x lies in BE, f*(x) is 
a limit of f"(z) for values of z lying in CE and tending to x, so that 
a continuity argument is sufficient to remove the restriction on e. 
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CORRECTIONS 


. 409, footnote 10). For p. 56 read p. 156. 

. 411, line 5. For Theorem 4 read Theorem 5. 
. 414, line 19. For Whe read We. 

. 416, line 2. For Theorem 4 read Theorem 5. 

. 419, line 16. The last fraction should be q/(q—p). 
spq spq 
sp—sqtq 9 sp—sqtq 
p. 425, Theorem 39. The argument of part (11) of the proof should be applied to 
f(z)—¢y—...—¢,2”, where ν is the integral part of 8. For a general f the integral on 

p. 426, line 2, may diverge at 0 when β is fractional and greater than 1. 


pp. 429-30, Theorem 45. The inequality for |f*(z)| holds only for 0 <8 <r < 1. 
A similar remark applies also to (6.22) in Theorem 46 and to (6.64) in Theorem 47. 


pp. 430-1, Theorem 46. The proof of (6.25) requires a slight modification when 
a+1/p = 1. 

p. 438, reference 3. For xxxii read xxxvii. 

p. 438, reference 15. For 1920 read 1916. 


SB SBS ss 


. 419, line 21. For > max{1, sp}. 


COMMENTS 
p. 409. The formal law (f,)g = (fe). = Sarg 15 satisfied when a > —1, 8B > —1, 
a+B > —1, but there are difficulties of interpretation in other cases, e.g. when « 
is a negative integer and —1 < B < 0. These difficulties concern the fractional 
derivative only, and can be avoided by a slight alteration of Hadamard’s definition 
of fractional derivative (see T. M. Flett, Pac. J. Math. 25 (19638), 463-94). 


p. 411. Alternative proofs of Theorem 31 independent of Theorem 30 have been 
given by Hardy and Littlewood in 1941, 1, and by T. M. Flett, loc. cit. 

p. 415. The case g > 1 of Theorem 33 has been generalized by Hardy and Littlewood 
in 1937, 3 and 1941, 1. Alternative proofs of Theorem 33 have been given by A. Zyg- 
mund (Z II, pp. 140-2), and T. M. Flett, loc. cit. 

p. 430. Alternative proofs of the case B > 0 of Theorem 46 have been given by 
Hardy and Littlewood in 1941, 1, and by T. M. Flett, loc. cit. Flett (loc. cit.) has 
also given a simpler proof of the case B < 0, p < 1. 

p. 437. The result of Theorem 48 has been extended to the case 0 < p < 1 by 
A. E. Gwilliam, Proc. London Math. Soc. (2), 40 (1936), 353-64. | 


ὅ16 α. H. Harpy and J. E. LitTLEwoop [June 19, 


THEOREMS CONCERNING CESARO MEANS OF POWER SERIES 


By G. H. Harpy and J. EK. LirrLewoop. 


‘Received 18 June, 1932.---Read 19 June, 1932.1 


(Extracted from the Proceedings of the London Mathematical Society, Ser.2, Vol.36, Part 1. 


1. Introduction. 
1.1. We suppose throughout this paper that 2 -- re”, where 7 <1], 
that | 


L 
fle) = Ze, 2" = Le, 2" 


is a power series convergent for r «1, that A> 0, and that 


1 (7. ; 1|λ 
My = Myr) =U f)= Mr f)= (S| iste”) pao) 


TT 


If J1,(r) is bounded, we say that f(z) belongs to the (complex) class L’. 
It is well known that f(z) then possesses a ‘‘ boundary function”’ f(e’%), 
of the (ordinary) Lebesgue class L*, with which it has certain standard 
relations. ‘These are (i) that 


f(z) = flre*) > fe"), 


when 7-Ὁ 1, for almost all 8; (ii) that 


\ 


LO” Gp pi0y β(ρῖθν Ἰλ 
on | lde )—f(e'*) ἀθ-- 0, 


1.6. that f(re') ‘converges strongly” to f(e%); and (111) that 


M,(r) > M, (1) = (-: 3 | (ei) a8) ua 


When A > 1, all this is true also (with the appropriate changes of notation) 
for harmonic functions u(r, @). 


1.2. We denote by s,,*(f, z) the Cesaro sum, of order k > —1, formed 
from the series Lc, 2", and by a,*(f, 2) the corresponding mean. The 


1934, 1 (with J. E. Littlewood) Proceedings of the London Mathe- 
matical Society (2), 36, 516-31. 
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formulae defining s,* and o,,* are 


ha {7 3), Ὑ κι θυ ee 
otf, 2) = "87GB Ab ens 
ge (MTR) _ Pn tk+)) 
where A, =( es )= imi) Pee) 
k 
(s0 that A, Tee) 


when n> co} . We may also define s,,*(f, 2) by 
_f (2) 


(L—w)Ft}? 


ei. 2) 


where p=|u|<1. We may omit either or both of the arguments of s,,* 
or σφ" when no ambiguity results. 

The properties of the means co," are very well known when A > 1 and 
5» 0. In particular it is known (i) that 


(1.2.1) o,* (el) > f(e’), 
when n->0o, for almost all 6; (ii) that. 


1 


Qn 


(1.2.2) ᾿ Jo, (el) hdd «ς AMM), 


where A depends only on A and £; (iii) that o,,*(e) converges strongly to 
fe’), ὁ.6. that 


2 “ eo Ϊ kf pi?\ ___ 10\ |r i ᾿ 
(1.3.8) 5 | _louk(e”)—flet) dd->0; 
and (iv) that 
(1.2.4) x | \o,,* (22) dO > M,>(1). 


No one seems to have attacked the corresponding problems for A <1], 
and we propose to consider them here. 

The problems raised by (1.2.2), (1.2.3), and (1.2.4) we solve 
completely ; we show that these results are true when | 


(1.2.5) | k> 1, 


δ18 G. H. Harpy and J. E. χΤΤΙ ΕΤΟΟΡ [June 19, 


but false (for appropriate f ) when 


(1.2.6) ες -οι, 


We cannot give so definite a solution of the remaining problem. We 
show that (1.2.1) is true when © 


1 
but it is obviously unlikely that this is the best possible result‘. 


1.3. We may clear the ground by three preliminary remarks : 


(i) Whatever A may be, (1.2.4) is an elementary corollary of (1.2.3). 
In fact, (1.2.4) follows from (1.2.3) by Minkowski’s inequality 


( lg+hPdz) ς (|lgiax) "+ (| | )paer a 


when A > 1, and by the associated inequality 


Jlgt+h da </|gPda+||h Pde 
when A < l. 


(ii) We may prove all our theorems on the assumption that f(z) is 
wurzelfrer, 1.6. has no zeros inside the unit circle. Any f of DL is the 
sum of two wurzelfrei functions f, and f,, for whicht 


Mfs) < 2M (f) (8 =1, 2), 


and (i), (ii), and (iii), for f, follow by combination of the corresponding 
results for f, and fy. 


(111) When A > 1 there are corresponding results for harmonic functions 
u(r, 6), f(e) being replaced by u(1, 6) and M,>(1) by 


1 [τ ᾿ 
x | [mt 6) a8. 
All this breaks down when 0<A<1. A harmonic function of L (i.e. a 
function for which 


1. τ ᾿ 
(1.3.1) ἐς [ 1χ0,9}} de 


¢ The difference between the two bounds for k is sometimes small and at other times 


nearly 1. 
t See Hardy and Littlewood (2), 207. 
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is bounded | has generally no “boundary function”; the integral 


(1.3.1) does not usually tend to a limit; and it is improbable that 


1 


Oar 


! [σι (., 8) dd, 


the integral corresponding to (1.2.2), is boundedf. 


2. The boundedness of | lo, | dé. 


2.1. THzorEM 1. Suppose that 0<A<11, that f(z) is Πλ, and that 


(2.1.1) k>>-1. 

Then 

5.19. ~L( Io e*)pae<AMaay=2 |" | fe%)pae 
(2.1.2) Ὁ; 19m (6)}} 40 << AMI) = ς- [6] ᾿ 


where A = Α(λ, k) depends only on A and k. 


We may suppose (as we explained in §1.3) that f is wurzelfrer. 
We take : 


r=1, zc=e, w=pe* p<l. 


We define an integer / by 


(2.1.3) Δ ολς,3ν, 

τὸ ἐπα -ἰ[χ|11}2, 
and a by 

(2.1.4) k =I—1-+la, pee, 


It is plain thata > —1. Alsoa<0Oif 


l 
k<l-1=|+|, 


+ In view of the breakdown, for A<1, of the orthodox relations between pairs of con- 
jugate harmonic functions. See our paper 5. 
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which is always true if k is near enough to the lower bound assigned by 


(2.1.1). Hence 
—l<a<90 


in the cases with which we are primarilv concerned. 
We write Tae ; 


since fis wurzelfrei, gis regular. Then gis L?, where 


f(zu) st g{zu) _! 
From (uF (aj) 
we deduce 
(2.1.6) 8, ([)-Ξ Σ κ58:,(9)5:,(9) ... 8.9), 


μι Ἔν ιν Ἐνιξῆ 


and it is on this identity that all our work depends. 


2.2. We write 


(2.2.1) S, 


8. (σ) ie 
It follows from (2.1.6) and Holder’s inequality that 
Sn (f)| SUS, 


where the summation is (J/—1)-fold, v having one of the values 1, v 
and the summation being then over v,+v,+...=nt. When we allow for 


this, we obtain 


(2.2.2) is, *(f)| <Ani? Σ Si= An P, 
r=() 


say, where A (as always in the sequel) is a number of the type prescribed 


by the theorem. 
It follows from (2.1.3) and (2.1.5) that 


(2.2.3) l<pxltaA<2 
and that 
A op 


{ Thus, for example, 21 is asymptotic to a multiple of n’~!, and not to a multiple of n. 


[June 19, 


A A He . 
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Hence, by Hélder’s inequality, 
n ’ WAL Δ Ep’ 
(2.2.5) Σ 51 << nevi (3 5) - 
0 0 
Also S,, is the modulus of the coefficient of wv” in 


g (zu) σίρε,» 18) 


----- 


(i—uyt = (pep 


52] 


and (since p <2) we may apply Hausdorfi’s theorem to this function. 


We thus obtain 
ὌΠ ᾿ 1 [ςτ σί eb +19) 
(2.2.6) (SSP prey se [ Os ἀφ = I 
say. 
9 ἱ = ]— — 
2.3. Taking p=1 τ 
n (2.2.6), we obtain 
n pip’ 
ὃ sz)" ” <AJ(6). 


Combining this with (2.2.5), and observing that p = ἰλ and that 


jeri ΓΞ τὴ -- --ὰ ὙΠ 
γ᾽ -- Ῥ ἜΛΈ, 
we obtain 
7 LA 
P= (= 8,1) < An +41 J (8). 
0 
Hence 
(2.3.1) [ PAd0 < 4π,λέλει " 
a 7 g (pel#+i9) ἰλ 
< 4 ἸΔΈΧΕΙ ᾿ς dé ἐν ΠῚ — pel [era d 
= Anite} " [ΠΞ 3 aa [ lg (pet?) Δ de 
d 
<= An t+>t+1 Η, (1) 3 eso 


Since (£-+1)A > 1, in virtue of (2.1.1), the integral here is less than 


A nketyD A—1 | 
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It follows that 
(2.3.2) \ PrdO < An 1 Mf A(1) nD AnD (I), 
Finally, combining this with . .2. 2), we obtain 

Τρ δα < An MA), 


which is equivalent to (2.1.2) 


3. Strong convergence. 


3.1. THrorEM 2. If the conditions of Theorem 1 are satisfied, then 


(3.1.1) = ἃ | o,,# (2) —f(e) | 4θ-»0. 


THEOREM 3. Under the same conditions, 
1 π ; ] w : 
(83.1.32). el” Ισρβ(θγάθ-» MEAL) = τι | Fle) a. 


The second of these theorems is, as we remarked in §1.3(i), an 
᾿ς elementary corollary of the first, and we need not refer to it further. 

We have two proofs of Theorem 2, the first of which is direct and 
proceeds on the same lines as those of Theorem 1. The second is shorter 
(when Theorem 1 has been proved), but its basis lies rather deeper, and we 
postpone it to ὃ 4. 

We begin by observing that 


8, (f, z)—-A,* f(z) 


is the coefficient of εὖ in 


g(zu)—g(z) τ (g(2u)—ag (2)) 


(1—w)Ftl Tt (.--)ὁὍ ι αὶ 4? 
where w runs through 
w@,=1, ὡς -ἰ errll, 
the /-th roots of unity. Hence 


8. Ὁ, z)—A,* f(z) Pe Σ (8, (g)—w, AY, g} vee {s?,(g)—w, AY, g}, 


ΜΙ Ἔν. pin 
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and so 


iSn*(f)—An*fl < (Zl 8,°(9)—A,g Ὁ 1 (21 8,2(9)—wA,*g Me 
oF] 


In each of these sums the range of summation is multiple, as in 82. 2. 
When we allow for this, as there, we obtain 


(3.1.3) [5,..(5)-- 4. (7}} < An? Pi! Pl, PH, 
where | 
(3.1.4) P= Σ 18"(9)—4,°9/ 


and each of P,, Ps, ..., P,_,is majorized by 


(3.1.5) Q= Σ {2,9} -Ἐ{4.}|σἱϑν. 
We shall prove that 
(3.1.6) Qdd << An®-- M,>(1), 
_and that 
(3.1.7) \ P,dd0 = 0(n#-2) 


when n->oo. These results correspond to (2.3.2); and it is plain after 
§2.3 that, when they are proved, we can deduce 


. 1s,"(f)—An*f |\d0 = o(n*), 
which is (3.1.1). 


3.2. Now 


᾿ φλάθ-- |" ΙΣ(5, ἜΑ ΚΠ ΣΙΝ} αθ 


“Ἐπ 


π in A 

«Α΄ ΣΡ ΑΗ σ᾽ do 
ge AD 

<4" (Ὁ 5,) a+a (2/41) |" Ισ[λαθ 
-“πλο 0. --π 


n λ 
< Ane. M1) ΑΜΔΟ)(ΣΙ A," ') : 
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by (2.3.1). Also A,* = O(v’) 
and la=k—I41>5-—1> -  , 


by (2.1.3). Hence 
n ΝᾺ 
(= | Ae ἢ ΞΞΞ O (n+) a Οὐ 53) : 
0 


and this completes the proof of (3.1.5). 
It remains only to prove (3.1.4). For this, we observe that, since 
8,°(g)—A,*g is the coefficient of τ" in 


g(zu)—g(z) 
(1 --- ὦ). 11 ’ 


the same argument which led to (2.3.1) in 82. 8 will lead here to 


π ‘ - τ Cr ( ebhtid) _ (e'*) IX 
(3.2.1) " P,.d0 << An-™1 | 40 Πρ ἀν ἀφ 


= ἢ 


The integral here is | 


ἀφ ᾿ 5) 9 
3.2.2 —— oa rer) —g (el) db | 
( ) | a parr ἘΠ )—g(e") db +- -- 


= I,+_1,, 


say. It is plain that J, is bounded, for any fixed δ, when n-—>oo and 
ρ-Σ 1; and a fortiors 


(3.2.3) I, = 0(n#+D-1), 


The inner integral in ἦς does not exceed 
A | |g (pet #9) —g(pe*) {Ὁ d0-+A ! [σ(ρεἶδ) --- σ(εἾ9) Δ dé. 
(6 «ὃ --π 


The second term tends to zero when ρ-Ὁ}], and the first tends to zero, 
uniformly in p, when ὃ-» ΟἿ. It follows that 


(3.2.4) I, < en(et)-1 
if ὃ is sufficiently small and sufficiently large. Hence 


(3.2.5) I, +1, = 0(n®+Dr-1) ; 


+ See F. Riesz (7), 95. 
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and (3.1.4) follows from (3.2.1), (3.2.2), and (3.2.5). This completes 
the proof of Theorem 2. 


4. An alternative proof of Theorem 2. 


4.1. Our second proof of Theorem 2 is formally simpler, but depends 
on theorems one of which lies rather deeper while others are presumably 
not the best of their kind. 


THEOREM 4. If 


(4.1.1) k>[]=I-1, 
then 
(4.1.2) σι" (f, e%) [(εἷ) 


for almost all θ. 


If fis wurzelfret, we have, by (2.1.6), 
(4.1.3) σ (ἢ πα Σ᾽ 585,9)... 8.,.|9). 


Now k >l—landsoa>0O. Hence 


o,°(g) > gle), 


a 


or 8,"(9)~ Tern g(e"), 
for almost all 6. It follows from well known elementary theorems} that 
οὶ 


δ δὲ. (G) 0 8. (σ) σας gy ΣΡ 


{{(α-Ε1}} 
ηἰα τί ; mk 


“Τα -ἡ" ~ Pe f, 
and o,*(f)—f, for the same θ. 
The extension to general f follows in the usual manner. 
THEOREM 5.. Jf ἢ satisfies (4.1.1), and 
(4.1.4) o* = o *(f, 6) = Max|o,*(f, 65)}, 


A ὗὔὝὍ5ΣὕἼὝὄ.ς-ς---.-.-.. ..........-.-:.ς..᾽--...ς-.-ς-ς.-. ...---.. .......... Ne A HN 


1 See Knopp (6). 
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then 
(4.1.5) ΔΓ σας AMI) == |" | se) Pa0 
od. Oa -_ = τὸ Dap Ne ᾿ 


It follows from (2.1.6), when we allow again for the multiple 
summation, that 


lonF(f)|< An-®* ni . Max 
vin 


8,°(g) |? 
< An-#+-144 Max |o,7(g) [τ A Max |o,"(g) |. 
vgn van 


Since the right-hand side increases with n, this involves 


o,* = Max| oF(f)| <A slo |o,°(9) I; 


1 " 2X A J a aN 
and so on ᾿ odd < a \ se Ισ (9) Δ dé 
<AM,*(1), 


by Theorem 21 of our paper 3. Since o,* increases with n, this in its turn 
involves (4.1.5). 

The proofs of Theorems 4 and 5 demand that a shall be positive, and so 
that k shall satisfy (4.1.1). We can none the less deduce Theorem 2 
(with the better bound for k) by combining them with Theorem 1. 

Suppose first that ὦ satisfies (4.1.1). Then 


lon*(f)—f |" 
is majorized by (o*¥+| f |), 


an integrable function independent of n; and o,*(f)—f—0 for almost 
all @. It follows by Lebesgue’s criterion that 


l π 
a). |o,*(f)—f |\dé—> 0 
for some k (in fact, for k>1—1). Hence there is a polynomial P(e’*) 
satisfying 
1 


(4.1.6) is | ΠΡ ας ε; 


for o,,*(f) is such a polynomial when is sufficiently large. 
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We now suppose ὦ subject only to (1.2.5). Applying Theorem 1 


_to f—P, we obtain 


1 
2a 


(4.1.7) |" Jont(f)—o,8(P)) dd < Ae 


for alln. From (4.1.6) and (4.1.7) we deduce 
1 τ 


Since o,,*(P)— P uniformly, this proves Theorem 2. 


5. Negative results. 


ὅς | leat )- λα <Aetg, | JoytP)—P pal. 


5.1. We have to show finally that our bound (2.1.1) for & cannot be 


improved. 


THEOREM 6. If 


(6.1.1) k<+-1, 


then the result of Theorem 1 18 sometimes false. 


The proof is easy when 


(5.1.2) "------ 
The function f(z) = (1—z)- it 


is Lif 8 > 0, and c, is (exactly) of order 


} 
χ 1-- ὃ: 


We shall prove that, if (2.1.2) is true, then 


(5.1.3) C, = O(n*). 


This will give a contradiction if k satisfies (6.1.2) and ὃ is sufficiently 


small. 
Suppose, first, that 


kA > -- 
for any integral p. Since 


gktt = 9k +3) προ, ΕΝ, 
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the truth of (2.1.2) for ἢ =1 involves its truth fork=1+1. It is, there- 
fore, true for a k for which 


(5.1.4) 4 -2<k<>-}, 


and we may suppose that k satisfies this condition. 
Taking 2 = οἷθ, as in §2.1, we have 


and so 
Cn Pe Σ (— 1) ee ‘) Sr (2). 
0 ν 

n . AN 
Hence {en 2” d0 <d “ | {|s_.@) 49. 

0 Vv 
But " ᾿ ᾿ = O(v-*-?), 
and so 


n 
[Cry , << x | [Cn 2” " 4θ-- O mis Dyer "ἘΞ O(n"), 
0 | 
which is (5.1.3). 
A slight change is required when & differs from 1/A by an integer. We 
may then suppose that 
1 


τ ΣΕ ΩΣ 
We start from ~ 8, (2) = &(—1)' ἢ ) sky) 
0 CY 


and show, as above, that 
[15,.{2}}} 9 = O(n"). 
From this and C, 2" = 8,,(2)—Sy_1(2) 


we deduce (5.1.3). 


5.2. The case of equality in (5.1.1) is rather more delicate. We use 
an example suggested by one which we have used for a somewhat similar 
purpose elsewhere}. We shall pass rather lightly over some details of 


i ee ee ee a LL  ------ὔ᾽Ὁτ-- - 


t Hardy and Littlewood (4). 
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the argument which are a little tedious but do not involve any point of 
principle. 


We take 
—__ ao N+1 —_-yN+1 
fle) = Wrenn (2 γῆς χα ΞΞ γ᾽, 


where pA > 1, p> 2, and N is large. Then 


sin} 
sin $6 


pr 
dé 


! | f |*de = (N--1)-Pat1 ᾿ 
1.Ν π 
< ΑΝ Ὅλη | NP d+ AN-?1 { 6-P\ do < A, 
0 1/N 
where the A are independent of Ν. 


The Cesiro sum formed from f(z), with z = e’®, of order 


I 


ioe ἘΞ} 


and rank N, is 


Sy* = = A(W1yrd (—y (Vy meh) (— ᾿ PY enie 


nN 


We shall replace the second binomial coefficient by its asymptotic value 
(—1)”" An?-1, and the first by 


A(N—n)*; 
the second substitution amounts to passing from a Cesaro sum to the 
corresponding Rieszian sum. The substitutions may be justified by 
arguments similar to those which we use below to justify replacing a sum 
by the corresponding integral. Thus sy" is replaced by 
N 
= 4 (Ν- 1}. ΒΣ (N—n)* nP-1 eni®, 
0 
We shall show that, if ὃ > 0 is chosen appropriately, 
N-1+6 
(5.2.1) | ltyé|\d0 > ASN® log N = ASN? log N. 
N-!| 


We replace ἐνῇ by the corresponding integral 


= A(N+1)- Ν (Ν--“)εαῦ- ori dey, 
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To justify this we observe that, when n <x< n+], 
(WN —x)* eP-1 exi6___ (N —n)* nP-) ent? 
is the sum of two terms of orders 
ol N#+P-19), O(N#+P-2) 
respectively. The contributions of these are of orders 
O(N’), O(N’), 
where o = 1—2A+48(1-+4+A), 
T= 1—2A+46. 


Each of these is less than 1—A if 6 is small enough, and the error involved 
in replacing series by integral is then negligible. 
Now 


1 
uy* = 4(Ν-Έ 17. 8 N¥tP οδίθ { y*(1—y)?-1 ev dy, 
0 


The asymptotic behaviour of the last integral, for large positive ΝΘ, is 
known; the integral behaves like 


Aw(N6@)--1, 
where |w|=17. Hence, finally, we obtain 


N~\+6 N—-1+6 dé 
| Juytp d8> AN* | Ὁ = ASN log N, 
N~1 N-1 
where 


a= A(—B+k+p—k—1)=aA(—B+p—1) = 1-2. 
Replacing w,, first by ¢,, and then by s,,, we conclude that 


5 i 13,0 > ASN? log N = ASN® log N; 


and this completes the proof. 


{ See, for example, Hardy and Littlewood (1), 216-217. There is a second asymptotic 


term of order 
(Ν9)-», 


here negligible because »Ὀ»197}Ὰλ-:ΚἘ1. 
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CORRECTIONS 
p. 524, line 5. For (3.1.5) read (3.1.6). 
p. 524, line 6 and p. 525, line 1. For (3.1.4) read (3.1.7). 


COMMENTS 


The results of this paper have been extended by a number of authors, and the following 
results are now known. The ‘complex class L”” is, of course, the Hardy class H?. 


(a) Let f € HA, where X > 0, and let ok(z) be defined as above. 
(i) If 0 <A < landk > 1A—1, then ok(e) > f(e) as n > οο, for almost all 0. 
(ii) Jf0 <A < landk > 1/A-1, then 


| ”  suplok(e!®)) dd < A(k,A)MX(1). (1) 
Gii) If 0 <A < land nay, ee 
| ΜῈ sup( emer} dO < A(A)MX(1). 
(iv) If0<A<1,0<p < 1, andk = I/A-1, then 
[7 _ sup|ok(e!)[ d0 < AQ, 4) MM(1). 
(B) If f ¢ HlogtH, where 0 2 A < 1, and k = 1/A—1, then 
| "_ suplok(e!)/* 4θ < AA) i *_ [f(e)Mlog*|f(e%)| dd +A). 
(c) If u is the real part of f, and 0 <A < 1,k > 1/A—1, then 
J”, eok(etP 49 < Α(Δ,}) sup {{{ [μ(ρ,9}}} dB} 


whenever the supremum on the right 18 finite. 


Here A (i) completes Theorem 4, and A (ii) completes Theorem 5 and contains 
Theorem 1. Theorem 6 shows that (1) is false when k = 1/A—1, and a (iii), (iv) and 
B are substitutes for this case. 

The result of A (i) is due to A. Zygmund, Proc. London Math. Soc. (2), 47 (1942), 
326-50. Previously, A. E. Gwilliam, J. London Math. Soc. 10 (1935), 248-53, had 
proved the case k > 1/A—1. 

The result of A (ii) is due to G. I. Sunouchi, Téhoku Math. J. (2), 2 (1950-1), 71-88 
(for A = 1) and ibid. 7 (1955), 96-109 (for 0 < A < 1). Alternative proofs have been 
given by T. M. Flett, Proc. London Math. Soc. (3), 7 (1957), 113-41 and 211-18, 
and T'éhoku Math. J. (2), 12 (1960), 34-46, and by E. M. Stein, Ann. of Math. 68 
(1958), 584-603. 

The case A = 1 of a (iii) is due to A. Zygmund, Fund. Math. 30 (1938), 170-96, 
and the case 0 < A < 1 to G. I. Sunouchi, Téhoku Math. J. (2), 7 (1955), 96-109 
and 8 (1956), 125-46. Alternative proofs have been given by Εἰ. M. Stein and G. Weiss, 
Téhoku Math. J. (2), 9 (1957), 318-39 and by T. M. Flett, Quart. J. of Math. (2), 
10 (1959), 179-201. 

The cases 0 < A « $ of A (iv) and B are due to G. I. Sunouchi, Téhoku Math. J. 
(2), 7 (1955), 96-109, and A. Zygmund, Proc. Nat. Acad. Sci. 42 (1956), 208-12, and 
the cases $ < A < 1 to E. M. Stein, loc. cit. Alternative proofs have been given 
by T. M. Flett, Tohoku Math. J. (2), 12 (1960), 34-46. 

The result c is due to A. ἘΣ. Gwilliam, Proc. London Math. Soc. (2), 40 (1936), 
345-52. It is not quite the ‘improbable’ result mentioned at the end of ὃ 1.3, but 
is nevertheless surprising. 
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NOTES ON THE THEORY OF SERIES (XX): 
GENERALIZATIONS OF A THEOREM OF PALEY 


G. H. HARDY (Cambridge) and J. E. LITTLEWOOD (Cambridge) 
[Received 11 May 1937] 


1. In this note we are concerned primarily with power series, 
such as . 00 
fe) = fre) = Σ᾿ α, τ", 
0 


convergent ἴο 7 <1. We write 
Lf sans " 
M,(f) = U,(f.7) = Ε | vee a) , 


Then M,(f,7) increases, as r—> 1, toa limit 
M,(f, 1) = lim M,(f,1), 

which may be + co. ᾿ 

If M,(f,7) is bounded or, what is the same thing, if M,(f,1) < ©, 
we say that f(z) belongs to the (complex) class L?. In this case 
there is a ‘boundary function’ F(6) = f(e), which is both a radial 
limit of f(re®) for almost all 6, and a ‘strong limit’ with index p, 
and 


] sg 1» 
0, ) = MA) = (x | Hor as) , 


If g(z) = > b, 2” 

is also regular for r < 1, then so is 
| h(z) = > a,b, 2”. 
We shall say that ‘the sequence (b,,) transforms f into h’. 

A sequence (b,) may have the property of transforming every 
function f of some given class into a function ἢ of some other class. 
In particular it may transform every f of L” into an h of 1.4, where 
q > p. In this case we shall call (b,) a “(p > q)-sequence’. We have 
proved elsewhere* that if q > p and 

1 1 
ate ee 
Pp q 
then (n-“) is a (p->q)-sequence. In particular, the sequence (n-4) 
is a (1 -> 2)-sequence. 
* Hardy and Littlewood (3, II), 415, Theorem 33. 


1937, 3 (with J. E. Littlewood) Quarterly J ournal of Mathematics, 8, 
161-71. 
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2. There are (1 -> 2)-sequences of less regular types, one of which 
was found by Paley in the paper to which our title refers.* Paley 
proved that if fis Z (1.6. Z*), A,, is integral, and 


Amt > ¢ > 1, (2.1) 
Xn 
then ) > |aa,,|2 < οὐ, (2.2) 
so that h(z) = > ay, 24m 
is 1,3. In particular h(z) = > α," 25 


is L?. In other words, the sequence b,, = 1 (n = 2”), b, =0(n 4 2") is 


a (1—> 2)-sequence. The theorem is essentially one on power-series, 
the analogue for general Fourier series being [4156 7; and this adds 
to its interest. 

3. Our first object here is to prove a theorem which shall contain 
both Paley’s theorem and the special theorem of our own referred to 
at the end of §1. We shall, however, go further than is necessary for 
this particular purpose. 

Our main result is 


THEOREM 1. Suppose that 


Pot. ἐξ αἰ εἰ (8.1) 
Pp Ss 

Pies ΤΊ a (3.2) 

A  p 
and pe2rz<rA<o. (3.3) 
Suppose further that a, = 0, (3.4) 
M,(f) < B, (3.5) 
and Mg’) <<. (3.6) 


Then My(h) < A(p,s)BC; (3.7) 
so that (3.6) is a sufficient condition that (b,) should be a (p—A)- 
sequence. 


* Paley (6). 
oO 
t+ The series > a, cosn§ = > 
| 2 

is a Fourier series for every positive c (by a well-known theorem of 
W. H. Young), but > |a,»|? diverges if ὁ < }. 

+ This assumption avoids a number of trivial complications. It is natural 
because a, affects only the constant term a, b, of h and (3.6) does not involve by. 


cos nO 
(log n)° 
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Here A(p,s) denotes some positive number depending on p and s 
alone. Generally A(«, 8,...) is a positive number depending on «, f,... 
alone; so that A, without argument, is a positive absolute constant. 

We may observe that (3.1) and (3.2) imply that p < A < οὐ, which 
is part of (3.3). The condition A > 2 is equivalent to 


28 


See 
Pr 3.9 


If s = 1, this is p > 2; and 2 is then the only admissible value of p. 
If s = 2, itis p > 1, and ifs > 2 it is weaker, so that in these cases 
it is a consequence of (3.1) and may be dropped. 

Suppose in particular that s = 2. The condition (3.6) is then 
equivalent to 


¥ v21b,|2 = O(n2). 


This is plainly true when b, = τὸ. If b, = 1 whenn = 4,, b, = 0 
otherwise, A,, satisfies (2.1), and Aj, is the largest 4,, not exceeding n, 


then > M 
Σ 2/0)? = Σ δὲ, = 003,) = O(n), 
i 0 


Hence Theorem 1 includes the two special theorems to which we have 
referred. 


Lemmas 
4. Lemma 1.* Suppose that p > 1, q > 2; that a, = 0; that ϑ is the 
operator — d 
o= 2-3 
dz 


and that | 1 τ 
I= | | ples, Meof7) ir) 
0 


1 


1 
5 ΞΞ (| “(log 7) (of, 1) ir). 
0 
Then M?(f,1) < Α(φ) τ < A(q)J3. (4.1) 
We may suppose f regular for r < 1. If the inequalities have been 


* Lemmas I and 2 can both be deduced from theorems of Littlewood 
and Paley (5); but the direct proofs of the lemmas given here are much 
simpler. 
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proved for such f, they may be extended to general f by standard 
processes of approximation.* 
It is knownf that 


radr\ dr “ 


ld απο.) ΞξΞ £ | I f(re®®) 2-2 | f’(re®®) |? dd. 


Hence, if we write for the moment 


wT 


xe) = σις | lee) #-*1F (pe) 1? ἀρ, 
we have r= Mitr) = αὶ  ρχ(ρ) dp 
0 


M4 f,1) = ¢ [7 | ext) dp 
0 0 


r 
p 


But x(p) < ME-*(f, p) Mah’; p): 


1 1 1 
dr 1 
= ¢ | Pee re alee | plog x(e) dp. 
0 0 


* Suppose, for example, that the first inequality (4.1) has been proved 
when f is regular for r < 1, and apply it to 


Sr(2) =< f(z), 
where 0 < R < 1. Then 


1 
1 1 
Mif,R) = MiFw1) < A) | low; Myon”) ἀν 
0 


1 
1 1 
- Aq) | —log— M40f,rR) dr 


0 
61 
< A(q) | log - Mx(8f,7) dr, 
0 


for 0 < R < 1 and therefore for Rk = 1. 


+ This identity was found by Hardy (1) and rediscovered by Stein, who 
used it in his proof of M. Riesz’s theorem about conjugate functions. See 
Stein (7), or Zygmund (8), 149. 
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by Holder’s inequality. Hence 
1 


Mah.) «Ὁ plog” Mg-*(f, p)MEf',p) dp 


0 
1 
] : 
«Φ ΜΉ .}} plog= ΜῈ", ρ) ἀρ 
; 0 


Removing the common factor M2~*(f,1),* and observing that 
7 = τ  'ϑῇ, we obtain the first inequality (4.1), with A(q) = φῇ, The 
inequality reduces to an identity when g = 2. 
We may observe that 
1 
r log <1l—r 
ἴο 0 <r< 1. Hence 
Mi(f,1) < A@) f (l—r) Ma(f',r) dr. (4.2) 
0 . 


This inequality is formally a little simpler, but the form in (4.1) is a 
little stronger and serves our purpose better. 
We now apply what we have proved to the function 


$(z) = (8f(2))z = Ref'(Rz) (0< R <1). 


Then ϑφ(:) = 25 (ΒΕ ΒΩ) = Re 55 (Raf (Rz)) = (#f(z))p 


and  M2($,1) = M2(9f,R), Μϑ(ϑφ, 1) = M2(8?f, R). 

Hence 1 

Myf. B) <q? | Hog = ΜΈ, Rr) dr 
0 


R 
=¢ | “log ΜΈ δ, ρ) ἄρ 
0 


Finally, replacing & by r, and integrating, we obtain 
1 
p= | ~log— ΜΘ, r) ἄν 
0 
1 r 
<¢ | Zlog= dr iF = log” MEF p) dp 


0 


* Finite because f is regular for r < 1. We ignore the érivial case fs = 0. 
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1 
== ἢ" [: Mi(8*f, p) dp ᾿ Ἰορ- log” dr 
0 


1 

l 

=e | “βορ τ] Myf, p) dp, 
0 - 


and so the second inequality (4.1). 
5. Lemma 2. Jf 1 <p < 2, then 


[(1-- 2,0) dr < A(p) MRF, 1) (5.1) 


We may suppose that f has no zeros in r < 1.* We may then write 


f= ot = (Zane, 
where k = 2/p > 1; so that f? = ¢? and ¢ is L?. 


Then ΜΡ(Ρ) = A(p) [| |s**4' |? a0 


< A(p)( f jolt» a0)" (igre a0) 
= A(p) Mev f r)( {|g 40}}Π 


throughout these formulae |z| = r <1. Hence © 


ΜῈ(,Ὁ) < A(p) MEF, 1) [Ip (re) 2 a8, 


1 1 
[(1-- MBf'.7) dr < A(p)M&-P(f,1) [ (Lr) dr J ip’ (γε) 
0 0 

The repeated integral is 
2 


1 oe) 
nN 
2 = 2 2y2n—2 — lor [3 
| r) > n*\o,, 27 dr = 27 > (Qn Ian 


<AS|a|*= 4 | [oe 240 = ΑΘ) 


and (5.1) follows.+ 


* This is one more example of a general principle which we have used 
repeatedly. We may suppose M,(f,1) finite, since otherwise there is nothing 
to prove. If M,(f) < B, then f = f,+/., where ἢ, and f, are ‘wurzelfrei’, and 
M fi) < AB, M, (fz) < AB. We prove the result for f, and f,, and the general 
result follows. See Hardy and Littlewood (2), 207. 

+ This inequality is a little stronger than 


1 
[; log - Μ3(8[,7) dr < A(p)M3(f, 1). 
0 
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LEMMA 3. My(8h, 1?) < M, (Pf, 7) M,(99, 1). 


Since* 83}, (γ3ο:θὴ — π- | Of (re) Ig (re?) ἂψ, 
ΠΤ 


this is a case of a familiar theorem of W. H. Young. 


Proof of Theorem 1 
6. We may suppose, on grounds of homogeneity, that B =-C = 1. 
We have then 


1 
3 
MR, 1) < A(p,a) [ “(log 2) MA(O%, ) dp 
0 
1 
1 I ? 2/,9,2 2 
< A(p.s) | > log *) M3(9%!, 7°) dr 
0 


1 
< A(p,s) [; ἊΣ M2 (Sf, 7) M2(9g,r) dr, 


by Lemmas 1 and 8. Observing that 
M?(9g,7r) = Pr M3(9',7) < ------- 


(1—r)?’ 
that M?(of,r) < M;z\f',7) | 
3 
and that {06} < A(l—r) 


for 0 < r < 1, we obtain 
1 


Mh, 1) < A(p,s) | In) MEF 
0 
and the conclusion follows from Lemma 2. 


The case p Lex 3 

7. There is a much simpler proof when p = 1, 8 = 2 (a case which 
includes Paley’s theorem). 

We may suppose f ‘wurzelfrei’, and write 

f= φ᾽ --ἰΣ αἱ 5), 

so that Ay, == Ay Ay Oy py ess FA, Hy 
and Ὁ Ἰὰ ᾿Ξ SA = (7.1) 

* This formula is simpler than the corresponding formula for h”, and it is 


for this reason that we have worked throughout in terms of ὃ. rather than 
with ordinary derivatives. 
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We have to prove, substantially*, that (7.1) and 


B, = Σ νὴ," -- O(n) 6. (7.2) 


imply Σ Ια, [16,15 «- οὐ. (7.3) 
It is plain that, in proving this, we may suppose a, and 0, positive. 
Now 


t,= > My ty S 2 Σ αμ %n—y = 2} 
ptv=n BREN 


say; and it is enough to prove that > p? δὲ is convergent. But 


n 
Dm ΣΙΔΟΟΣ ἂν ἐς Dr: 
n 


μξὲπ φηῃξνΞ ἢ 


which is convergent if 
oO 1 n : 7 
ων , 4 
Σ Baal > of τ 


n 
is convergent and B,, > αὐ = O(n?). The second condition is satis- 
an 


fied, by (7.1) and (7.2). Also 


ALLS s\ eo (1 l ee ἡ ἢ 
ste ἢ ᾿ ca Hi Σ, alclet ote 


ἐπ : an 
where a,,, means 0 if n is odd. The second term contributes to (7.4) 
an amount O(n?) 


> τ (Ont on) <0; 


and the first contributes 


On) 2 Nall) τς : 
Dar = >> O(F) = SY go) <x, 
nN $n v v v 


8. We have expressed everything in terms of power series, and 
this is essential when p = 1. But when p > 1 we can extend the 
results to general Fourier series. Thus we have 


THEOREM 2. Suppose that p >1,8s>1; that 
F(0) ~ ¥ a, er? 
as LP; that u(r, 0) = > δ, rirlen’9 


* In order to prove that (b,) is a (1—>2)-sequence. If we assume that 
ay = 0, we can arrange the argument so as to prove the inequality (3.7). 
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satisfies M,(u’) = ο{53.} 
—r 
δι δὲ ἢ 
h ‘ --- Or —; 

where u’ is one or other of 5; OF 5g and that 

1 1 #1 

—-~=-—+-—l 1 <2< 
Then H(0) ~ > a,6,,e" 


is LA. 


This follows from Theorem 1 when we observe that (after M. Riesz’s 


theorem) 
n>0 n<0 


are power series of L?, and that (after a theorem of our ownty) the 
: n>0 ἐς n<0 ω 
satisfy (3.6). 
9. The condition p >1 in Theorem 1 is essential. If p <1, 
6 > 0, then Το δ ἃ 
f(z) => ἢ» zu" 


is L?, and g(z) = > 2" 
satisfies (3.6) for every s. But 
111-8 
h(z) = Σ πὰς ) am 
is not L’ for any A if 5-1 > 6. 


10. There is an analogue of Theorem 1 in which the condition 
(3.6) is replaced by 
M,(g') = O((1—r)F), (10.1) 
where i; is positive. We state this theorem here without proof, but 
the statement requires a few words of preliminary explanation. 
Suppose first that 0 < & <1. Then the condition (10.1) is equl- 
valent to the condition that G(6) — g(e*’), the boundary function 


* The two forms of the hypothesis are equivalent. See Hardy and Little- 
wood (4), 410, Theorem 1. It is not necessary for this that s > 1. 
+ The one referred to in the preceding footnote. 
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of g(z), belongs to the class Lip(k, s), i.e. that 


7 


ας {π|σιθ.01)-- σ(θ--1)}" 49 = O(ln).* 

Κι 

The equivalence may be stated more generally, but requires an 
extension of the definition of the class Lip (k,s). We shall say that g 


is Lip(k, 8), for any k > 0, if [k] = « and g is Lip(k—x, s), ie. if 
M,(g*») — O((1—r)k-*-4).F 


Then we have 


THEOREM 3. Ifp >0,s>1,k>0, 


l 
Sle head -a1 
oe ep 
1411 
aes eh ὡς δὲ ΟἹ 
λ ae 


(so that p <<A< ΟἹ, fis L”, and g ts Lip(k, 5), then h is 1). 


In other words, (b,,) is a (p > A)-sequence whenever g is Lip(k, 8). 

It will be observed (i) that p can now be less than 1, and (ii) that 
the number 2 no longer appears in the conditions. There are indeed 
four cases of the theorem, viz. 


(1) 0<p<l, QS p<AK<e 
(3) 1<p<2<,, (4)2<p<a; 


_ and Theorem 1 corresponds to case (3) only, the other cases falling 
out when k= 0. We proved in §9 that (5) the conclusion of 
Theorem 1 becomes false when p < 1. We may add that (6) it also — 
becomes false when 1 < p <A < 2 or when 2<p <A; but the 
proof of this depends upon the most difficult of the theorems proved 
by Littlewood and Paley in their paper quoted on p. 163. 


* Hardy and Littlewood (3, II), Theorem 48. 

ft In particular, the class Lip(0,s) is the class of g satisfying (3.6) for 
some C. 

1 Littlewood and Paley (5). We can prove cases (1) and (3) of Theorem 3 
(like Theorem 1) without using any of the Littlewood-Paley theorems; the 
proofs are indeed a good deal easier than that of Theorem 1. The other cases 
of Theorem 3 require their Theorem 5. The most difficult of their theorems, 
viz. Theorem 7, is needed only in proving (6). 
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Gob μα 


CONS 


COMMENTS | 
p. 162. An alternative proof of Theorem 1 1s given in 1941, 1. 
p. 170. A proof of the case 0 < k < 1, p > 1 of Theorem 3 is given’in 1941, 1. 


A generalization of the theorem has been given by T. M. Flett, Pac. J. Math. 
25 (1968), 463-94. 


It should be noted that parts of Theorems 1 and 3 of 1932, 5 correspond to 
the case s = οὐ of Theorem ὃ. 
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Introduction 


1. In this paper we complete (with one reservation stated at the end 
of this section) our account of a body of work which has occupied 
us at intervals since 1924.* This work has been a piecemeal growth, 
and the logical order in which it stands is in some ways odd and 
anomalous. We can now give a more unified account of the main 
results (omitting some extensions which have been rather side- 
issues). 

The critical proofs will also be much shorter. We cannot claim 
without reservation that they are sempler, because we allow ourselves 
to appeal to certain theorems of Littlewood and Paley which were 
not available until recently;+ and the proofs of these theorems (of 
one in particular) are difficult. We could avoid appealing to these 
theorems if we chose. Parts of our analysis are quite independent 
of them; in others we could substitute ad hoc arguments such as we 
used before; and in one part,{ where we thought that we should be 
compelled to use them, we now find them unnecessary. On balance 
it seems best to take advantage of them where we can. | 

The paper is not a mere revision of old work: it contains proofs of 
theorems stated before without proof, and one entirely new theorem 
(Theorem 8). In one respect, however, we do less than in our earlier 
papers, since we suppose throughout that the parameter r is greater 
than 1.8 

We begin by a statement of the chief theorems to which we shall 
appeal. 

* See in particular our papers 3, 6, 7. 

+ They were stated without proof in 1931, and the first proofs published 
in 1937: see Littlewood and Paley, 10 and 11. 

t §§ 24-7. See 7, 170, footnote Ὁ. 

§ In §§ 20-1 we suppose only that γ > 1. But a good many of the theorems 
are true for all positive r (and were proved so in our former papers). 


Thus the proof of Theorem 3 of 7 remains incomplete: the case 0 < p < 1 
is still unaccounted for. Actually, this case is comparatively easy. 


1941, 1 (with J. E. Littlewood) Quarterly Journal of Mathematics, 12, _ 
221-56. 693 
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Theorems used 


2. In what follows f(z) = Σ ὁ, 5: (2.1) 
0 


is an analytic function of z = pe’ regular for p <1. The indices 
Pp, 9; 7, 8 are finite and satisfy 


l<px2<cq, 51. 8}»} (2.2) 


(except in §§ 20-1, where we allow 7 to be 1). 
If 4(6) is any function of 0, then 


μΆ fr 
Μη, (9) = (3. | 0)" a) , (2.3) 
In particular ᾿ 
Pte a 
N(f) = Wf, ) = " | feet) a) , (2.4) 


We use A, B, C as follows. A is, at each of its occurrences, a 
positive absolute constant; B a positive number depending only 
on the indices 9, g,..., or other parameters of the argument:* both 
A and B may differ at different occurrences even in the same 
formula. C is a positive number occurring in the hypothesis of a 
theorem and preserving its identity throughout the statement and 
proof of the theorem. 


THeorEM A. 1} 
x(0) = 5 | $(0—t)b(t) αἱ, (2.5) 


the Faltung δί(φ, ψ) 
of ¢ and ψ, and 


1 1 
a >l, pB>1, —-+— >], 
a β 


then M(x) < 2}. (φ) tpl. (2.7) 
This is a familiar inequality due to W. H. Young.} The inequality 
(and all others which we quote or prove) is to be interpreted as 
* Which we shall indicate explicitly, by writing B(p,...), if there is any risk 
of confusion. 


+ See, for example, Hardy, Littlewood, and Polya (9, 198-202) or Lyg- 
round (12, 71). 
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meaning ‘if the right-hand side is finite, then the left-hand side is 
also finite, and...’. 


THEOREM B. If Mf) <C (2.8) 
for p <1, then f can be expressed in the form 
f=fithe (2.9) 
where (i) f, and f, are regular, (ii) ἢ 4 0 and f, ¢ 0, and (iii) 
M(f,)<AC, Mf.) < AC (2.10) 
forp<l. 


This theorem (which is actually true for all positive r) is proved 
in our paper 2.* It is a simple corollary of a theorem of Εἰ. Riesz. 


THEOREM C. Suppose that S(@) 18 the region bounded by the two 
tangents from the point εἴθ to the circle p = py <1, and the more distant 
arc of the circle between the points of contact, and that F(@) 18 the upper 
bound of | f(z)| in S(@). Then 


ML) « B(r, po) lim Mf: p). (2.11) 
= 


This theorem (which also is true for all positive 7) is proved in 
our paper 5.7 

The form in which we have written (2.11) requires a word of 
explanation. The inequality says nothing unless the limit on the 
right-hand side is finite, i.e. unless Mt,(f) is bounded. In this case 
f(z) has a ‘boundary function’ f(e’’) of the class 17: f(pe‘#) > f(e*), 
when p +1, for almost all 6, and | 


M,{ flpe'®) —fle!)} > 0, 
so that f(e’’) is also a ‘strong limit’ of f(pe*®). Also 
lim MCS, p) τι πὶ {{{68}} ta MCS 1), 
ρ-» 
and (2.11) may be written in the simpler form 


MCF) < B(r, po) D(F, 1). | (2.12) 
But f(z) may have a boundary function of L’, defined as a radial 
limit, even when M,(f, p) is not bounded, so that we could not state 
(2.11) unconditionally in the form (2.12). 


* Hardy and Littlewood, 2, 207. 
{ Hardy and Littlewood, 5, 114. The definition of S(@) there is slightly 
different. 
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THEOREM Ὁ. Suppose that] <p <2 < q,* and that 


Co = f(0) = 0. (2.13) 

Then lim M?2(f,p) << B Ϊ Ϊ (1—p)?-1| f’(pe®®) |? dpdd, (2.14) 
; 0 -- π 

i fi 1—p)*1f'(pei*) |" dodo < Blim M4(f,p). (2.15) 


0-7 
When the limits are finite, they are equal to M2(f, 1) and M4 f, 1). 
We suppose c, = 0 (as we shall do in a number of later theorems) 
in order to avoid trivial complications. It is obvious, for example, 
that (2.14) could not be true without some such restriction, since the 
right-hand side is independent of cp. 


THEOREM E. Jf c, = 0, r > 1, and 
7 7 
a(0) = | f (Lp) f'(pe'®)8 ἀρ ἢ, (2.16) 
0 
then M(9)< BlimM(f,p), limM(f,p) < BMG). (2.17) 
pl pol 


There is naturally the same gloss about Mt,(f, 1). Theorems D and 
E contain Theorems 5—7 of the second Littlewood-Paley paper 
(Theorems 1-3 of the first). 


THEOREM F. Jf 


u(z) = μίρ, 0) = > c, prer? (2.18) 
ws a harmonic function of z regular for p <1, and 
M(u) < C; (2.19) 


and uf we write 


u(p, 0) = Σ Ἔ Σ- > C,, prent9. > C_», pre" = uy(p.0)+us(p, 9); 
(2.20) 
then M(u,) < BC, M(t.) < BC. (2.21) 
This is equivalent to M. Riesz’s theorem concerning conjugate 
functions of the class L’.t We shall use the theorem once only (in 
§17), and then wu will be a (harmonic) polynomial. In this case 


Wt(u, p) < Wt(u, 1), 


* As in (2.2): but we repeat the inequalities for greater emphasis. 
+ See Hardy and Littlewood (1) for further explanations. 
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and we can take C = Mt,(u, 1), when 
Wt.(u,, 1) = lim M,(u,, p) < BC = BM,(u, 1). (2.22) 
pl 


It is in this form that we shall actually use the theorem. 


Some lemmas 


3. We shall also require the following lemmas. Lemma y, in par- 
ticular, enables us to avoid many trivial complications, and we shall 
use it repeatedly. | | 


LEMMA «a. If i 
f(z) = | fw) du (3.1) 
and k > 1, then Wf, p) < pM, p). (3.2) 
ρ ρ 
For |fx(pe!®)| =e | floe'®) do) < | | floe)| do, 
0 0 


° μὰ Pp ky1/k ρ ie Ik 
Mf) < E Ϊ al | Noe) do <| tol [είν 4 ! 
--π 0 0 -π 


by “Minkowski’s inequality’;* and this is 
p , 
| M,(f,0) do < pM,(f, p), 
0 


because Mt,(f, p) increases with p. 
Lemma β. If k > 0, z-*f(z) 1s regular at the origin, r > Of and 
0<A< Il, then 
M,(f,p) < pM, (f, p*). (3.3) 
For 0 < p < p\< 1 and 
p*M(f,p) = M{z-*f(z)} 
increases with p, so that 


p*M(f,p) < p-*M,(f, p’). 
LEMMA y. Suppose that a and ὃ are real and ὁ and r positive, and that 


J = | (1—p)"p MEF, p) dp (3.4) 


* See Hardy, Littlewood, and Pélya, 9, 148 (Theorem 202). 
Τ᾿ We are concerned only with the case r > I, but the proof is independent 
of this hypothesis. 
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is convergent at the origin. Then 
; . 
J < BI (1—p)*Ms(f,p) dp, (3.5) - 
0 


where B depends on a, b and c. 


If b < 0, there is nothing to prove. If b > 0, let & be the least 
integer for which ὁ < ck+1, and 0 <A<1. Then z-“f(z) is regular 
at the origin, and 

1 
ye | (1—p) pkg’ f, p) dp, 
0 


by Lemma f. If we take 


b 
Ae Pa 
ck+1 
(when 0 < A <1), and put ρὰ — g, we obtain 
1 
7 «- | (1—o Ayame f, c) do. | (3.6) 
0 
7 I—oltA 1 
} ee ἐν 9: 5. 
ἰὼ l—o λ΄ 


so that (3.6) is equivalent to (3.5). 


Lemma δ. If 0 <p <1 and nis a positive integer greater than 1, 
then 


1— 2” 
[ Zao < Atogn. 


For the integral increases with p, and therefore 


τ 7 TT 
1--- ῦ ]—en?9| isin 378; 
——-|d0< τος AO ee .7....:-:Ξ  α 
[1Ξ-- | | 1—e*? | | sin 10 
r" 4θ F dd 
Ξι 2 | ndo +2/ 2+ 27 | δ < 2+27logn 
0 ‘Ifn 


The inequality is of course familiar. 
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Preliminary theorems 
4. ΤΉΒΟΒΕΜ 1.* [fl<r<sand 


MAP) < C, (4.1) 
then | Mf) < BC(1—p) 5 -) (4.2) 
and Mf) = M.(f) < BC(l—p)-™. (4.3) 


Here Mit(f) is the maximum modulus of | f(z)| for |z| = p. 

After Theorem B, we can write ἢ = f,+/., where ἢ 4 0, ἢ € 0, 
Mf) < AC and M.(f,) < AC for p <1. If we have proved (4.2) 
and (4.3) for ἢ and f,, then 


Mf) « M(f,) + Mfr) < BO(1—p)- 


11 
and ML) < My f)+ MN fe) < BO(—p) 9) 
(the last by Minkowski’s inequalityt). It is therefore sufficient to 
prove the theorem for an f without zeros in p < 1. 
If f has no zeros, we can write f = ¢?’, where ¢ is regular in p < 1. 
Then MAS) = DUC) < σ΄, MEL) = MALES). 
If the theorem has been proved for r = 2, then (applying that case 
to φ) 
ames) = m6) < BOP F—py FEB) — Bora—pyF 
8 2s/r P) . p , 
which is (4.2); and 
MF) = WB) < ΒΟᾺ -- ρ)- Κῆρ) = ΒΟ(--ρ)τῖν, 


which is (4.3), It is therefore sufficient to prove the theorem for 
f=. 2. 
When 7 = 2, we have 


> le, ἐξ = MS) < Οἷ; 
> lenle” «(Σ Ic, 2 > p2)! < C(1—p)-!. 


so that 
Mis) 


Λ 


50 


mf) τος {|7|549 < θρ 30); fue 


2 -(2-}}" 
These are the inequalities required. 


* See Hardy and Littlewood (4, 623-5, and 6, 406-7). We repeat the 
original proof, which works for 0 < 7 - s. 


Τ In one of its more usual forms, e.g. Theorem 198 of Hardy, Littlewood, 
and Polya, 9, 146. 
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We shall sometimes require variants of Theorem 1 in which the 
C' of (4.1) is replaced by a c(p) which tends steadily to infinity when 
ρ-»1. If then we fix a o between 0 and 1, and apply Theorem 1 to 
f(oz) = f(ope*), we obtain, for example, 

M(f, op) < Β(1--ρ) "Mf, σ) < B(l—p)-"e(a), 

and so M(f,o2) << B(l—oe)-Me(c) < B(1—o?)-*e(o). 
Finally, replacing o? by p, we obtain 

THEOREM 2. If M.(f,p) < c(p), then 


1 1 1 
Mf) < Ba—p)"e(ph), 4π0} < Bp) Pel). (4.4) 
The most important cases are those in which (i) c(p) is Mi,(f, p) 
itself, and (ii) c(p) = (1—p)-*, where a > 0. In the latter case we 
can replace c(p*), in (4.4), by c(p). Thus, if Dt,(f) is of order (1 --- ρ) 4, 
M(f) is of order (l—p)-*-"" at most. 


5. THEOREM 3.* Jf M.(f) < Οἱ then 


We have f'(2) = a | 7) du, 


where D(d, p) or D(6) is a curve inside p < 1 and round u = z = pe. 
We distinguish two cases. 
(i) If p < 4, we take D(@) to be the circle |u| = 4. Then |u—z| > 2 
on D(@), and so 
If'(2)| < 16M (Ff, 3) < 16M,(f, 4) < 16C, 
and ἃ fortiori Mf", p) <160 < ᾿ς 
—p 
(ii) If p >}, we take D(@) to be the circle whose centre is 
u = 2 = pe and which passes through τ = pie’. The radius of this 
circle is pt—p, and lies between two numbers A(1—p), so that the 
circle is inside a region of the type of the (6) of Theorem C. Hence 
; AF(@ 
fa <A 


* Actually Wt,(f’) = o{(1—r)—}, but we do not need this here. 

Most of the content of Theorems 3-6 is to be found in Hardy and Little- 
wood, 6, 430 et seq. The results proved there are in some ways a little less 
precise, but are proved for all positive r. 
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and M,(f") < — (F) < τ 


ρ r 
by Theorem C. | 
THEOREM 4. If Dt(f) < c(p), then 


Be(p*) , 5.2 
mf) <a. (5.2) 
Applying Theorem 3 to f(z), we obtain 
"(σροῖ BM {f(ce”)} Βο(σὴ 
M,{of’(ope®)} < ΣΝ ree - 1 


Hence M,(f', p2) < Bele) ᾿ 
p(1—p) 


which is equivalent to (5.2). 


Fractional derivatives 
6. We shall require similar results for f(z), the Bth derivative, 
of non-integral order, of f(z). There are various definitions of these 
derivatives, which are not quite equivalent for our present purposes. 
We take first the definition (which we distinguish from our later 
definition by putting the f in brackets) 


ΚΡᾳ) = ἐἘΡ) [ (ὦ —2)2-Ppu) du (6.1) 
πὶ a 
where D(z) is a loop from the origin lying inside the unit circle and 
encircling wu = z in the positive direction, 
(u—z)-1-8 -- exp{—(1+-B)log(u—z)} 
= exp[—(1+){log|u—z|+7am(u—z)}], 
and am(u—z) = amz = @ at the point where D(z) cuts the radius 
vector through u = z. | 
The formula (6.1) defines f(z) for all real (or complex) values of 
B except negative integral values. When f is negative, it may be 
replaced by _ 


fO(2) = re | (z—u)-1-Bf (a) du, (6.2) 
0 


where the path of integration is rectilinear. This formula is significant 


* The factor ρὲ in the denominator is essential; for c(p) can be small for 
small p if f(0) = 0, while M,(f’) is usually not small. 
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except for 8 = 0, l,... (so that the two together cover all values 
of 8). In any case 


| πα ΓΕ ΞΕ 
β η-- 
fP(z) = Taine on “5-. (6.3) 


and χβ[(β)() is regular for p <1. When 7 is a positive integer, f(z) 
is an te ae derivative of f(z), and, when f is a negative integer, 
Κι ρ() = fP@) (6.4) 


is an ordinary (repeated) integral of f(z) 
We can still define f(z) by (6.1) or (6.2) when f(z) is of the form 


F(2) a > Cn gee 
and A > —1. We have then 


fP(z) = D(n+A+1) δ χπτλ-β 


T(n-+A+1—8) “" 


instead of (6.3). The derivatives and integrals thus defined obey the 
ordinary operational laws 


(fP\~ = (fm — fer, 


The important functions are f(z) and fig(z) with 0 « β <1. 


7. THEOREM 5. If Mf) < Cand B > 0, then 


BC 
M(fP) < Rap)” (7.1) 


We use the formula (6.1), and again distinguish two cases. 


(i) If p < 4, we take D(z) to be the circle through the origin whose 
centre is wu = 2. This circle lies within a region S(@), and 
BF(@) < BF(9) 

οβ΄ ph(1—p)P 

(ii) 1} < p <1, we take D(z) to be the contour formed by (a) the 
circle used in the proof of case (11) of Theorem 3, and (δ) the straight 
line from the origin to the nearest point on the circle, described 
twice in opposite directions: this contour also lies within an S(@). 
The modulus of the contribution of (a) does not exceed 


BF(9) _ BF(6) 
(p'—p)B_ ~ p&(1—p)P’ 


IFP(z)| < - 
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and that of (b) does not exceed 


eae ΒΡ) ΒΡ) 


BF(@ 4 Se", 
ὦ J (p— aaa < (pt'—p)B ~ pB(1—p)P 


Hence, in any case, 


BF(6) . 
B) oF Ξ ἢ 
LP) < aa 


BUF) Β0 


and Mf?) « 4-4 < = 
νὼ ρβ(1 --ρ)β “ pP(1—p)P 


by Theorem C. 
THEOREM 6. If Mt,(f) < c(p) and B > 0, then 


} 
M(fP) < ay re (7.2) 
Applying Theorem 5 to f(z), we obtain 
. Be(o) 
BEB) gpetf . Belo) | 
M{oPfMP(ope*”)} < Fp” 
Hence M,{fP( pret) < Be(p) = Be(p) 


p?B(1—p)B ~ p?®(1—p?)P? 
which is equivalent to (7.2). | 
It will be observed that Theorems 3 and 4 are not included in 
Theorems 5 and 6, being sharper than the results of taking β = 1 
in those theorems. This is natural because f(z) has generally a 
singularity at the origin, which disappears when β = 1. 


8. Our second definition of the derivative of order B applies only 


when f(0) = c = 0. (8.1) 

It is fP(z) = iP ἊΣ ηβεο, 2”. (8.2) 
1 

We also write fa(z) = f-P(e). (8.3) 

These definitions can be used for all real (or complex) β, and it is 

plain that (f8)v = (fv)B = [81ν 


for all B and y. 

The difference between the two systems of definitions is roughly 
that between differentiation (or integration) with respect to z = pe“? 
and with respect to 9. The definitions of this section, which require 
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Cy to be 0, are the most convenient in the theory of Fourier series. 
If « = —B > 0 and p <1, then 
8 


: | (8—t)*-1f(peit) αἱ 


0 
en i | (9@—t)*-1 5 Ce. prentl dt = Σ (πη) ὅς, ρ "510 a2 {.(ρο38); 
D(x) 1 1 


and this equation can be extended, if properly interpreted, to the 
case p = 1. Thus f,(z) is effectively the ath integral of f(z), as defined 
by Weyl. 
THEOREM 7. Jf 0 < B < 1* and> 
Mf ) Ξ C (8.4) 


then m,(f8) < ee τος 


Here there is no factor ρ΄ Β, 
If we write for the moment 


Cin+1 
g = 2BftB) — rena" ns 
then m,(g) < Bele? (8.6) 


(1—p)B” 
by Theorem 6: and we shall prove that i-8f8—g satisfies a similar 
inequality. Now 

Γ(ν-- 1) δ΄ 1ΤῸὉ.-Ὁ}} 


Or eae esp) nae Pin a) 
where ju,,| < BnP-2. 
Hence i-BfB__g — Bb+d, (8.7) 


in+1) cy, ., _ 
where φ = Siar ca Ἐπ ἢ ; p= > Unc, 2 
and it is sufficient to prove that M,(¢) and M,(%) satisfy inequalities 
of the type (8.5). 
Now ¢ is related to 


1 =“ 
=} fe f(u) du = 


0 


ΣῈ 


* From this point onwards we confine our attention to this case. 
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as g is to f. Hence, applying (8.6) to f,/z, and using Lemma a, we 


obtain 
Be(p*) 


B an | 
Finally, re <B> nes -2 
But Crip” < Myf) < m,(f); 


and so (since B—2 < —1) 
bgt BM(f, p*) . Be(p') 
Meh) < MP) < MAF) nF = BMP) < Te SG ye 
(8.9) 
The theorem now follows from (8.7), (8.8), and (8.9). 


9. THroREM 8. [fr >1,8 >1, b <1, and f(0) = 0, then 


f (1—p)>Mz(f) dp 
Β-".---τττ--....... < B. (9.1) 
[ Gey Pme(f) dp 


0 


In particular, when s = 1, 
1 π 
[|(1--ρ) 0 ἀράθ 
B< °=- eee <a Sf (9.2) 


f fa 1—p)"~| f’|" ἀράθ 


The inequalities are to be interpreted with the obvious conven- 
tions: if either integral is positive and finite, then the other is positive 
and finite and satisfies the inequalities. The condition f(0) = 0 is 
essential: the right-hand inequalities are obviously false, for πω 
when f(z) is the constant 1. 

The left-hand inequality (9.1) is a corollary of rae 3 and 
Lemma y. Thus, by Theorem 3, with s for r and c(p Mf; p) 


M.(f’) < Bp *(1—p)*M,(f, p*); 


0 


1 
| (1—p)" MEF’) dp < BI (1—p)~° pe: p*) 


8 (1—p*) pl! "Milf, p) dp < Β f (1—p)~*p "MCF, p) dp, 


0 
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the last integral being convergent, at 1 by hypothesis, and at 0 
because cy = 0 and so M,(f, ρ) = O(p). It now follows from Lemma 


y that i 


1 
| C—py mf’) dp < Bf (1—p)°Me(f) dp. 
0 


0 
Passing to the right-hand inequality (9.1), we suppose first that 
f(z) is regular for p <1. Then, integrating by parts,* 
i 7 d 
— n)—99m” Be ys 1—p)i!-? — r do. 
[ (1=p)-*BRa(f) ἀρ =~, | =p) (0.0 dp 
0 


« 
0 


But 
᾿ = d J ris 7 8 r—s oo 8 
dp eA} = φ (Ῥω) = AMA TM) 
pm ea ee 
= "any acter | if a) 
d 18 d s| — s—1| f/ 
and ΕΣ 
Hence 


1 1 5 
| (1—p)-°Mi(f) ἀρ < B | (1—p)'->9M,-*(f) dp | [{|5-|Π| 40. 
0 0 Se 
Also 
] . l (s—1)/s ] a. 
on | Pf | dé< " Ϊ 1" a) Ε | aa a) 


= MPM), - | 
by Holder’s inequality; and hence 


1/s 


1 1 
[ἀι--ρ) "πη: 0) dp < Bf —p°ME-1P)MAUF") dp 
0 0 
1 
= B { (1p) mip} (1 —py Me (fp dp 


1/r 


< δἰ [α΄ ρ» πῃ) ἀρ)" | (apy) dp| 


* And observing that (1—p) 29 7) = Ofor p = Oandp =I. 
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(again by Hdlder’s inequality). Removing the common factor, and 
raising the result to the rth power, we obtain the right-hand in- 
equality (9.1). 

We have supposed f(z) regular for p < 1. This condition is satisfied 
by f(oz), for any o <1. Hence, applying what we have proved to 


f(oz), we have 
1 


[ Cp) ML floz)} dp 


<B j (1—p)""M{af’(oz)} dp < B f (1—p)'> ME [(2}} ἀρ; 


and so uae ‘Fatou’s Lemma’) 
1 


[ Cp) ?me{f@)} dp 
0 
1 
< lim Ι (1l—p) °Me{f(oz)} ἀρ < B i (1—p) MAS (z)} dp 
o19 0 
in the general case. 
The right-hand inequality (9.1) can be sharpened a little, and we 
shall need the refinement in the next section. 


THEOREM 9. Under the conditions 4 pees 
1 


[ —p)PaRE(f) dp < B Ϊ (1—p) roametef) dp. (9.3) 
For : 


1 1 
| Ap) ὐλης 5) dp < Bf (1—py MF’) dp 
0 0 


1 1 
— B | (1—p)'p->N(2f’) dp < B ge —p)' MN" (zf’) dp, 
0 0 


the first inequality following from Theorem 8 and the last from 
Lemma y. 

10. Our next theorem is an extension of Theorem 8 to derivatives 
of non-integral order. 

THEOREM 10. If the conditions of Theorem 8 are satisfied, and 
0<B <1, then ; 
[ Q—p)>mU(f) dp 


Β «- « B. (10.1) 


[| @—p)Preang(fF) dp 
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The left-hand inequality is a corollary of Theorem 7. For* 


B MEF ) p?) 


r( fp τόθ} Ὁ" 7 
ame) < ee, 


by Theorem 7; and so 


| (1--ρ)βη-ὑφῃτ( [8) dp < B Ι (1—p)->Mz(f, pt) d 


=B Ἷ (1—p®)“*pM(F, p) dp «- Β | (1—p)-°MU(f) dp. 


To prove the right-hand inequality we observe that 


j (l—p)>N(f) dp < B fo —p) MX (2) dp, (10.2) 
by Theorem 9. But 
af’ = ¢,2+2c,2?+... = —2f} 
and pl = (5:8. 


Hence, by the left-hand inequality, with f? in place of f, and 1—B 
in place of B, we have 


1 : 1 
{ G—pymutef’) dp < Β [ (1—p)Pr-ane(f) ἀρ; (10.3) 
0 0 

and the right-hand inequality follows from (10.2) and (10.3). 


Another preliminary theorem 
11. TuHroreEM 11. Jf 
l<r<s, a=-—-, Ir, (11.1) 


and Mf) < C, then 


2. 
[(-- ρ) MIF, p) dp < BC. (11.2) 
0 


We may suppose C = 1. 


* It will be observed that the proof is a little simpler than the corresponding 
part of the proof of Theorem 8. This is because f? usually begins with a term 
in 2, 7’ with a constant term. The result is true with f‘) for 58, but the proof 
involves small complications like those of the proof of Theorem 8. 

t Hardy and Littlewood, 6, 411-14 (Theorem 31). There the theorem is 
proved for 0 <r <s. A corollary is M,(f) = 0{(1—p)->}. 
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It is sufficient to prove the theorem in the special case / = r. For 
M,(f) < BIl—p)-%, 


by Theorem 1, and so (if the special case has been proved) 


1 1 
| (1—p)*-1 Mf) dp = | (1—p)*-29MN2(f ){(1—p)?M,(f)}!-* dp 


1 
< BI (1—py*"Mu(f) dp < B 
0 


We may therefore suppose that / = r. 

Next, we may simplify the theorem as we simplified Theorem 1 in 
$4. We may suppose first that f has no zeros in ρ < 1, and then (by 
putting f = ¢?”) that r = 2, in which case 8 = g > 2. We have then 


1 1 
a as Ta a 


and our conclusion is to be that 


1 
{ —p)-*29m2(f) dp < B. (11.3) 
ὃ 
We write f = ον > Cy 2” = Cot Q. 
Then Mo(f) < Me(co)+ Mi (9) = |Co|-+ Mt(9) | 
and M2(f) < 2|ωρ|3- 2MzZ(g). (11.4) 


Now g(0) = 0, and so 
1 1 
[ @—p)-*#M2(g) dp < Bf (1—p)?-*mMA(9') dp 
0 0 


by Theorem 8. Also 


1_1 11 
Μὴ (θ΄, ρ) < BUl—p)* ?M(9',p) < 8(1--ρ)ὰ 3599ὶ,(σ’, p?), 
by Theorem 1. Hence 
1 1 
| —p)-*anz(g) dp < Β | (1—p)M3(g’, p*) dp 
0 


0 
1 


=B fc 1—p)(> n?\c,,|%p"-1) dp = BY πϑο, | -p)p"- dp 


0 


= BY — Ie, < BY lel? < B. (11.5) 
1 
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It then follows from (11.4) that 


1 
| A pyMme(f) dp < Blog|? T+B<B, 
0 


which is (11.3); and this completes the proof. 


The theorem ‘r - s’ and its extensions 
12. The ‘Hauptsatz’ of our papers 3 and 6 was 


THEoREM 12. If r<s, a= τε — (12.1) 

a falz) = > (in)-%,2", (12.2) 
1 

then δ ὦ < BM,(f). (12.3) 


We proved this theorem there for 0 < r < 8; but now we are con- 
cerned only with the range 1< r < 8. 

Our proof of Theorem 12, for the range 1 < r < 8, was not at all 
‘function-theoretic’, but was based on certain ‘elementary’ in- 
equalities which we had proved in collaboration with Polya.* Its 
logic was roughly as follows. We began by a rather difficult, though 
‘elementary’, proof of the inequality 


’ b 
> anttal S BE lal HAC WIM, 2) 
where 
] 1 1 1 
R>1, S > 1, peo A= 2-F—<, 


and the dash excludes equal values of m and n from the summation. 
From this we passed, by standard limiting processes, to the integral 


inequality 
< a { fe * de) ( [ ows ay) (12.5) 


if ( f@)9®) 

A dad 

J ja—yp ore 

and from (12.5) we deduced, by the ‘converse of Holder’s inequality’, 
that 


([ifatey|s de) < Β({17}}5 dex) (12.6) 
1 1 " 1 
re (12.7) 


where 


* See Hardy, Littlewood, and Ρόϊνϑ, 8, and 9, ch. x; and Hardy and 
Littlewood, 3, 568-76. 
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f,(v), the integral of f(x) of order α, is defined by 


μα) = τῷ [-ϑ τ ao, (12.8) 


0 < «<1, and c may be —oo in certain circumstances.* Finally, 
we replaced R, S’ by r,s and derived (12.3) from (12.6). 
The main theorems of our paper 7, viz. Theorem 1 (which is 


proved) and Theorem 3 (which is stated without proof ) are generali-' 


zations of Theorem 12. It seems desirable in any case to have a 
proof of Theorem 12 which is function-theoretic in character. Inci- 
dentally, we shall show (without going into details) how it would be 
possible to deduce (12.4) and (12.5) from (12.3). The only published 
proofs of these inequalities depend on difficult theorems concerning 
‘rearrangements ’.{ | 


13. We begin by framing a generalization of Theorem 12. The 
function f,(z) is substantially§ the Faltung of the two functions f(z) 
ane g(z) = > n-%2"; (13.1) 
and g(z) satisfies M,(9') < Bp) be, (13.2) 
where σ΄ is defined, as usual, by 


, σ 


vot, Ἐμὲ 
o—l σ 


σ 


Ἢ 


for any o > 1.|| It is therefore natural to replace the special function 


(13.1) by a general | - 
g(z) = > ὁ, 2” (13.3) 
1 


subject to (13.2) for some o > 1. 


* In particular when f(z) has the period 27 and mean value 0 over a period. 
This is the case important in the theory of Fourier series. 

+ Afterwards extending it to the range 0 < r < 8 by ‘function-theoretic’ 
arguments. When r < 1 the result is essentially one about power-series, the 
analogue for general Fourier series (or harmonic functions) being false. 


t See Hardy, Littlewood, and Pélya, 9, ch. x, especially Theorems 371-3 


and 379-82. 
§ See § 15 for a precise statement. 
| 1/o’ = 0 when o = 1. Since |g’| < Bl1—z|*-, 


Meg’) < [8 Ἐπ᾿ ΤῸ "ἡ < B(l—p)-2tetHe = Β(]--ρ).τιτισ'͵ 
= Π-- 2|σ(5-} ὅπ ρ ρ 


111] 
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We suppose then that Mf) <1 (13.4) 
and M,(g') < (1p), (13.5) 
where k= sa (13.6) 

σ 
and write h(z) = 3 b,c, 2". (13.7) 
I 
Analogy with Theorem 8 then suggests that 
M(h) < 8, (13.8) 
where a = a = ae (13.9) 
s 7 r σ 


We must, however, impose some limitations on k. In the first place, 


we must suppose that | 
k<-—| (13.10) 
σ 


in order that 8 shall be positive. Secondly, as we shall see, we must 
suppose that k > 0. The cases k > 0 and k& = 0 turn out to differ 


essentially, and we begin with the first. 


14, THEOREM 13. If 


o 1, ΠῚ .--. (14.1) 
| 1 1 ] 

’ ber fo=l1 - = —~—k—— 14,2 
(1/o’ being 0 af σ ), eet τ’ ( ) 
(so that l<r<s<0, r<o, σό 8); 

f(z) = > ¢,2%, g(z) = > 6,2", h(z) = 3b, 6,2"; (14.3) 
1 1 1 
MAf)<1, = Mpg’) < (l—p)*; (14.4) 
then M,(h)< Bo (14.5) 
It will be convenient to introduce a new parameter ¢ defined by 
a ethno hy (14.6) 
t Υ : 


Then r < ¢ <s (and t < 8 except when o = 1). 
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We observe first that 


h(pet®) = ἢ =| Fiptet®-Piglphet# ds, (14.7) 
peth’ (pei) — ἢ [ f{ptet@-4N pteitg'(ptetd) ἀφ; (14.8) 
a β 
and, if we take | 
w= Poo πλεῖ ι- τ». 1, 
γ σ 


the conditions of Theorem A are satisfied. Hence 
pM (A’, p) < MU(f, p*) Mtg’, p*) 
< (1—p?)*¥ "MUS, p?) < B(lL—p)F1MUS, p*). (14.9) 


We must now distinguish three cases of the theorem, each need- 
ing a different proof. We suppose first that 


l<r<s<2. (14.10) 


Case (a) of Theorem 13: r<s < 2 
15. Since s < 2, we have 


1 7 
Mh) < Bl | (1—p)*|h'|§ dpdd = B j (1—p)*-1M08(h’) dp, 
em (15.1) 
by (2.13) of Theorem D. Hence, using (14.9) and Lemma y, we 


obtain 


1 
Mh) < B [(1--ρ) Ἐπ1ρ- MAF, p#) dp 


= B { (1—p?)**tp!--M4(f, p) dp < B j (1—p)**-tp\-eM4(f) dp 


Se - 9 


1 
« Β[(--ρ) "μη (0) dp. (15.2) 
0 
Finally, s > r and t > r, and therefore 


{ d—p)*4mM9(f) ἀρ < B 


by Theorem 11. 
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Case (δ): r Ξ 2 «8 


16. We suppose next that r -- 2 -- 85. Since (15.1) may now be 
false, we use Theorem E instead of Theorem D. We have 


ὄπ 1 48 
Mh) < Β [40 {{{|-- ρ)}ν"}" dp)” 


[ Ϊ {9 f (1—p)ia"i*dp} "|" < fap) ip( f Tae ao)" 
0 0 ἐπ 


But 
by Minkowski’s inequality.* Hence 


Mh) « B Ϊ (1—p)MB(h') dp < Β f (1—p)®*—"p—19N?(f, p?) d 
= Β f (1—p?)**—Ip 1 MF, p) dp < B [ (1—p)*-tp ( , p) dp 
᾿ } 


1 
< Β [(--ρ) δε ἀρ}, p) dp, 
0 


by (14.9) and Lemma y. The conclusion now follows from Theorem 
11, since 2 >randit>r. 


Case (c)::2<r<s 
17. When finally 2 «-- 7 -- 8, we have to use a quite different 
method. Actually, we deduce Case (c) from Case (a) by a ‘conjugacy’ 
argument, here of a very simple type.f 


N 
_ Suppose that ψ(θ) = > Yn enid | (17.1) 
is an arbitrary trigonometrical polynomial. It will be convenient to 
write N N 0 
πεν — = : 17.2 
b= ΣΈ ΣΈΣ =the (17.2) 
Then 


zf i(pte#)4(0) a8 = (5) [ ψ00) ῳ [ Hlee-*#)g(pet#-1) ag 


= 55 | Slee*)H (pe!) ἀφ, (17.3) 


* In the form used in the proof of Lemma α (ὃ 3). 
+ There is a more difficult specimen in Littlewood and Paley, ΕἸ, §8. 
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where Ξ 
H(pe't) = ας. [γιθ)σ(ρο" ἐπ: a 
7 


τ 


Ν 
= = [ ψι(θ)σ(ρεὶ 6 - 10) dd = Σ bnynpren?. (11.4) 


τ π 


If we write for the moment 


[() -- Σ γ τ, 60) = 9), 594) -- He), 
so that f(e!*) = ψ,(θ), 


then f, g, and ἢ are related as ἢ, g, and ἢ are related in the main 
theorem. Also, if 


] 1 1 
-- -, ΞΞ -- a 
+5 Pa 
then l<si <r <2 
and ae ΤΕ ie 
8 r 7 ϑ 


We may therefore apply Case (a) of the theorem to f, g, 8, with 8’, r’ 
for 7, 8; and this gives 


M,{H (pe*)} < BM, {p,()}. 
= 


But Mey{y (8)} B Mie {ψθ)), 
by Theorem F;* and so 
M,{H (pet)} < BM,{Y(O)}. (17.5) 
Also : 


=| Πρε- ΘΗ pe) ἀφ - M,(f)M(H) « MAH), (17.6) 


by Hélder’s inequality and (14.4). Hence, collecting our results from 
(17.3), (17.6), and (17.5), we obtain 


ὦ [more ng0o ia < BM, 40). (17.7) 


* In the form (2.22). 
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This is true for all trigonometrical polynomials %, and so for all »% of 
Ls’; and therefore, by the converse of Holder’s inequality,* 


M,{h(pre®)} = M,{h(pre-)} < B. 


This completes the proof of Theorem 13.+ 
In particular, if we take g(z) = > n-%z", we obtain Theorem 12. 


18. We return for a moment to our remarks about Theorem 12 
in §12. We have now a proof of this theorem independent of the 
inequality (12.4) and of the theorems on ‘rearrangements’ on which 
that inequality was based. It is interesting to observe (without 
attempting to carry out the process in detail) how we could reverse 
the old argument and deduce (12.4) from Theorem 12. 

We should begin by passing from 

fa = > (in)-“e,, 2” 
to the fractional integral of an arbitrary real function f(x), defined 
as in (12.8). Here c might be finite (as with Riemann and Liouville) 
or --οὦ (as with Weyl). The deduction would involve only arguments 


similar to those of §8, and processes of approximation of standard 
types. We should thus prove (12.6), and from this deduce that 


[J levis Fela) dedy| < B(f lye) de)"(f lay) dy) 


1 5] 1 1 
ince 1---« -Ξ- ]----- - = 2—_~—-, 
Sine α ar ae 


this is equivalent to (12.5); and the passage back to (12.4) is straight- 
forward. 


* ‘If k > 1 and | { re da| < c( | |@ |’ dary 


for all G of 11’, then ({ FF az)" < 0. 


See, for example, Hardy, Littlewood, and Polya, 9, 142 (Theorem 191): the 
theorem was first proved by F. Riesz. It remains true if G 1s confined to one 
of the standard classes of approximating functions (step-functions, poly- 
nomials, or trigonometrical polynomials). 

+ There is an analogue of Theorem 13 for harmonic functions which an 
experienced reader will be able to state and prove for himself. When o > I, 
the proof depends on Theorem F (and Theorem 13 itself). When o = 1 we 
require an additional weapon: if k < 1 and 

My(u) « (1—p)*, 
then θὲ (ω,) < BUl—p)*, Mi (2) < B(1—p)*-}. 
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The case k = 0 


19. In Theorem 13 we supposed that k > 0, and this assumption 
was essential to the proof. Thus if k = 0, ἐ =r, and the appeal to 
Theorem 11, at the end of §15, is no longer justified. Actually, as 
we shall see, the theorem becomes false when k = 0 andr - 8 < 2 
or 2 <r < 8, 1.e. in cases (a) and (c). 

Case (b) of the theorem, however, survives, as we proved in 7. 
The theorem which follows is in fact Theorem 1 of 7, but the proof 
which we give here is shorter.* 


ΤΉΞΒΟΒΕΜ 14. If f, g, and ἢ are defined as in Theorem 13; 


lxr<x2< 8; (19.1) 
o >l, γ «: σ΄, ὍΘ (19.2) 
8. Pr σ 
; 1 
Mi) «1, Mg") «7: (19.3) 
then | M(h) < 8. (19.4) 


Since we shall be concerned (in the statement and proof of the 
theorem) only with power-series, we have departed from our practice 
in the rest of the paper by including the case r = 1.7 which is in 
fact particularly interesting. ἢ 


20. We begin with a trivial simplification of the theorem, showing 
that (as the reader will readily believe) it is sufficient to prove it in 
the special case in which c, = 0 and ὦ, = 0. 

Suppose that it has been proved in this case, and let 


Fi) =fle)—qz, Az) =g(z)—byz, H(z) = hz) by yz. 
Then 


ἢ MAL) «- MP)+ ἰορ < Ἐπ) + Myf) < 2M(f) < 2 
an 


“ 7 , ‘ / 2 
M(G') < Meo(9')+ [by] < "πὶ, (σ΄). Mag") < 2M") < τ 
Hence, by our assumption, 
M (7) < 4B = B, 


* Though, as we stated in 81, it depends on more difficult theorems. 

t We used harmonic polynomials in the proof of case (c) of Theorem 13 
(§ 17). Theorem 14, like Theorem 13, can be extended to harmonic functions 
when r > 1, but not when 7 = 1. See 7, 162, footnote f. 

+ It includes the theorem of Paley referred to in 7. 
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and therefore 

Wi(h) < M(H)+ |b, |e |p < B+ M,(f)M,(9’, 0) < B+1= 8; 
so that the theorem is true generally. | 


We suppose then in what follows that ὁ, = 0 and c,=0. By 
Theorem E, we have 


τ 1 8 
lim gh) «ς Β [40{{{1-- ρ)}ν1" do)" 
pore -π 0 
and (using Minkowski’s inequality as in § 16) we deduce 
1 | : 
lim M2(h) < B | (1—p)M2(h’) dp. (20.1) 
pol 3 


If0<7< 1 and 
κ(ζ) = k(re®) = h'(pre®), 
then k(0) = 0,* and we may apply (20.1) to k(¢). We have thus 


1 
lim M2(k) < B [ (1—7) Mk’, τ) dr, 
p->1 ὃ 
1.6. 


1 
M3(h’, p) < Β | (1—r)MAph"(pre!)} dr 
0 
1 p 
= Bp? (1—7) M2{h" (pre)! dr = B | (p—w) Mh" (we®)} dev. 
0 0 
Substituting in (20.1), we obtain 
1 ρ Σ 
lim Mi3(4) « B [ (1—p) ἀρ [(ρ--ωὐϑθξ(»", w) deo 
pt 0 0 
1 1 
= Β [Ῥηιβ(μ", ὦ) dw | (1—p)(p—w) dp; 
0 w 


and so, performing the inner integration and then replacing w by p, 


1 
lim (bh) < B [ (1—p)®M2(h", p) dp. (20.2) 
pol ; 
: ᾿ ιΑ α 
If ϑ is the operator ὃ = oe 


* Here we use c, = 0 (or ὃ, = 0). 
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then | τῇ 
δ, -Ξ-  Σ πὸ,2, t= > nb, 2", Hh = Σ n*b,¢, 2", 


and 8?h(pe®) = = | Of (pte’?) Ig(pte-*#) ἀφ. 
att 
Hence. by Theorem A, 
M,(Hh, ρ) < M(H, p+) M, (9g, p?). (20.3) 
Also ϑλ(ρε!) = -Σ. ᾿ flpteit) dg(ptet9-i4) ἀφ 
T 
and M(H, p) < M,(f, pt) Wt, (8g, pt). (20.4) 
Now Ph = 2*h"+2h, δ" = 2? Ph—z-*Ph. 
Hence Mh”) < Blp-*M2(57h) + p-*M2(Ih)} 
and, by (20.2), 
Μη (1) < lim MRA) < B(J,4+ J), (20.5) 
p> 
1 
where J, = | (1—p)*o-*M3(9h) dp, (20.6) 
0 
1 
and Jy = | (1—p)3p-49N2(9h) dp. (20.7) 
0 


The theorem will therefore be proved if we can show that J, < B 
and J, < Δ. 


21. Since #h = O(p?) for small p, J, is convergent at the origin, 
and therefore 


"ΑΞ Bi (1—p)®MN2(9h) ἀρ < B j (1—p)PMZ(FF, p?) M2(Iy, pt) dp 
BI p(1—p? PRP, p) My, p) dp 


<B Ϊ (1—p)M2(f’, p) dp, (21.1) 


0 
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by Lemma y, (20.3) and (19.3). But 


᾿ ἐγ i. py Qir\ ir 
Ϊ (1087) de -| J (1p) ἽΝ | ria} | 
0 


lc ᾿ 
<= | aa [ (1—p)|f"| 4" - BM(f) «-- Β, (21.2) 


by Minkowski’s inequality and Theorem E. From (21.1) and (21.2) it 
follows that J, < B. 
There remains J,.* Here we have 


<B j (1—p)?M2(9h) dp < B fi 1—p)*M2(f, p#)M2(9g, ρὲ) dp 


< Bf (1—p)—p!)-*dp = B 
0 
by Lemma y, (20.4), and (19.3); and this completes the proof. 


The limitations of the theorems 


22. The rest of the paper is negative: we construct examples to 
show that the restrictions which we have imposed on k, r, and s are 
essential for the truth of our theorems. We have supposed 


(i) that k > 
(ii) that 2 a r <swhenk = 0. 


We shall now show 


(1) that all our conclusions would be false were k < 0, 
(2) that the conclusion of Theorem 14 (in which k = 0) would be 
false werer ΞΞ 8 << 20Γ2 «γ Κ 8. 


23. To prove (1), we take 

fe) = > n-?2", og (z) = YH ΑΞ A(z) = ΣῊ ΒΗ͂ΣΣΟΝ = (23.1) 
(the summations being from 0 to οὐ). Then f(z) is continuous in 
p <1, and Mif)<A (23.2) 


for every γ. 
Next, we write a = 1—k and p= e~. Then | 


zg’(z) = Σ 2anz2", 


* Which is really trivial. 
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Now σ΄ (2) is bounded in p < e~, so that 
lg’ (@)| < B < B(1—p)-* = B(1—p)k4 (23.3) 
if p < e~*, ie. if δ᾽ >a. On the other hand, if ὃ < a, the function 
d(x) = Qare—2°5 


where x > 0, has a single maximum, equal to 


i 


when x= &, ϑὲ — αἰδ. 
Also [2΄ (2)} < J 2ere-2" = ¥ din), 
and 


Σ O(n) < 246(€)+ f $a) dx = of) 650 [2:38 dx 
ὸ ὺ 


= of) eet | y2te-u dy < {2a%-44 AT(a)}5-4 
1 


= Bd < B(1—p)-* = B(1—p)k4; 
so that Ισ΄ (2)}} < Be™(1—p)*¥-4 = B(1—p)*-1 (23.4) 
ifd <a. 
It follows from (23.3) and (23.4) that 
Mog’) < Mig’) < B(1—p)*- 
for 0 <p <1 and any co. Thus f and g satisfy the requirements of 


Theorem 13. But the coefficients of h do not tend to 0, and so M,(h) 
cannot be bounded for any s > 1. 3 


24. It is more difficult to prove assertion (2) of §22, and we do 
not attempt so comprehensive a refutation of any extension of 
Theorem 14. We examine a particular, and representative case: even 
there, we cannot produce a definite ‘Gegenbeispiel’, though we can 
show that such exist. 

The two cases, corresponding to cases (a) and (c) of Theorem 13, 
would stand or fall together (by the ‘conjugacy’ argument used in 
§ 17). We may therefore suppose that 2 <r < 8, and we select the 
ae o=1]1, o' =O, r=4 g=4.* (24.1) 


* r = sifk = 0 ando = 1. In Theorem 13, 8 is necessarily greater than τ; 
and this is true in Theorem 14 also except when r = s = 2. But here the 
case r = 8 is representative. 
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We shall prove that 
; ] 
Mf) <1, Mig’) < {3} (24.2) 
do not imply M(h) < A. (24.3) 


It will plainly be enough to show that, given any Q, we can find 
two A’s and an f and g such that 


Milf) < A, Miy(9'!) < A, (24.4) 
and M,(h) > Q. (24.5) 
We write 
: Natn—-l 14 
D,(z) = D,(pe®) = SY 2P = 2Non : (24.6) 
; Na —_ ᾿ 
where N = 2”. (24.7) 


There is plainly no overlapping of the powers of z in different 2),. 
We then define f and g by 


fle) = Σ᾿ ΒΓ, (ze!) (24.8) 
οο l ; 

a -ἰαμὴ: 24.9 
g(z) 2, fog n Drive") (24.9) 

Y. n-B 
so that A(z) = Joga En(®) (24.10) 

2 

Here B Ξ-- ὃ, (24.11) 


the «, are arbitrary, and ν is large; f and h are polynomials, and h is 
independent of the choice of the a,. 


25.* We prove first that 


; A 

Mig") S Ts (25.1) 
—p 
In proving this we may suppose that p > 3%. 

. 1 
Let i=. 25.2 
Pn YN, (25.2) 
and suppose that Pm-1 <P < Pm (25.3) 


* The only part of the argument of this section which is not really trivial 
is the proof of (25.12). It is there only that we use the logn in (24.10), or the 
distinction between IM, and Mt. 
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where m > 2.* Then 


: _ : 1 d —1Xy 
92) = Σ jogn ἧς Dae) (25.4) 
g@l< > i log nm Pnl2e'*)| = γι(6)} γκ(α)- γο(6), (25.8) 


where y, contains the terms for which n < m—1 (if any), γα those 
for which n = m—1 and n = m, and y, those for which n > m. 
It is plain that 


| D, (ze?) | 
n~-1 
< Dd (M+ p)pNtet < ὌΣ (N,,+p) < 4nN,, p%= < 4nN,. 
p=0 
(25.6) 
Hence, first 
>> nN, < 4m(m—2)2?"™" < 4,22" 
= 4N,4 = - 4 <4 (25.7) 
—~Pm-1 I—p 
Secondly 


Na οΌ 
y,(z) < 4 > nN, pn < 4 yn νη} -αὶ <4 > nN, 6- ΝΗ, 


m+ m+. 
4 > η,25 exp(—2?"-2") << 4 Σ᾽ η,23᾽ οχρί(-- 25.5.5 < 4 > n2-*"t 
m+ m+ 1 


4 


= 4(2-242.2°443,2-84...) <4 <i. (25.8) 
—p 
From (25.7) and (25.8) it follows that 
| 8 
Di(yvi+ Dilys) < Myy)+ Mys) < 1—p’ (25.9) 


As regards y,, we have 


ἡ —ix,) — J)’ 53 N, ate Nr me 
Dy leet) = Dull) = Ν, FE + alter ἘΞ} - ΡΟ, 


] 15 

* = }——_ => 

So that p > pz = 1 WV, “τὸ 
+ m(m—2) < 2?”° for m > 2. 


te> 2,2 > 2.22", and 225 > 2"41, forn > 3. 
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say; and 
ΙΡ m 


Ive(2)| < eZ Beat > io ia = λα) μα) (26.10) 


1 


say. Now 
᾿ ] 1 
1Qn| << 1+2+..4(n—1) <n? < mM? < Nai = =a < a, 
—Pm-1 ἘΠ 


and so Mi (μ) < Mn) < = (25.11) 


(since log 2 > 4). Also 


My(P,) = Δ, eX j Pe [a0 < AN, p** log n, 


by Lemma ὃ. The maximum of zp’, for fixed p < 1 and positive 2, is 
4 τ εν 
log(1/p) ~ 1—p’ 
and so (whether x be m—1 or m) 


ἜΘ. 1 ΠΡ. δι 
log n ios eee l—p 
Hence M(A) < i= (25.12) 


Finally, (25.1) follows from (25.5), (25.9), (25.10), (25.11), and (25.12). 


26. Next, we prove that 
My(h) > ὦ (26.1) 


if z = οἷθ and v is sufficiently large. We write 
D(z) Dz 
φ,...(2) = mi ( ) = δ Cmn,k a 


mF log m nF log n 
¢mn i8 ἃ polynomial with positive coefficients. Then 


12) = Σ bmnl@) = & en2*, 


where ὧκ = > Cmn,k> 
m,n 
and MAA) = > οἷ. 
P 
Since 


> Ck = > ( > Conk) > > Crit ἯΙ Σ ME(Pinn)> 
k k ‘m,n m,n,k m,n 
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we have 


Ι ΜΓ 1 λι ἢ 
4 Soares ἢ ΕΘ τανε κα 2 40. (26.2 
400) >> (areal [αι sz {|.0},0}}5 40. (26.2) 


It will be sufficient to consider the sum over the range 


l<in<m<cn. 
Since 
D,,(2).D, (2) = zNmtNa(1-- 24... 2™—-1)(1--e+...-2"-7), 
and the product of the last two factors contains the terms 
14-224. 32?+...+-mzm-1, 

we have Ξ 

a | | D,,(z).D,(z) |? d@ > 1?4-2?+-...-+m* > 4m’. 

aw TT 
Substituting in (26.2), we see that 

lx 1 Ὁ m3 

4 eee τὰς το τς τῳ αἷς i id Spgs OOP 
a ς 3 > n8(log n)? > m?B(log m)? 
n=2 m=tn+1 . 


~. 4-48 SE 
Αἀν-.-.- =AY> > m™, 
2 (logny ~ 4 2, dogmy > 
if ν is sufficiently large. 


27. So far our results have been true however the a,, are chosen. 
We shall now prove that 


θὲ, {{{68}} < A (27.1) 


for some choice of the α,. We denote by %, the operator 


1 jal vis ΄ 1 
[:] | | a | idee tcl 


(an average over all different values of the «a,,). It is plain that, if 
UL Mefle*)}] < At, (27.2) 


then (27.1) must be true for some set of a,. 

We shall now prove (27.2). We shall suppose throughout that z 
lies on the unit circle (as we may, since f is a polynomial); and f will 
mean f(e*9). 

We write D, (ze?) = D,fetO+on — A (0+a,), (27.3) 


125 


126 


284 G. H. HARDY AND J. E. LITTLEWOOD 


and Δ, for the conjugate of A,. Then 


Me(f = 3, [vie 


-- Σ (mmpay-P5— | An(O-+ a9) (0+) 0+ ag (O-+ 4) 4. 
ck (27.4) 
Since 

Δ,,(θ- α,.) = εἰ Νικ(θ- om] + etO+om) + 4 οἰίπι--Ἰχθ om)? 

A, (0+ a») — ε-ἰΝρίθεαρ 1-+-e-t+op)4 fp τ XG + op) 
integration over the « destroys all the terms in (27.4) except those 
for which either p = m and q = n, or else p = n and gq = m: con- 
sequently 


Wl Meaf)} 
<2 (nny [τς J (Sn@-ramitay@rogia) — 28:45) 
el (27.5) 
where S, contains the terms for which m = n and S, the remainder. 
First, 8.- >, nim Ϊ [Δ,(θ--α,}" a 
But " 


WE {Δι ϑ  αρν aa] =f dagste {Δμϑ ἀρ 
Qa 2π 2π 


το | Anita 


—~—7T 


(since the inner integral has this value for every value of α,). Also 


[A(h)| <2; 
andso 5 | [AW <5 {|Δ,(}}" ἀν = πῇ 


—77T 


Hence ape | 1A, (0-+o,)|4 ἢ <n}, 
vin 
and S<dni8 = Yni= A. (27.6) 
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On the other hand 


7 


%= > in 8, [ [δαίθ: an) }"Δ (9. α,}}} 49). 


But 
are | IA (OA om) |?{ A, (8+ a,,) |? ἢ 
ΦΥ͂ Ν 


WT 


== | a | | ee Ϊ 1A, (θ.}.α.}}3|Δ,(0-}:α,}} 49 
2a 2a 2a 


oe | ail | Ae ede | AulO-+5))* da 
2a 2ar 2π 


-ἰ | Wm? ds {Δι (ψ}}" dip = mm, 
Hence S,< ¥ (mn)!-*8 < (Smt)? = A. (27.7) 


MEN 
Finally, it follows from (27.5), (27.6), and (27.7) that 
AAME)} <A < 45 
which is (27.2). 
We have thus proved what we stated in § 24, though we have not 


produced a definite f and g. It will be observed that we have made 
no use of the Littlewood-Paley theorems in this part of our work. 
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p. 233, lines 4 and 5 from below. For Theorem 3 read Theorem 4. 


d d 
, aie τὶ ae 8 τ 8 
p. 234, line 9. For dp {Me f)}7/5 read 7 {Mes f )}/8. 


p. 235, line 3 from end of §9. The p~® in B f (1—p)*> p> Mi(zf’) dp should be 
pu. | 

p. 236, equation (11.2). For BC read BC’. 

p. 239, equation (12.8). For [ ἐν db read [ ... dt, 

p. 239, footnote §. For § 15 read § 14. 


p. 240, equation (14.1). Add the condition r > 1. 
p. 254, line 13. Transpose 4]. 
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p. 240. Generalizations of Theorems 13 and 14 have been given by T. M. Flett, 
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or infinite series, Quarterly Journal of Mathematics, 39, 222-240. V 
5. Some multiple integrals, Quarterly Journal of Mathematics, 39, 357-375. V 
6. N.I.C. XX: On double Frullanian integrals, Messenger of Mathematics, 37, 96-103. V 

7. N.C. XXI: On a conditionally convergent multiple integral, Messenger of Mathe- 
matics, 37, 127-130. V 

8. N.I.C. XXII: On double Frullanian integrals (cont.), Messenger of Mathematics, 37, 
154-161. ν 
9. Question 16257, Educational Times, (2) 13, 79-80. VII. 3 

10. Mendelian proportions in a mixed population, Science (American Association for the 
Advancement of Science), new series 28, 49-50. VII. 2 

1909 

1. A note on the continuity or discontinuity of a function defined by an infinite product, 
Proceedings of the London Mathematical Society, (2) 7, 40-48. VI 

2. The theory of Cauchy’s principal values (Fourth Paper: the integration of principal 

values—continued—with applications to the inversion of definite integrals), Pro- 
ceedings of the London Mathematical Society, (2) 7, 181-208. Vv 

3. On an integral equation, Proceedings of the London Mathematical Society, (2) 7, 445- 
472. VII. I 

4, N.I.C. XXIII: On certain oscillating cases of Dirichlet’s integral, Messenger of Mathe- 
matics, 38, 1-8. V 

5. On certain definite integrals whose values can be expressed in terms of Bessel’s func- 
tions, Messenger of Mathematics, 38, 129-132. Υ 

6. N.I.C. XXIV: Oscillating cases of Dirichlet’s integral (cont.), Messenger of Mathe- 
matics, 38, 176-185 (correction at end of 1911, 3). V 

CO 
: sin ἃ; : 
7. The integral Ϊ πε dx, Mathematical Gazette, 5, 98-103. V 
0 
1910 

1. The application to Dirichlet’s series of Borel’s exponential method of summation, 
Proceedings of the London Mathematical Socvety, (2) 8, 277-294. VI 

2. The ordinal relations of the terms of a convergent, sequence, Proceedings of the London 
Mathematical Society, (2) 8, 295-300. VII. 2 

3. Theorems relating to the summability and convergence of slowly oscillating series, 
Proceedings of the London Mathematical Society, (2) 8, 301-320. Vi 

4. The maximum modulus of an integral function, Quarterly Journal of Mathematics, 41, 
1-9. IV. 2 

5. On certain definite integrals considered by Airy and by Stokes, Quarterly Journal of 
Mathematics, 41, 226-240. IV. 1(d) 

6. N.I.C. XXV: Absolutely convergent integrals of irregular types (cont.), Messenger of 


de 


Mathematics, 39, 28-32. 
nt 
The zeroes of the integral function > τ , and of some similar functions, Messenger of 


Mathematics, 39, 88—96. IV. 1 (a) 


130 


736 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1910 (cont.) 


8. N.I.C. XXVI: On a case of term-by-term integration of an infinite series, Messenger of 
Mathematics, 39, 136—139. a 
9. To find an approximation to the large positive root of the equation e* = 101xel* 


Mathematical Gazette, 5, 333-334. VII. 


1911 


1. Theorems connected with Maclaurin’s test for the convergence of series, Proceedings of 


2 


the London Mathematicsl Society, (2), 9, 126-144. VI 


2. (With 5. Chapman.) A general view of the theory of summable series, Quarterly Journal 


of Mathematics, 42, 181-215. VI 


3. N.1.C. XXVII: Oscillating cases of Dirichlet’s integral (cont.), Messenger of Mathe- 


matics, 40, 44-53. Vv 
4. A class of definite integrals, Messenger of Mathematics, 40, 53-54. V 
5. N.1.C. XXVIII: A conditionally convergent double integral, Messenger of Mathematics, 

40, 62-69. 
6. N.I.C. XXIX: Two convergence theorems, Messenger of Mathematics, 40, 87-91. V 
7. N.L.C. XXX: A theorem concerning summable integrals, Messenger of Mathematics, 40, 

108-112. VI 
8. N.I.C. XX XI: The uniform convergence of Borel’s integral, Messenger of Mathematics, 

40, 161-165. VI 
9. Fourier’s double integral and the theory of divergent integrals, Transactions of the Cam- 

bridge Philosophical Society, 21, 427-451. VII. 1 

1912 

1. Properties of logarithmico-exponential functions, Proceedings of the London Mathe- 

matical Socrety, (2) 10, 54-90. IV. l(c) 
2. On the multiplication of Dirichlet’s series, Proceedings of the London Mathematical 

Society, (2) 10, 396-405. VI 
3. Some results concerning the behaviour at infinity of a real and continuous solution of 

an algebraic differential equation of the first order, Proceedings of the London Mathe- 

matical Society, (2) 10, 451-468. VII. 2 
4, (With J. E. L.) Some problems of Diophantine approximation, 5th International Congress 

of Mathematicians, Cambridge, 1, 223-229. 1.1] 
5. Generalizations of a limit theorem of Mr. Mercer, Quarterly Journal of Mathematics, 43, 

143-150. VI 
6. Note on Dr. Vacca’s series for y, Quarterly Journal of Mathematics, 43, 215-216. IV. 1 (α) 
7. Note on a theorem of Cesaro, Messenger of Mathematics, 41, 17-22. VI 
8. N.I.C. XXXII: On double series and double integrals, Messenger of Mathematics, 41, 

44 48, Vv 
9. N.I.C. XX XIII: Some cases of the inversion of the order of integration, Messenger of 

Mathematics, 41, 102-109. VII. 1 

1913 

1. (With J. E. L.) The relations between Borel’s and Cesaro’s methods of summation, 

Proceedings of the London Mathematical Society, (2) 11, 1-16. VI 
2. (With J. E. L.) Contributions to the arithmetic theory of series, Proceedings of the Lon- 

don Mathematical Society, (2) 11, 411-478. Vi 
3. An extension of a theorem on oscillating series, Proceedings of the London Mathematical 

Society, (2) 12, 174-180. | VI 
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1913 (cont.) 


4. On the summability of Fourier’s series, Proceedings of the London Mathematical Society, 
12, 365-372. III. 1 (δ) 

5. Oscillating Dirichlet’s integrals: an essay in the ‘Infinitaércalciil’ of Paul Du Bois- 
Reymond, Quarterly Journal of Mathematics, 44, 1-40. IV. l(c) 
6. A theorem concerning Taylor’s series, Quarterly Journal of Mathematics, 44, 147-60. IV. 2 

7. Oscillating Dirichlet’s integrals (Second Paper), Quarterly Journal of Mathematics, 44, 
242-263. IV. 1 (c) 

8. N.I.C. XXXIV: Absolutely convergent integrals of irregular types (cont.), Messenger 
of Mathematics, 42, 13-18. V 
9. N.I.C. XXXV: On an integral equation, Messenger of Mathematics, 42, 89-93. VII. 1 

10. (With J. E. L.) Tauberian theorems concerning series of positive terms, Messenger of 
Mathematics, 42, 191-192. VI 

11. (With J. E. L.) Sur la série de Fourier d’une fonction ἃ carré sommable, Comptes Rendus, 
156, 1307-1309. | IIT. 1 (δ) 

1914 

1. Sur les zéros de la fonction {(s) de Riemann, Comptes Rendus, 158, 1012-1014. II. 1 
2. (With J. E. L.) D.A. I: The fractional part of n*6, Acta Mathematica, 37, 155-191. I. 1 


4. 


5. 
6. 


7. 
8. 


9. 
10. 


11. 


1. 


2. 
3. 


4. 


5. 
6. 


7. 


(With J. E. L.) D.A. IL: The trigonometrical series associated with the elliptic 3- 
functions, Acta Mathematica, 37, 193-239. I. 1 

(With J. E. L.) Tauberian theorems concerning power series and Dirichlet’s series whose 
coefficients are positive, Proceedings of the London Mathematical Society, (2) 13, 


174-191. VI 
Note on Lambert’s series, Proceedings of the London Mathematical Society, (2) 13, 192- 
198. VI 
Note in addition to a paper on Taylor’s series, Quarterly Journal of Mathematics, 45, 
71--84. IV. 2 
A function of two variables, Quarterly Journal of Mathematics, 45, 85-113. IV. 1(0) 
N.I.C. XXXVI: On the asymptotic values of certain integrals, Messenger of Mathe- 
matics, 43, 9-13. V 
N.I.C. XXXVIT: On the region of convergence of Borel’s integral, Messenger of Mathe- 
matics, 43, 22-24. VI 
N.LC. XXXVIII: On the definition of an analytic function by means of a definite 
integral, Messenger of Mathematics, 43, 29-33. IV. 2 
(With J. E. L.) Some theorems concerning Dirichlet’s series, Messenger of Mathematics, 
43, 134-147. VI 
1915 
(With J. E. L.) New proofs of the prime-number theorem and similar theorems, Quarterly 
Journal of Mathematics, 46, 215-219. IT. 1 
Correction of an error, Quarterly Journal of Mathematics, 46, 261-262. V 
On the expression of a number as the sum of two squares, Quarterly Journal of Mathe- 
matics, 46, 263-283. ΤΠ 
The mean value of the modulus of an analytic function, Proceedings of the London 
Mathematical Society, (2) 14, 269-277. IIT. 2 
Proof of a formula of Mr. Ramanujan, Messenger of Mathematics, 44, 18-21. Vv 
N.I.C. XX XIX: Further examples of conditionally convergent infinite double integrals, 
Messenger of Mathematics, 44, 57-63. V 
N.I.C. XL: Some cases of term-by-term integration of an infinite series, Messenger of 
Mathematics, 44, 145-149. V 
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1915 (cont.) 


8. N.I.C. XLI: On the convergence of certain integrals and series, Messenger of Mathe- 


9. 
10. 
11. 


12. 


matics, 44, 163-166. V 
Sur le probléme des diviseurs de Dirichlet, Comptes Rendus, 160, 617-619. II. 2 
Prime numbers, British Association Report, 350-354. IT. 1 
Example to illustrate a point in the theory of Dirichlet’s series, The Téhoku Mathe- 

matical Journal, 8, 59-66. VI 
The definition of a complex number, Mathematical Gazette, 8, 48-49. VII. 2 

1916 


- The application of Abel’s method of summation to Dirichlet’s series, Quarterly Journal 


of Mathematics, 47, 176-192. VI 


. Weierstrass’s non-differentiable function, Transactions of the American Mathematical 


Society, 17, 301-325. IV. 1(d@) 


. (With J. E. L.) D.A.: A remarkable trigonometrical series, Proceedings of the National 


Academy of Sciences, 2, 583-586. I. 1 


- On Dirichlet’s divisor problem, Proceedings of the London Mathematical Society, (2) 15, 


1-25. II. 2 


5. The second theorem of consistency for summable series, Proceedings of the London 
Mathematical Society, (2) 15, 72-88. VI 

6. The average order of the arithmetical functions P(x) and A(x), Proceedings of the London 
Mathematical Society, (2) 15, 192-213. IT. 2 
7. Sur la sommation des séries de Dirichlet, Comptes Rendus, 162, 463-465. VI 

8. (With J. E. L.) Theorems concerning the summability of series by Borel’s exponential 
method, Rendiconti del Circolo matematico di Palermo, 41, 36-53. VI 

9. (With J. E. L.) D.A.: The series Z e(A,) and the distribution of the points (A,«), Pro- 
ceedings of the National Academy of Sciences, 3, 84-88. I. 1 

10. Asymptotic formulae in combinatory analysis, Quatriéme Congrés des Mathématiciens 
Scandinaves, 45-53. I. 2 (a) 

c 
11. Further remarks on the integral | — dx, Mathematical Gazette, 8, 301-303. V 
0 
1917 

1. (With 5. Ramanujan) Une formule asymptotique pour le nombre des partitions de n, 
Comptes Rendus, 164, 35-38. | I. 2 (a) 

2. On a theorem of Mr G. Pélya, Proceedings of the Cambridge Philosophical Society, 19, 
60-63. IV. 2 

3. On the convergence of certain multiple series, Proceedings of the Cambridge Philosophical 
Society, 19, 86-95. VI 

4. (With S. Ramanujan) Asymptotic formulae for the distribution of integers of various 
types, Proceedings of the London Mathematical Society, (2) 16, 112-132. I. 2 (a) 

5. N.I.C. XLIT: On Weierstrass’s singular integral, and on a theorem of Lerch, Messenger 
of Mathematics, 46, 43-48. VII. 1 

6. N.I.C. XLIII: On the asymptotic value of a definite integral, and the coefficient in a 
power series, Messenger of Mathematics, 46, 70-73. V 

7. N.LC. XLIV: On certain multiple integrals and series which occur in the analytic 
theory of numbers, Messenger of Mathematics, 46, 104-107. V 

8. N.I.C. XLV: On a point in the theory of Fourier series, Messenger of Mathematics, 46, 
146-149. III. 1 (a) 

9. N.I.C. XLVI: On Stieltjes’ ‘probléme des moments’, Messenger of Mathematics, 46, 175- 
182. VII. 1 


10. 


11. 
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1917 (cont.) 


(With J. E. L.) Sur la convergence des séries de Fourier et des séries de Taylor, Comptes 
Rendus, 165, 1047-1049. ITI. 1 (a) 

Mr. S. Ramanujan’s mathematical work in England, Journal of the Indian Mathematical 
Society, 9, 30-45. VII. 2 


1918 


(With J. E. L.) Contributions to the theory of the Riemann zeta-function and the theory 
of the distribution of primes, Acta Mathematica, 41, 119-196. II. 1 


. (With S. Ramanujan) On the coefficients in the expansions of certain modular func- 


tions, Proceedings of the Royal Soctety, (A) 95, 144-155. I. 2 (a) 


. Sir George Stokes and the concept of uniform convergence, Proceedings of the Cambridge 


Philosophical Society, 19, 148-156. VII. 2 


. (With J. E. L.) On the Fourier series of a bounded function, Proceedings of the London 


Mathematical Society, (2) 17, xiii—xv. III. 1 (δ) 


. (With S. Ramanujan) Asymptotic formulae in combinatory analysis, Proceedings of the 


London Mathematical Society, (2) 17, 75-115. I. 2 (a) 


. N.I.C. XLVII: On Stieltjes’ ‘probléme des moments’ (cont.), Messenger of Mathematics, 


47, 81-88. VII. 1 


. N.I.C. XLVIII: On some properties of integrals of fractional order, Messenger of Mathe- 


matics, 47, 145-150. V 


. N.I.C. XLIX: On Mellin’s inversion formula, Messenger of Mathematics, 47, 178-184. VII. 1 
. Note on an expression of Lambert’s series as a definite integral, Messenger of Mathe- 


matics, 47, 190-192. IV. 1(d) 


. On the representation of a number as the sum of any number of squares, and in par- 


ticular of five or seven, Proceedings of the National Academy of Sciences, 4,189-193. I. 2 (a) 


1919 


. (With J. E. L.) Note on Messrs. Shah and Wilson’s paper entitled: ‘On an empirical 


1 

formula connected with Goldbach’s theorem’, Proceedings of the Cambridge Philo- 

sophical Society, 19, 245-254. I. 2 (c) 
2. N.I.C. L. On the integral of Stieltjes and the formula for integration by parts, M essenger 

of Mathematics, 48, 90-100. V 
3. N.I.C. LI: On Hilbert’s double-series theorem, and some connected theorems concerning 

the convergence of infinite series and integrals, Messenger of Mathematics, 48, 107- 

112. II. 3 
4, A problem of Diophantine approximation, Journal of the Indian Mathematical Society, 

11, 162-166. I. 1 

1920 

1. (With S. Ramanujan) The normal number of prime factors of a number n, Quarterly 

Journal of Mathematics, 48, 76-92. IT. 1 
2. (With J. E. L.) A new solution of Waring’s problem, Quarterly Journal of Mathematics, 

48, 272-293. I. 2 (6) 
3. Note on a theorem of Hilbert, Mathematische Zeitschrift, 6, 314-317. II. 3 
4. On two theorems of F. Carlson and S. Wigert, Acta Mathematica, 42, 327-339. IV. 2 
5. (With J. E. L.) P.N. I: A new solution of Waring’s problem, Géttinger Nachrichten 


(1920), 33-54. I. 2 (δ) 


. Additional note on two problems in the analytic theory of numbers, Proceedings of the 


London Mathematical Society, (2) 18, 201-204. II. 2 


. (With J. E. L.) Abel’s theorem and its converse, Proceedings of the London Mathe- 


matical Society, (2) 18, 205-235. VI 
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1920 (cont.) 
8. N.I.C. 111: On some definite integrals considered by Mellin, Messenger of Mathematics, 


49, 85-91. VIl. 1 

9. N.I.C. LIII: On certain criteria for the convergence of the Fourier series of a continuous 
function, Messenger of Mathematics, 49, 149-155. ITI. 1 (a) 

10. On the representation of a number as the sum of any number of squares, and in particular 
of five, Transactions of the American Mathematical Society, 21, 255-284. I. 2 (a) 

11. Some famous problems of the theory of numbers and in particular Waring’s problem, 
Inaugural lecture, Oxford, 1920. I. 2 (d) 

1921 

1. (With J. ἘΣ. L.) P.N. II: Proof that every large number is the sum of at most 21 bi- 
quadrates, Mathematische Zeitschrift, 9, 14-27. I. 2(b) 

2. (With J. ἘΣ. L.) The zeros of Riemann’s zeta-function on the critical line, Mathematische 
Zeitschrift, 10, 283-317. II. 1 

3. Note on Ramanujan’s trigonometrical function c,(n), and certain series of arithmetical 
functions, Proceedings of the Cambridge Philosophical Society, 20, 263-271. II. 2 

4. A theorem concerning summable series, Proceedings of the Cambridge Philosophical 
Society, 20, 304-307. VI 
5. A convergence theorem, Proceedings of the London Mathematical Society, (2) 19, vi-vii. II. 3 

6. (With J. E. L.) On a Tauberian theorem for Lambert’s series, and some fundamental 

theorems in the analytic theory of numbers, Proceedings of the London Mathematical 
Society, (2) 19, 21-29. IT. 1 

7. N.I.C. LIV: Further notes on Mellin’s inversion formulae, Messenger of Mathematics, 50, 
165-171. VII. 1 

1922 

1. Goldbach’s Theorem, Matematisk Tidsskrift B, 1-16. I. 2 (c) 

2. A new proof of the functional equation for the zeta-function, Matematisk Tidsskrift B, 
71-73. IT. 1 

3. (With J. E. L.) P.N. III: On the expression of a number as a sum of primes, Acta 
Mathematica, 44, 1-70. I. 2 (c) 

4. (With J. E. L.) P.N. IV: The singular series in Waring’s problem and the value of the 
number Gi(k), Mathematische Zeitschrift, 12, 161-188. I. 2 (6) 


5. (With J. E. L.) D.A.: A further note on the trigonometrical series associated with the 
elliptic theta-functions, Proceedings of the Cambridge Philosophical Society, 21, 1-5. I.1 
6. (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Proceedings of the 


London Mathematical Society, (2) 20, 15-36. I. 1 

7. (With T. Carleman) Fourier’s series and analytic functions, Proceedings of the Royal 
Society, (A), 101, 124-133. IV. 2 

8. (With J. E. L.) Summation of a certain multiple series, Proceedings of the London Mathe- 
matical Society, (2) 20, xxx. I. 2 (c) 

9. (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Hamburg Abhand- 
lungen, 1, 212-249. I.1 

10. N.I.C. LV: On the integration of Fourier series, M essenger of Mathematics, 51, 186— 
192. ITI. 1 (e) 
11. The theory of numbers, British Association Report, 90, 16-24. VII. 2 

1923 

1. (With J. E. L.) On Lindeléf’s hypothesis concerning the Riemann zeta-function, Pro- 

ceedings of the Royal Society, (A) 103, 403—412. II. 1 
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1923 (cont.). 
2. A chapter from Ramanujan’s notebook, Proceedings of the Cambridge Philosophical 


Society, 21, 492-503. IV. 1(d) 
3. (With J. E. L.) D.A.: The analytic character of the sum of a Dirichlet’s series considered 
by Hecke, Hamburg Abhandlungen 3, 57-68. I. 1 


4, (With J. E. L.) D.A.: The analytic properties of certain Dirichlet’s series associated 
with the distribution of numbers to modulus unity, Transactions of the Cambridge 
Philosophical Society, 22, 519-533. I. 1 

5. (With J. E. L.) The approximate functional equation in the theory of the zeta-function 
with applications to the divisor-problems of Dirichlet and Piltz, Proceedings of the 


London Mathematical Society, (2) 21, 39-74. IT. 1 
6. N.I.C. LVI: On Fourier’s series and Fourier’s integral, Messenger of Mathematics, 52, 
49-53. ITT. 1 (e) 
1924 
1. (With J. E. L.) Solution of the Cesaro summability problem for power-series and 
Fourier series, Mathematische Zeitschrift, 19, 67-96. ITI. 1 (δ) 
2. Some formulae of Ramanujan, Proceedings of the London Mathematical Society, (2) 22, 
ΧΙ ΧΙ]. IV. 1(d) 
3. (With J. E. L.) Note on a theorem concerning Fourier series, Proceedings of the London 
Mathematical Soctety, (2) 22, xviii—xix. III. 1 (δ) 
4. (With J. E. L.) The equivalence of certain integral means, Proceedings of the London 
Mathematical Society, (2) 22, xl—xliii. VI 
5. (With J. E. L.) The allied series of a Fourier series, Proceedings of the London Mathe- 
matical Society, (2) 22, xliii-xlv. ITI. 1 (δ) 
6. (With J. E. L.) P.N. V: A further contribution to the study of Goldbach’s problem, 
Proceedings of the London Mathematical Society (2) 22, 46-56. I. 2 (c) 
7. (With J. E. L.) Abel’s theorem and its converse II, Proceedings of the London Mathe- 
matical Society, (2) 22, 254-269. VI 
8. N.I.C. LVII: On Fourier transforms, Messenger of Mathematics, 53, 135-142. VII. 1 
9. (With E. Landau) The lattice points of a circle, Proceedings of the Royal Society (A), 
105, 244-258. IT. 2 
1925 
1. (With J. E. L.) P.N. VI: Further researches in Waring’s problem, Mathematische 
Zeitschrift, 23, 1-37. I. 2 (δ) 
2. The lattice points of a circle, Proceedings of the Royal Society (A), 107, 623-635. II. 2 
3. What is geometry ? Mathematical Gazette, 12, 309-316. VII. 2 
4. (With J. E. L.) D.A.: An additional note on the trigonometrical series associated with 
the elliptic theta-functions, Acta Mathematica, 47, 189-198. I. 1 
5. (With J. E. L.) A theorem concerning series of positive terms, with applications to the 
theory of functions, Meddelelser Kabenhavn, 7, Nr. 4. IV. 2 
6. Note on a theorem of Hilbert concerning series of positive terms, Proceedings of the 
London Mathematical Society, (2) 23, xlv—xlvi. II. 3 
7. Some formulae in the theory of Bessel functions, Proceedings of the London Mathe- 
matical Society, (2) 23, lxi-]xiii. IV. 1(d) 


8. (With ἘΣ. C.'Titchmarsh) Solutions of some integral equations considered by Bateman, 
Kapteyn, Littlewood and Milne, Proceedings of the London Mathematical Society, (2) 
23, 1-26, and Correction ibid. 24, xxxi—xxxiii. VII. 1 
9. N.L.C. LVIII: On Hilbert transforms, Messenger of Mathematics, 54, 20-27. VII. 1 
10. N.I.C. LIX: On Hilbert transforms (cont.), Messenger of Mathematics, 54, 81-88. VII. 1 
11. N.I.C. LX: An inequality between integrals, Messenger of Mathematics, 54, 150-156. II. 3 


14] 
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1. A definite integral which occurs in physical optics, Proceedings of the London Mathe- 
matical Society, (2) 24, xxx-xxxI. IV. 1(d) 

2. (With J. E. L.) Some properties of fractional integrals, Proceedings of the London Mathe- 
matical Society, (2) 24, xxxvii-xli. III. 2 

3. Note on the inversion of a repeated integral, Proceedings of the London Mathematical 
Society, (2) 24, 1-li. V 

4. (With J. E. L.) The allied series of a Fourier series, Proceedings of the London M athe- 
matical Society, (2) 24, 211-246. III. 1 (δ) 

5. (With J. E. L.) A further note on the converse of Abel’s theorem, Proceedings of the 
London Mathematical Society, (2) 25, 219-236. Vi 

6. (With J. E. L. and G. Pélya) The maximum of a certain bilinear form, Proceedings of the 
London Mathematical Society, (2) 25, 265-282. IT. 3 

7. (With J. E. L.) Some new properties of Fourier constants, M: athematische Annalen, 97, 
159-209. ΠῚ. 1 (c) 

8. (With J. E. L.) N.S. I: Two theorems concerning Fourier series, Journal of the Lon- 
don Mathematical Society, 1, 19-25. III. 1 (a) 
9. A theorem concerning harmonic functions, Journal of the London Mathematical Socrety, 
1, 130-131. IV. 2 

10. (With J. E. L.) N.S. II: The Fourier series of a positive function, Journal of the London 
Mathematical Society, 1, 134-138. III. 1 (δ) 

11. (With S. Bochner) Notes on two theorems of Norbert Wiener, Journal of the London 
Mathematical Society, 1, 240-244. VII. 1 

12. N.I.C. LXI: On the term by term integration of a series of Bessel functions, Messenger 
of Mathematics, 55, 140-144. IV. 1(d) 
13. The case against the Mathematical Tripos, M athematical Gazette, 13, 61-71. VII. 2 

1927 

1. Note on Ramanujan’s arithmetical function 7(n), Proceedings of the Cambridge Philo- 
sophical Society, 23, 675-680. II. 2 

2. (With J. E. L.) N.S. III: On the summability of the Fourier series of a nearly con- 
tinuous function, Proceedings of the Cambridge Philosophical Society, 23, 681-684. III. 1 (5) 

3. (With J. E. L.) N.S. IV: On the strong summability of Fourier series, Proceedings of 
the London Mathematical Society, (2) 26, 273-286. III. 1 (δ) 

4. (With J. E. L.) N.S. V: On Parseval’s theorem, Proceedings of the London Mathematical 
Society, (2) 26, 287-294. ITI. 1 (e) 

5. (With A. E. Ingham and G. Pélya) Theorems concerning mean values of analytic 
functions, Proceedings of the Royal Society (A), 113, 542-569. IV. 2 

6. (With J. E. L.) Elementary theorems concerning power series with positive coefficients 

and moment constants of positive functions, Journal fiir Mathematik 157, 141- 
158. II. 3 
7. N.I.C. LXII: A singular integral, Messenger of Mathematics, 56, 10-16. VII. 1 

8. N.I.C.. LXIII: Some further applications of Mellin’s inversion formula, Messenger of 
Mathematics, 56, 186-192. VII. 1 
9. Note on a theorem of Mertens, Journal of the London Mathematical Society, 2, 70-72. II. 1 

10. Note on the multiplication of series, Journal of the London Mathematical Society, 2, 
169-171. vi 

11. (With J. E. L.) N.S. VI: Two inequalities, Journal of the London Mathematical Society, 
2, 196-201. IT. 3 
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